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Abstract—In this study, time dependent infiltration 

problems from periodic semicircular channels with root-water 

uptake function are considered. The considered problems are 

governed by Richards equation. To scrutinize the equation more 

conveniently, the equation was transformed into a modified 

Helmholtz equation using a set of transformations involving 

Laplace transform. A Laplace transform dual reciprocity 

method (LTDRM) with a predictor-corrector scheme, which 

was used to solve the modified Helmholtz equation numerically. 

Using the solution obtained, numerical values of amount of 

water absorbed by the different plant roots distribution can be 

computed. 

Keywords—infiltration, periodic channels, Helmholtz 

equation, LTDRM 

I. INTRODUCTION  

Problems involving water infiltration in homogeneous 

soils have been considered by a number of researchers, such 

as Batu, Clements et al., Solekhudin, Clements and Lobo [1-

5]. Batu considered steady infiltration from flat channels [1]. 

In this study, Batu gave analytic solutions of steady 

infiltration from periodic channels and single channel. 

Clements et al. [2] studied steady infiltration problems with 

impermeable layers. In this study, influence of the 

impermeable layers to water flow in soil is investigated. 

Solekhudin [3,4] investigated steady infiltration from 

periodic channels with root-water uptake. Time-dependent 

infiltration from single channel was studied by Clements and 

Lobo [5]. Location gives an impact to the speed of 

convergence.  

This paper is a continuation of previous research [3,4]. We 

investigate solutions to a problem involving time dependent 

infiltration from periodic semi-circular channels with 

absorption by plant roots in a homogeneous soil. Two 

different types of root uptake are considered. A set of 

transformations, involving Laplace transform, was used to 

convert the governing equation of the problem into a 

modified Helmholtz equation. To solve the equation 

numerically, a method involving a DRBEM and a predictor-

corrector scheme is employed. 

II. METHODS 

Problem Formulation 

This paper is a continuation of what was discussed in 
Solekhudin [4], hence its formulation is very similar. Using a 
Cartesian frame OXYZ with OZ vertically positive 
downwards, we consider a type of homogeneous soil, pima 

clay loam (PCL) in the region Z  0. On the surface of the soil, 
Periodic semicircular channels of 2L per unit length surface 
area are created. Crops, with roots of depth Zm and width 2Xm, 
are planted between and equidistant from two adjacent 
channels. The distance between the centers of two consecutive 
channels is 2(L+D). An illustration of this description is 
shown in Fig. 1. This illustration is as that in the study reported 
by Solekhudin and Sumardi [6]. Given this situation, we 
consider a time-dependent infiltration problem involving 
infiltration from periodic semi-circular channels with root-
water uptake. 

It is assumed that cross section of the channels and the root 
distribution do not change in the OY direction. We also 
assume that they are symmetrical about the planes X = 

k(L+D), for k = 0, 1, 2, …. The channels are filled with water. 
Water fluxes on the channels are uniform, v0. The flux on the 
soil surface outside the channels is zero. Since the geometry 
of the problem does not change in OY direction, it is sufficient 

to consider the semi-infinite region defined by 0  X  L+D 

and Z  0, which is denoted by R with boundary C. The fluxes 
over the surface of the channels and over the surface of soil 
outside the channels are v0 and 0 respectively. Since the 
problem are symmetrical about X = 0 and X = L + D, there are 

no fluxes across them. The derivatives /X → 0 and /Z 

→ 0 as X2 + Z2 →  [1]. 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Geometry of periodic trapezoidal channels with roots zone. 
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Basic equation 

The governing equation of the problems in this study that 
may be used is 

𝜕𝜃

𝜕𝑡
=

𝜕

𝜕𝑋
(𝐾

𝜕𝜓

𝜕𝑋
) +

𝜕

𝜕𝑍
(𝐾

𝜕𝜓

𝜕𝑍
) −

𝜕𝐾

𝜕𝑍
− 𝑆(𝑋, 𝑍, 𝜓), (1) 

 

where K is the hydraulic conductivity,  is water or moisture 

content in the soil,  is the suction potential, and S is the root-

water uptake function as in [3, 4]. Function S is defined as 

 

