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Abstract 

The current problem of searching for the optimal structure of equipment of energy sources with a high level of 

technical and economic indicators is based on the construction of the redundant scheme. A description of the ma-

thematical formulation of this problem is given, methods are proposed for solving it, based on the preliminary for-

mation of the redundant scheme, including various options for equipment for energy sources. For the construction 

of redundant circuits, the methodical approach to the problem being solved is adapted on the basis of P-graphs. 
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1. Introduction 

Heat supply systems are one of the representatives of 

critical infrastructures [1], as the disruption of their 

operation entails shortage of heat energy in the house-

hold, industry sectors and can often lead to disastrous 

consequences. Often this can lead to mass illnesses of 

people, significant financial losses, and in the most 

severe cases - to their resettlement from cities and 

large-scale damage to the economy of the country [2]. 

The variety of external and internal factors (the vast 

territory of Russia, the harsh climate, severe conditions 

for delivery, storage of fuel, etc.) have a significant 

impact on the safety of heat supply, complicate the 

search for effective directions for the development of 

heat supply systems and predetermine the need for the 

development of modern methodological support and 

computing tools for their solution. The problem of 

choosing the optimal structure of equipment and the 

most advantageous composition of energy sources in 

the heat supply systems of cities is a complex problem 

that has a nonlinear character and is difficult to formal-

ize for practical implementation. To solve the problem 

is to determine the structure and location of energy 

sources taking into account a set of technical and eco-

nomic conditions, environmental and territorial restric-

tions on their location. There are many publications 

devoted to the solution of the problems of energy 

sources structure optimization. [3]. Methods for opti-

mizing design and verification calculations that allow 

calculating the heat patterns of energy sources in detail, 

optimizing the parameters of the operation of the main 

and auxiliary equipment, its operating modes are de-

scribed in the publication [4]. Within the framework of 

the approach described in it, an original technique is 

proposed [5], which allows selecting the optimal num-

ber of installed generating units, power transmission 

lines and other network elements, taking into account 

normal and post-emergency operation of the power 

system. This methodological approach is a fairly de-

tailed calculation and is oriented to the application in 

the specific design of systems and installations. Wide-

spread use in planning problems has found aggregated 

approaches that allow us to consider the main direc-

tions of development of the fuel and energy complex 

(FEC) of the region or its branches [6-8]. The 

methodical tool developed on their basis [8-10] allows 

to forecast energy balances, perform an integrated 

calculation of the structure of energy sources according 

to their types, determine the directions of development 

of the fuel and energy complex in the region and its 

individual branches, including the electric power and 

heat supply industries, and form priority projects. All 

these approaches focus on specific tasks with their 

peculiarities and conditions, characteristic either for 

designing an energy source or for managing the 

development of the fuel and energy complex. To solve 

the problems of heat supply systems optimization at the 
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level of development of the Master Plan of the city, and 

then the Heat Supply Scheme, performed with a signif-

icant temporal lead (15-20 years), its specialized tools 

are required. 

The most adequate for these tasks is the methodical 

approach based on the construction of redundant 

scheme, developed both in Russia and abroad [11, 12]. 

In Russia, the methodical approach to the 

construction of redundant scheme is based on the 

construction of an excess design scheme of the heat 

supply system by the researcher, as a set of all 

permissible configurations of the heat network and the 

location of heat sources, taking into account 

restrictions related to barriers on the ground and 

selected for source placement by sites [13]. The me-

thod is that when choosing sources of heat, the redun-

dant scheme is supplemented with a fictitious node and 

a subset of fictitious links connecting it to those nodes 

in which the optimal source power is selected. The 

number of fictitious links for each source node depends 

on how many alternatives by source types in a given 

node are considered. The directional search of trees is 

carried out by local optimization of different trees of 

the initial approximation, which makes it possible to 

obtain solutions close to optimal ones. When preparing 

the redundant scheme, all possible alternative variants 

are included, thereby eliminating the risk that the op-

timal solution can be excluded from the examination. 

