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Abstract. A new distance metric between interval-valued fuzzy sets is proposed. And based on this
metric, we analysis and compare the structures of four special interval-valued fuzzy metric spaces,
which are induced by four well-known residual implication operations. It was proved that the
interval-valued fuzzy metric spaces induced by Lucasiewicz implication and Goguen implication
are more suitable for interval-valued fuzzy reasoning.

Introduction

Let M be an inference mechanism, and 4, B the input and the output of the inference mechanism M
respectively. If small disturbance of input 4 without causing large changes of output B in inference
process, then we say that the inference mechanism M has a good robustness. Researchers in
different areas have different answers on the concepts of disturbance. Therefore, various related
notions such as the largest perturbation, the average perturbation, J-equalities, d-sensitivity, largest
o-sensitivity, average J-sensitivity and so on were proposed. The largest perturbation and the
average perturbation of fuzzy sets were proposed and the perturbation of several fuzzy reasoning
systems were discussed in [16]. Cai [1] discussed the robustness of fuzzy inference using
o-equalities of connectives and fuzzy implication operators. Literature [7, 9] proposed concepts of
o-sensitivity, largest J-sensitivity and average oJ-sensitivity of fuzzy connectives, and discussed the
robustness of fuzzy reasoning. By comparing and analyzing these concepts, we notice that these
concepts are based on different distance metrics. It is well known that fuzzy connectives determine
the internal structure of a fuzzy logic system. However, the construction of distance metrics does
not involve fuzzy connectives in previous works. Taking this into account, Dai et al. [3] and Jin etal.
[4] proposed the notion of logic similarity degree between fuzzy sets based on fuzzy connectives,
and discuss robustness of fuzzy reasoning. Wang et al. [15] proposed a new distance metric based
on residuated implication and conjunction connective, and discussed the robustness of full
implication triple I inference method. Then Duan [5] studied the structures of four specific logic
metric.

However, there are some limitations when we deal with imprecise information using fuzzy sets.
Therefore, interval-valued fuzzy set was introduced by Zadeh [17], which can not only effectively
reduce the loss of fuzzy information but also reflect the vagueness and uncertainty in information
processing. And then many researchers have studied this topic and extended approximate inference
to the case of interval-valued fuzzy sets. Li et al. [8] extended CRI method to the case of
interval-valued fuzzy set and discussed the robustness of interval-valued CRI method. Luo et al. [11,
12] extended triple I method and reverse triple I method to the case of interval-valued fuzzy sets
and studied their robustness respectively. These researches of robustness of interval-valued fuzzy
reasoning methods are based on moore metric.

However, it is easy to lose information when we use moore metric to study interval-valued fuzzy
inference. For example, suppose SI(X)is the class of all interval-valued fuzzy subsets of

non-empty sets X . Let X ={x,x,,...,x,}, for 4,Band CeSI(X), A(x)=[11](1<i<10),
B(x)=[11](1<i<9) , B(x,)=[L1]land C(x,)=[0,0](1<i<10). If we use the moore metric,
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then we obtain d(4,B)=max ax, {|4(x,)—B,(x,)],|A(x)—=B.(x,)|}} =1 and
d(A4,C)=max nfax {|4(x,)-C(x)],|4(x)—C(x,)|}}=1 . Obviously, this result is not
reasonable. And because the behavior of a fuzzy logic system is mainly determined by its fuzzy
connectives and fuzzy implication operators, based on this point, we propose a new distance metric
of interval-valued fuzzy sets based on left-continuous t-norm and its residual implication. We
analyze and compare the structures of four specific interval-valued fuzzy metric spaces.

The remaining part is organized as the follows. Section 2 review some concepts needed for the
paper. In Section 3, a new distance between interval-valued fuzzy sets based on left-continuous
t-norm and its resituated implication is proposed, and four interval-valued fuzzy metric spaces

(S1 (X ),d )are given. In Section 4, four interval-valued fuzzy metric spaces are study. The final

Section includes our conclusions.

Preliminaries

In this section, we review some concepts that will be required for our following work. Let
S E{[x,y]|x<y,x,ye€[0,1]} . An ordering on S/ as [a,b]<[c,d]if a<cand b<d is called
component-wise order or Kulisch-Miranker order [2]. It is easy to verify that the ordering just
defined is a partially ordering on S/. Furthermore, take[a,b]A[c,d]=[a,b]iff[a,b]<[c,d]and
[a,b]v[c,d]=[c,d]iff[a,b]<[c,d]. In this paper, let X ={x,,x,,...,x,,} be non-empty sets,
SI(X)denote interval-valued fuzzy subsets of non-empty sets X', for 1<i<n,A(x,)eSI(X)
( A(x,) denoted by [A4(x,),4(x,)] ). A" is complement of interval-valued A , where
A =[1-4,1-4].