𝑆(𝑋, 𝑍, 𝜓) = 𝛾(𝜓)
𝐿𝑡𝛽(𝑋, 𝑍)𝑇𝑝𝑜𝑡

∫ ∫ 𝛽(𝑋, 𝑍)𝑑𝑋𝑑𝑍
𝐿+𝐷

𝐿+𝐷−𝑋𝑚

𝑍𝑚

0

, (2) 

 

where Lt is the width of the soil surface associated with 

transpiration process,  is the spatial root-water uptake 

distribution, Tpot is the transpiration potential, and  is the root-

water stress response function reported by Utset et al [7]. The 

spatial root-water uptake, , is 

 

𝛽(𝑋, 𝑍) = (1 −
𝐿 + 𝐷 − 𝑋

𝑋𝑚

) (1 −
𝑍

𝑍𝑚

) 𝑒−𝐻 , (3) 

 

for L+D – Xm  X  L+D and 0  Z  Zm. Here  

 

𝐻 =
𝑃𝑍

𝑍𝑚

|𝑍∗ − 𝑍| +
𝑃𝑋

𝑋𝑚

|𝑋∗ − (𝐿 + 𝐷 − 𝑋)|.      (4) 

 

Using the Kirchhoff transformation 

Θ = ∫ 𝐾(𝑡)𝑑𝑡

𝜓

−∞

,                             (5) 

and 

 

𝐾 = 𝐾𝑠𝑒𝛼𝜓 ,                                 (6) 

 

where Ks is the saturated hydraulic conductivity and  is the 
soil parameter, the suction potential can be formulated as 

𝜓 =
1

𝛼
ln (

𝛼Θ

𝐾𝑠

),                                  (7) 

and (1) can be written as 

 

1

𝐷(𝜃)

𝜕Θ

𝜕𝑡
=

𝜕2Θ

𝜕𝑋2
+

𝜕2Θ

𝜕𝑍2
− 𝛼

𝜕Θ

𝜕𝑍
− 𝑆(𝑋, 𝑍, 𝜓).     (8) 

 

Here D() = K d/d is the diffusivity. The diffusivity D may 

be assumed as a constant d in the case of high frequency 

irrigation [8]. The flux normal pointing out the region with 

normal vector n = (n1, n2) is 

 

𝐹 = 𝑈𝑛1 + 𝑉𝑛2,                                 (9) 

 

where 

 

𝑈 = −
𝜕Θ

𝜕𝑋
;  𝑉 = 𝛼Θ −

𝜕Θ

𝜕𝑍
.                     (10) 

 

Substituting the dimensionless variables 

  

𝑥 =
𝛼𝑋

2
; 𝑧 =

𝛼𝑍

2
; Φ =

𝜋Θ

𝑣0𝐿
; 𝑢 =

2𝜋

𝛼𝑣0𝐿
𝑈; 

𝑣 =
2𝜋

𝛼𝑣0𝐿
𝑉; 𝑓 =

2𝜋

𝛼𝑣0𝐿
𝐹; 𝑡 =

𝛼2𝑑

4
𝑇,            (11) 

 

into (8), yield 

 

𝜕Φ

𝜕𝑡
=

𝜕2Φ

𝜕𝑥2
+

𝜕2Φ

𝜕𝑧2
− 2

𝜕Φ

𝜕𝑧
− 𝛾∗(Φ)s∗(𝑥, 𝑧),      (12) 

 

where * and s* are as in [3]. 

Applying transformation 

 

Φ(𝑥, 𝑧, 𝑡) = Φ∗(𝑥, 𝑧, 𝑡)𝑒𝑡 ,                    (13) 

 

into (12), yields 

 

𝜕Φ∗

𝜕𝑡
=

𝜕2Φ∗

𝜕𝑥2
+

𝜕2Φ∗

𝜕𝑧2
− Φ∗ − 𝛾∗(Φ)s∗(𝑥, 𝑧).    (14) 

 
Using the fundamental solution of Laplace equation 

 

 𝜑(𝑥, 𝑧; 𝜉, 𝜂) =
1

4𝜋
ln[(𝑥 − 𝜉)2 + (𝑦 − 𝜂)2] ,     (15) 

 

(14) is recast to integro-differential form  

𝜆(𝜉, 𝜂)Φ∗(𝜉, 𝜂, 𝑡) 

= ∬ 𝜑(𝑥, 𝑧; 𝜉, 𝜂)