Abroad, such an approach was proposed for the 

optimal synthesis of systems based on a superstructure 

similar to the redundant scheme [14, 15]. According to 

this approach, various variants of the composition of 

equipment of energy sources are considered in a single 

scheme, which contains a finite number of elements 

with their possible interrelationships. 

Well-known in the foreign practice of creating and 

managing systems is the methodology of power nodes 

[16], which is widely used in modeling integrated 

energy supply systems. In many respects it is identical 

to the methodological approach of P-graphs, the only 

difference being that here the method of transforming 

one type of energy into another is described by means 

of matrices and vectors. The variability of this 

methodology can be the transformation of the 

unification of energy nodes into a superstructure [17]. 

 

 

2. The mathematical statement of the problem 

The task of finding the optimal equipment and 

structure of energy sources involves the selection of 

such capacities, locations and types of sources, as well 

as their equipment, in which the reduced costs for the 

system are turned into a minimum (taking into account 

the reduction of options to the same energy effect). 

With the relative simplicity of meaningful formula-

tion, the problems of optimizing the structure of energy 

sources have a large dimension, a complex system of 

constraints, and present a difficult object for the appli-

cation of mathematical methods, especially when it 

comes to their computational and practical effective-

ness. At the same time, these tasks are of great technic-

al and economic importance, since they determine not 

only the structure of systems, their type, scales but also 

largely determine their parameters. 

The mathematical formulation of the problem in-

cludes the objective function in the form of expression 

(1), a system of conditions and constraints in the form 

of equalities, inequalities, and logical conditions (2)-

(11). Set of sources I of in the city consist of subsets of 

U existing and Z new energy sources. For each energy 

source Mi is formed, each element of which m de-

scribes a variant of reconstruction and/or moderniza-

tion of the existing energy source, or installation of a 

new energy source. 

The objective function is the sum of costs deter-

mined by the composition and productivity of the sys-

tem elements, USD: 

            eps

out
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I

i
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eps

in WS ,                                 (1) 

Under the following restrictions: 

Balance of annual heat consumption of the city, Gcal: 
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i
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Electricity balance, MWh: 
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The condition of competition in options for the re-

construction and/or modernization of the existing ener-

gy source Ui : 
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The competition condition in the options for each 

new energy source Zi : 
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where 
m

iV  is a set of equipment for an energy source 

i , option iMm , which has a certain set of tech-

nical and economic characteristics. 
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Generation of heat from an energy source i , Gcal:  

                               
iM

m

m
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,                   (6) 

Power generation from an energy source i , MWh: 
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Dependence of the generation of heat energy on the 

type of fuel: 
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The dependence of the electrical power on the 

thermal power should not be below a given level: 

                                 )( m

i

m

i QfN  ,                        (9) 

Dependence of power generation on power: 

                              )( m

i

m

i NfW  ,                        (10) 

Limit on the amount of fuel used: 

                             
hm

i

hm
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max,
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where i  is the energy source from the set I ; h  is the 

type of burned fuel; m  is the number of the variant for 

the type and composition equipment of the energy 

source; 
cityQ  is the annual heat consumption of the 

city, Gcal; 
cityW  is the annual electricity consumption 

of the city, MWh; 
epsW  is the the need for electricity 

in the electric power system, which can be covered by 

electricity supply from CHP, MWh; 
hm

iB ,
 is the an-

nual fuel consumption of the type h , it is burned by 

the  source i  when the option m  is implemented,
 1,1, ,...,  hm

i

hm

i BB ; 
hmB ,

m ax  is the maximum possible 

volume of burned fuel per year. iW is the electricity 

supply from the source i , MWh; iQ  is the heat pro-

duction from the  source i , Gcal; 
m

iQ  is the heat gen-

eration from the source i  when the option is imple-

mented, Gcal; 
m

iW  is the generation of electricity 

from the  source i  when the  option m  is imple-

mented, MWh; 
m

iN  is the electric power of the source 

i  when the  option m  is implemented, MW; 
m

iV  is 

the implementation of the option m  of reconstruction 

and/or expansion and/or modernization of the  source i  
or installation of a  new source i ; iG  - auxiliary varia-