Definition 2.1 ([6]) A function T :[0,1] —[0,1]is called a triangular norm (t-norm) if it
commutative, associative, non-decreasing in each argument and 7'(x,1)=x forall a €[0,1].

Definition 2.2 ([13]) Let L be a bounded lattice. T is a t-norm on L If there exists another operator
R.:I’ — Lsuch that T(a,b)<cif and only if a <R, (b,c), for all a,b,ceL, then R,is called

the residuum of T, (T,R,)is called a residuated pair on L .
Example 2.1 ([14]) Defined on the unit interval [0, 1] that:

(1) Minimum t-norm and its residuum, Godel implication:

Lifa < b,

Tolab)=and, RG(a’b)z{b,szb.

(2) Nilpotent minimum t-norm and its residuum, R, implication:

T(')(a,b):{a /\b,ifa4.—b>1, Ro(a,b):{l’ifagb’ |
0,otherwise. (1—-a) v b,otherwise.
(3) Product t-norm and its residuum, Goguen implication:
l,ifa < b,
T, (a,b)=ab, R (a,b)= é,ifa>b.
a

(4) Lucasiewicz t-norm and its residuum, Lucasiewicz implication:

T.(a,b)=0v (a+b-1), R(a,b)=1A(1—a+b).
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Definition 2.3 ([10]) A real function d: F(X)x F(X)—[0,1] is called a distance, if d satisfied
the following properties:

(D1): d(A,B)=d(B,A)forall 4,BecF(X);(D2): d(4,A)=1< A P(X);

(D3): d(A,B)=0ifandonlyif A=B, forall 4, BeF(X);

(D4): forall 4,B,CeF(X),if A<B<C, then d(A4,C)>2d(A,B) and d(4,C)>d(B,C).
Where F(X)is fuzzy subsets of non-empty set X and P(.X) stands for the sets of all crisp sets in X .

A New Distance between Interval-Valued Fuzzy Sets
Definition 3.1 Let x=(xx,,...x },4,B e SI(X). Supspose T is a left-continuous t-norm and R; is
the corresponding residuated implication. Let d(4,B)=1- %inzlT(p(A(x,.),B(x,.)),p(B(xl.), A(x)))),
where p(A(x,),B(x;))=min{R,(A4,(x,),B,(x,)),R(A4.(x,),B.(x;))} . Then d is called a
distance metric on S7/(X) and (SI/(X),d)1s called a logic metric space.
Theorem 3.1 d defined by Definition 3.1 is a distance metric on SI(X).
Proof:(D1):Due to T(p(A(x;), B(x;)), p(B(x,), A(x,))) = T (p(B(x;), A(x;)), p(A(x,), B(x,)))
Then d(A4,B)=d(B,A).
(D2): Suppose for 1<i<nm, A(x,)=[0,0]and A°(x;)=[L1], then p(A(x,),4°(x,)=1.

> |
And p(A°(x,), A(x,))=0. Thus we have d(A4,A4A°)=1-—%T[1,0]=1 Similarly, we can prove
n =l

that if A(x;,) =[L1]J(1<i<n), thend(4,A°)=1.If d(A4,A4A°)=1, then by Definition 3.1, we
1 n
can obtain — 2. T'(p(A(x,), A°(x,)), p(A°(x,), A(x,))) =0,
n i=l1
ie. T(P(AG), A (), A AGN =0, then  p(A(x), 4(x) =0 or
PUA*(x,), A(x))) = 0. If p(A(x,), A°(x,)) =0, then 4,(x,) =1and 4 (x,)=0, ie, 4,(x)=[L1].
Similarly, if p(A4°(x,),A(x,))=0 , then A(x;)=[0,0] . Therefore, if d(A4,A4°)=1 then

Ae P(X).
(D4): If A<B<C, then 4(x)<B/(x)<C/(x;) and A (x;)<B (x)<C.(x;), ie.,
P(BO), A S p(C(x ), A and  p(C(x,), A(x) < p(C(x),B(x)) .  Thus,

d(A,C)>d(A,B) and d(A,C)>d(B,C). Therefore, d is a distance onSI(X).