𝑅

[Φ∗(𝑥, 𝑧, 𝑡) + 𝛾∗(Φ)𝑠∗(𝑥, 𝑧)𝑒−𝑧 

+
𝜕Φ∗

𝜕𝑡
] 𝑑𝑥𝑑𝑧 

+ ∫ [Φ∗(𝑥, 𝑧)
𝜕

𝜕𝑛
[𝜑(𝑥, 𝑧; 𝜉, 𝜂)] 

𝐶

 

−𝜑(𝑥, 𝑧; 𝜉, 𝜂)
𝜕

𝜕𝑛
[Φ∗(𝑥, 𝑧)]] 𝑑𝑠(𝑥, 𝑧), (16) 

 

where  
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𝜆(𝜉, 𝜂) = {
1/2, (𝜉, 𝜂) on smooth part of 𝐶 

1, (𝜉, 𝜂) ∈ 𝑅
.   (17) 

 

 

Applying Laplace transform 

  

𝜙(𝑥, 𝑧, 𝑠) = ∫ 𝑒−𝑠𝑡Φ∗(𝑥, 𝑧, 𝑡)𝑑𝑡

∞

0

,               (18) 

 

subject to the initial condition  

 

Φ∗(𝑥, 𝑧, 0) = 0,                            (19) 

 
on (16) yields  

 

𝜆(𝜉, 𝜂)𝜙(𝜉, 𝜂, 𝑠) = ∬ 𝜑(𝑥, 𝑧; 𝜉, 𝜂)

𝑅

[(1 + 𝑠)𝜙(𝑥, 𝑧, 𝑠) 

+
1

𝑠
𝛾∗(Φ)𝑠∗(𝑥, 𝑧)𝑒−𝑧] 𝑑𝑥𝑑𝑧 

+ ∫ [𝜙(𝑥, 𝑧, 𝑠)
𝜕

𝜕𝑛
[𝜑(𝑥, 𝑧; 𝜉, 𝜂)] 

𝐶

 

−𝜑(𝑥, 𝑧; 𝜉, 𝜂)
𝜕

𝜕𝑛
[𝜙(𝑥, 𝑧, 𝑠)]] 𝑑𝑠(𝑥, 𝑧), (20) 

 It can be seen that there is a non-linear term on the right 

hand side of (20), and hence the direct use of the Laplace 

Transform challenging. To overcome this difficulty, we 

employ a predictor-corrector scheme. Detailed of the scheme 

can be obtain in [9].  

Integro-differential equation (20) is the integro-

differential equation of equation 

 

𝜕2𝜙

𝜕𝑥2
+

𝜕2𝜙

𝜕𝑧2
= (1 + 𝑠)𝜙 +

1

𝑠
𝛾∗(Φ)𝑠∗(𝑥, 𝑧)𝑒−𝑧   (21) 

 

Boundary conditions of the problem in terms of  are 

 
𝜕𝜙

𝜕𝑛
=

2π

𝛼𝐿
𝑒−𝑧 − 𝑛2𝜙, on the surface of the channel,     (22) 

𝜕𝜙

𝜕𝑛
= −𝜙, on the surface of soil outside the channel, (23) 

𝜕𝜙

𝜕𝑛
= 0, 𝑥 = 0 and 𝑧 ≥ 0,                                                    (24) 

𝜕𝜙

𝜕𝑛
= 0, 𝑥 = 𝑏 and 𝑧 ≥ 0,                                                    (25) 

𝜕𝜙

𝜕𝑛
= −𝜙, 0 ≤ 𝑥 ≤ 𝑏 and 𝑧 = ∞.                                      (26) 

 

The term n2 in (22) is the vertical component of normal 

vector pointing out region R. After solving (21) subject to 

boundary conditions (22) to (26), numerical values of  may 

be obtained. These values are then transformed using the 

Stehfest formula 

 

Φ∗(𝑥, 𝑧, 𝑡) ≃
ln 2

𝑡
∑ 𝐾𝑛𝜙(𝑥, 𝑧, 𝑠𝑛)

2𝑃

𝑝=1

,        (27) 

 

where 

 

𝑠𝑛 = 𝑛
ln 2

𝑡
,                               (28) 

𝐾𝑛 = (−1)𝑛+𝑃 × 

∑
𝑚𝑝(2𝑚)!