ble of Boolean type, if new source is not installed, then 

0iG , if it is installed, then 1iG . iG  depends on 
m

iV , for example, if 1m

iV , iG  becomes automati-

cally 1iG ; S  is the cost in the heat supply system 

of the city, USD; iS  is the unit cost in the source i , 

USD/Gcal (USD/kW); 
eps

inW is the volume of electrici-

ty which is purchased from the electricity system, MW; 
eps

outW  is the volume of electricity which is sold to the 

power system, MW; 
el

inS  is the tariff for the purchase 

of electricity by the electricity system, USD/kW; 
el

outS  

is the tariff for the sale of electricity to the electricity 

system, USD/kW. 

Fig. 1 presents a graphical interpretation of a varie-

ty of options for the structure of energy sources of the 

city's heat supply systems in the form of a redundant 

scheme. 

Rectangles 
m

iV  indicate the number of options m  

for the composition of equipment of the i  energy 

source. The lines form the sum of the heat in the city at 

the point 
cityQ is the graphical reflection of the equa-

tion (2), and lines 
cityW  and 

epsW  correspond to the 

coupling equation (3). Dotted lines in the fig. 1 show 

the possible competing options for each energy source. 

The above mathematical formulation (1)-(11) is a 

linear programming problem with Boolean variables.  

3. The algorithm for choosing the optimal 

structure of energy sources 

The representation of the solution scheme of the prob-

lem in the form of a computational algorithm allows us 

to formalize the process of the choice of heat supply 

systems energy sources structure. Its graphical visuali-

zation can be depicted in the form of a diagram, shown 

in Fig. 2. Its visualization can be depicted in the form 

of the scheme (Fig. 2). 

The sequence of actions of the algorithm of the 

choice of the optimal structure of the energy sources 

(Fig. 2) consists of the following logical and computa-

tional operations: 

(a) Form a set of equipment types, for which it is ne-

cessary to consider all possible options for the 

structure of energy sources.  

 

Fig. 1. Redundant scheme of the heat supply systems energy 

sources structure in the city. 
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(b) Construct a redundant scheme of the structure of 

energy sources, as shown in Fig. 2. 

(c) Solve the problem (1)-(11). 

(d) Go to step (e) if the solution is obtained, go to step 

(a), if it isn’t. 

(e) Preserve the calculated options of energy sources 

structure, return to step (b) with the modified input 

data. For example, a new load distribution between 

sources, a new territorial arrangement of energy 

sources, etc. 

(f) Select and analyze the optimal version of the struc-

ture of energy sources.  

4. Methodical approach to modeling redundant 

schemes of energy source structures based on P-

graphs 

Modeling of redundant scheme uses the methodic ap-

proach based on P-graphs, it is a graphical model of 

energy conversion processes, including [14, 15]: 

(i) A set of energy carriers (fuel, heat energy, electrici-

ty, etc.); 

(ii) A set of equipment (main and auxiliary equipment 

of energy sources with corresponding technical and 

economic indicators); 

(iii) A set of available technological units. The tech-

nological unit is a set of pairs of elements from 

points 1 and 2 and is a converter of energy carriers 

(boiler, gas compressor unit, turbine, consumer in-

puts, etc.). 

The technological unit produces output energy car-

riers, provided that all input energy carriers are availa-

ble. The technological block has both structural and 

parametric properties. Thus, the input energy carriers 

are consumed, and the output energy carriers are pro-

duced in accordance with the unit costs specified in the 

arcs that enter or exit from the corresponding technolo-

gical block. Input and output energy carriers, the 

above-mentioned unit costs and the total cost function 

together form a technological unit. 

The obtained mathematical model contains non-

continuous and binary variables for each technological 

block. The first determines the power of the unit, the 

latter determines whether the unit can be installed or 

operated. The mathematical model ensures the obser-

vance of the mass balance in any material node, i.e. the 

sum of the outgoing streams is equal to the sum of the 

incoming flows. Another limitation ensures that if the 

technology block is not included in the solution, then 

the corresponding power variable will be zero. The 

mathematical model is able to determine several best 

optimal solutions. 