Proposition 3.1 (1) If R is Godel implication and T is corresponding t-norm, then,

1 n
dg(A4,B) = 1-;2{pG(A(x,-),B(xl—))/\PG(B(X,-),A(X,-))}
i=l
(2)If R is R, implication and 7 is corresponding t-norm, then,
1 n
dy(4,B)= 1—;ZTO(/OO(A(X,-),B(X,-))+po(B(x,-),A(x,-))—1)VO}
i=l

(3)If Ris Goguen implication and 7 is corresponding t-norm, then
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1o B(x) B(x) A(x) A(x)
dg, (4,B)=1-=2{(——"A Al (A A}

ni=t A(x) A(x,) A(x) B.(x)
(4) If R is Lucasiewicz implication and 7" is corresponding t-norm, then,
1 n
dL (A, B) =1 _;Z {(pL (A(xi)aB(xi)) P (B(xi)7 A(xi )) - 1) v 0}'
i=1

By above four interval-valued distance metrics, we can construct four interval-valued fuzzy
metric spaces (SI(X),d;), (SI(X),d,), (SI(X),d;)and (SI(X),d,), respectively.

Analysis of Four Interval-Valued Fuzzy Metric Spaces Structures

In a metric space (Y,d), let yeY . For arbitrary 0<¢& <1, if we could always find a another
point y' € Y such thatd(y, y') < &, then we say that y is a condensation point of y . Otherwise,

if exists § > O such that for every y € Y, d(y,y )=, then we say that y is an isolated point. In
this section, we analyze condensation points and isolated points in these four metric spaces
(SI(X),dg) » (SI(X),d,) » (SI(X).d;) and (SI(X),d;) respectively. Let X ={x,x,,...x,} .

Ae SI(X), if there exists x, € X, such that A(x,)=[L1], then A is a normal interval-valued
fuzzy set.

Theorem 4.1 Let X ={x,,x,,....x,} and 4 € SI(X) . Then 4is condensation point of (SI(X),d,)

if and only if 4 is normal interval-valued fuzzy set on X .

Proof : Let 4 be normal interval-valued fuzzy set, then there exists x, € X such that A(x;)=[11].
For alle € (0s1), take B(x,)=[l-&,1-£], B(x;) = A(x;)(j # k). It is obvious that B # A and

1 »
d,(4.B)=1=— ST (p(A(x). B(x)). p(B(x). A(x))
=1—%gnmin{RG(A,(x,.),B,<xi>>,RG<A,(x,.>,B,.<x,.>>},min{RG(B,<xi>,A,<xl.>>,RG<B,(x,.),A,(x»)})

1
=l-—((n-D)+(0-¢))= ‘e .Therefore, there always exists an interval-valued fuzzy set B which is
n n

different from A in the arbitrary neighborhood of 4, i.e.d(A4,B)<¢&. Thus, Ais condensation
point in the metric space (SI(X),d).

If 4is not normal, then A(x;)#[Ll] for all x,eX . Take arbitrary B € SI(X) such that
B # A, then there exists x, € X such that B(x,)# A(x,) and 4,(x,)<B,(x,). We can easily
prove that T(p(A(x,),B(x,)), p(B(x,),A(x,))) < 4,(x,). Moreover, when A(x,)= B(x,)(i#k),
then T(p(A(x,),B(x;)), p(B(x;), A(x;))) =1. Thus, suppose there only exists x, € X such that

B(x,) % ACx,) =[aa)(@ 1), Thend, (4.8)=1-1$7(p(4(x).B(x)).p(B(x).4(x))

2l—l((n—l)Jral):l(l—al)=§>0. As a result, there exists §>0, such that there is no
n n

interval-valued fuzzy set different from A4 in the & neighborhood of A, i.e. A is an isolated
point of (SI(X),d,;).
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Theorem 4.2 Let X = {x,,x,,....x,} and 4 € SI(X) . Then 4 is condensation point of (SI(X),d,) if
and only if Aor A°is normal interval-valued fuzzy set on X .

Proof: Assume that 4and A°are both not normal interval-valued fuzzy set. Then for all x, € X,
A(x;) #[1,1] and A(x,)#[0,0]. Take arbitrary B € SI(X) such that B # A, then there exists
x, € X, such that B(x,)# A(x,)=[a,,a,]([a,,a,] #[Ll]and[a,,a,]#[0,0]) . We can easily
prove thatT(p(A(x,), B(x,)), p(B(x,), A(x,))) < a, v a/ . Furthermore, when B(x,) = A(x,)(i # k),
then T(p(A(x;),B(x;)), p(B(x;), A(x;)))=1. Thus, suppose there only existsx, € X such that
B(x,)# A(x,) =[a,,a,]([a,,a,] #[1,1] and [a,,a,]#[0,0]), hence

dy(4,B) = 1= 50, T(p(A(x), B ), p(BG), AGE)) 21— (=D + v (1-a) 2650 As
n n

result, there is no interval-valued fuzzy set different from A in the & > 0 neighborhood of 4. Hence,
A is isolated point of (SI(X),d,).

Secondly, if 4 is normal, then A4 is a condensation point of (S/(X),d, ). The proof is similar to that

of Theorem 4.1. If A° is normal, then there exists x, such that A(x, ) =[0,0]. For all¢ € (0,1), take
BeSI(X) suchthat B(x,)=[¢&,&], B(x;,)=A(x;)(j#k).

Then T(p(A(x,),B(x,)), p(B(x,), A(x)) =1-¢, T(p(A(x;),B(x;)), p(B(x,), A(x;))) =1.
Thus d,(4,B)= 1—%:lew(A(x,.),B(x,.»,p(B(xi),A(x,.») =1—%<(n—1)+1—e>=§< '3
Therefore, 4 is condensation point of (S/(X),d,).

Theorem 4.3 Let X ={x,,x,,...,x,}and 4 € SI(X). A(x;)=[0,0](1<i<n) is the only isolated
point of (SI(X),d;, ).

Proof: Let A(x;)=[0,0],i =1,...,n.. Then for all B e SI(X) satisfying B# A, for allx, e X,

B(x;)#[0,0] and A(x;) =[0,0], then we have T(p(A(x,),B(x,)), 0(B(x,),A(x,)))=0 . Hence,
1

dg (4,B)=1-—21, T(p(A(x,), B(x,)), p(B(x,), A(x;))) =1> & . Therefore, A is isolated point of
n

(SI(X),d;) . If for allx,eXx , 4(x,)#0, then 4,(x;)#0, then exists x, € X , such that

1
A(x,)=[c,,c,](c; #0). Givene >0and givenm, > 1 , M, > ! andm, <m,, let b =(l1-—)c and
& & m,

1
b, =(1=—)c,. Let Be SI(X), such that B(x,) =[b,,b,] , B(x,)= A(x,;)(j # k), then we have

m,

T(p(ACx), B ) p(B(x,), A, ) = (1= ——) A (1-——)  and T(p(A(x,), Bx,)), p(B(x,), A(x, ) =1 Thus

m m,
1 » 1 1 1
dGO(AaB) =1 _ZET(p(A(xz)BB(xz))a p(B(x,)’A(x,))) =1 —;((I/l - 1) + (1 _;) A (1 _m_))
:l{(l_L) /\(l_ ! )= maX{L,L} <% < ¢. Hence, 4 is condensation point of (SI(X),d, ) -
non nm n nm, nm; nm, N

Theorem 4.4 Let X ={x,x,,..,x,} . Then there is no isolated point in the logic metric space
(SI(X),d,).
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Proof : VA(x) € SI(X),d, (4, B) = 1=~ X1. T(p(A(x ) B(x,)), p(B(x,), A(,)
n

=%Z?_l{(Al<xi)—Bl(xi)>v (Ar(x,)—Br(x,-))}+%Z;’_l{<B,<x,->—AI (x)V (B, (x)~ 4,(x,))} . For all

£>0,wecan find B e SI(X)such that |Al(xl.)—Bl(x,.)|<§ and A,(xl.)—B,(xl.)|<§(i=l,...,n).

Then, d,(A4,B)<¢& ie., A iscondensation pointof (SI(X),d,).

Conclusions

In this paper, a new distance metric between interval-valued fuzzy sets is proposed, which is
induced by left-continuous t-norm and corresponding residuated implication. By comparing and
analyzing the structures of four special interval-valued fuzzy metric spaces respectively, we proved
that there is no isolated point in(S/(X),d,), and there is only one isolated point in(S/(X),d,, ).

However, there are too many isolated points in(S/(X),d.)and (SI(X),d,). In order to better study

interval-valued fuzzy reasoning, we don’t expect there are too many isolated points in
interval-valued fuzzy metric spaces. Therefore, interval-valued fuzzy metric spaces(S/(X),d,)

and (SI(X),d,; ) are more suitable for interval-valued fuzzy reasoning.
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