In the whole, methodical approach P-graphs allows 

solving the problem (1)-(11) of graph theory. Specia-

lized algorithms are developed on the P-graphs: MSG 

for generating maximum structures [18, 19], SSG for 

generations of cone structure [18, 20], ABB has 

determined optimal structures [21]. The algorithms 

are available in P-Graph Studio [22]. 

5. The practical design of the redundancy 

scheme of the energy source structure based on 

the P-graph  

The creation of a redundant scheme of an energy 

source begins with the selection of options for the 

composition of equipment. The choice of the optimal 

structure is made for the excess composition of equip-

ment of a single energy source, it has the added heat, 

which load is 1.32 Gcal/h. Technical, economic and 

cost indicators for options of energy source equipment 

are given in Table 1.  

In the first option, it is proposed to install boilers E-

1/9-1M for oil liquid fuel, the second option suggests 

the installation Mini-CHP based on gas units SITA54 

of French production of low power on the gas fuel, in 

the third option, it is installed Mini-CHP based on gas 

units ДГ98М with a waste heat boiler КУВ-30 of low 

power on gas fuel. 

The options are given to an equal energy effect of 

heat and electricity. For this, in the case when the ener-

gy source equipment does not produce electricity, it is 

 

Fig. 2. The algorithm to choose the optimal structure of the 

city energy sources. 
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purchased from the external electric power system (Ta-

ble 1, the option no. 1). 

 

Table 1. Power plant options for one energy 

source, the added heat load is 1.32 Gcal/h 

Parameter name Value 

Option number 1 2 3 

Power plant type Е-1/9-1М 
3516 HR 

SITA54 

ДГ98М-

КУВ-30 

Power plants number 3 2 2 

Fuel type 
oil liquid 

fuel 
gas gas 

The consumption of 

conventional fuel by one 

power plant, kgce/h 

81.4 464.7 471.2 

Annual costs for the 
purchase of fuel by one 

power plant, USD/year 

152280 124837 125675 

Heat energy, Gcal/h 1.965 1.64 1.34 

Electrical power of one 
power plant, MW 

- 1.03 1 

Electricity import, MW 2 - - 

Annual costs of electric-
ity purchase, USD/year 

720 000 - - 

The cost of a set of 

power plants, thousand 

USD 

20.1 11 12 

 

Fig. 3 shows the block diagrams of the power 

plants (it is created according to the data of Table 1). 

The option of the equipment composition of the energy 

source and their image is realized in P-graphs. 

Fig. 4 shows the redundant scheme of the structure 

of the energy source, it is built in the P-studio system, 

the dotted lines show competing options for the com-

position of equipment for the energy source. 

Fig. 5 shows the choice of the optimal equipment 

for the energy source, this is option 2 with a 3512HR 

SITA54 unit on the natural gas. 

This calculation uses given variants, although the 

methodological approach allows generating variants 

and creates a superstructure automatically, there are 

many examples of such algorithms for automatic gen-

eration of superstructures, for example, in [27, 28] the 

authors use the PNS approach (process network syn-

thesis). 

6. Conclusions 

A brief review of the existing methodological ap-

proaches to optimizing the structure of heat supply 

system energy sources was made. Based on this, the 

main advantages of using redundant scheme were for-

mulated and directions for further research were out-

lined. 

A mathematical formulation of the problem of the 

energy sources optimal structure is given, in which the 

competition of energy source options is described in 

explicit form, as well as the methodology of redundant 

design schemes. To graphically illustrate the proposed 

mathematical formulation of the problem, a scheme is 

given for the formation of a redundant structure of 

energy sources. 

 

Fig. 3. The construction of P-graph elements according to the 

options of power plants block diagrams. 

 

Fig. 4. Building redundant scheme of energy sources equip-

ment. 

 

Fig. 5. Choice the best energy source structure option. 
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A brief description of the methodological approach 

to the construction of redundant schemes of structures 

is given. It is based on P-graphs and uses methods of 

graph theory. 

A practical example of choosing the structure of 

equipment for a single energy source is realized. It 

shows the successful adaptation of the theory of P-

graphs to the problem being solved. 
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