(𝑃 − 𝑚)! 𝑚! (𝑚 − 1)! (𝑛 − 𝑚)! (2𝑚 − 𝑛)!
, (29)

min(𝑛,𝑃)

𝑚=(𝑛+1)/2

 

 

and P is a positive integer, is then used to determine the 

numerical values of their inverse Laplace transforms, which 

are the dimensionless MFP. In this study, we use P = 3.  

III. RESULT AND DISCUSSION 

To apply the method described in the preceding section, 

we set L = D = 50 cm. The potential transpiration rate, Tpot, is 

4 cm/day [10, 11]. The values of experimental parameters  

and Ks of Pima Clay Loam are 0.014 cm-1 and 9.9 cm/day, 

respectively. These values are as reported by Amozegar-Fard 

et al [12] and Bresler [13]. 

The root zones are assumed to have the same width and 

depth of 100 cm. Hence we have Xm = 50 cm and Zm = 100 

cm. Two different root uptakes, namely Root A and Root B, 

are considered. Parameter values for Root A and Root B are 

summarized in Table 1. 

The root-water stress response function used here is 

identical to that reported by Utset et al [7], which can be seen 

graphically in Fig. 2. The value of h3 for Tpot = 0.4 cm/day is 

interpolated from h3,a and h3,b, and we have h3 = - 470. 

The LTDRM with a predictor-corrector scheme is 

employed to obtain numerical solutions to (21) subject to 

boundary conditions (22) to (26). In order to employ the 

method, the domain must be bounded by a simple closed 

curve. An appropriate depth for boundary conditions to be 

applied without significant impact to values of  in the 

domain is z = 4. Therefore, the domain is set to be between z 

= 0 and z = 4. The boundary is discretized into 402 constant 

elements, and 894 interior points are chosen. Some of the 

results are presented in Table 2 to Table 5. 

Table 1. Fitting Parameters for Root A and Root B 

Type of Root 
Parameters 

X* Z* PX PZ 

Root A 0 cm 0 cm 1.0 1.0 

Root B 20 cm 0 cm 1.0 1.0 
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Fig. 2. Graph of root-water stress response function reported by Utset et al. 

 

Table 2. Values of S at (60 cm, 40 cm) 

Root-water uptake (S) 

t Root A Root B 

0.8 0.000597 0.000651 

1.0 0.000575 0.000627 

2.0 0.000536 0.000584 

3.0 0.000528 0.000576 

4.0 0.000526 0.000574 

5.0 0.000526 0.000573 

Table 3. Values of S at (60 cm, 90 cm) 

Root-water uptake (S) 

t Root A Root B 

0.8 0.000061 0.000067 

1.0 0.000058 0.000063 

2.0 0.000051 0.000056 

3.0 0.000050 0.000055 

4.0 0.000050 0.000054 

5.0 0.000050 0.000054 

Table 4. Values of S at (90 cm, 40 cm) 

Root-water uptake (S) 

t Root A Root B 

0.8 0.004944 0.005390 

1.0 0.004750 0.005180 

2.0 0.004416 0.004816 

3.0 0.004350 0.004743 

4.0 0.004331 0.004723 

5.0 0.004326 0.004717 

Table 5. Values of S at (90 cm, 90 cm) 

Root-water uptake (S) 

t Root A Root B 

0.8 0.000465 0.000507 

1.0 0.000438 0.000477 

Root-water uptake (S) 

t Root A Root B 

2.0 0.000390 0.000426 

3.0 0.000380 0.000415 

4.0 0.000378 0.000412 

5.0 0.000377 0.000411 

Table 2 to Table 5 show the values of S at different 

points. Specifically, Table 2 shows S at (60 cm, 40 cm). 

Values of S at (60 cm, 90 cm) are shown in Table 3. Table 4 

and Table 5 show S at (90 cm, 40 cm) and (90 cm, 90 cm) 

respectively. It can be seen that the values of S decrease as t 

increase. These results indicate that suction potential, , 

increases as t increases, as values of  in this study are 

between -160 and 0. It can also be seen that the percentage of 

decrease in S get smaller as t increases, and the change in S 

from t = 4 to t = 5 is almost 0%. Hence, at t = 5 values of S 

almost reach their steady state values. 

From the tables above, values of S at X = 90 cm are much 

higher than those at X = 60 cm. These results show that 

highest uptake is at location near the plant, and the lowest 

uptake is at that further. We also observe that there is a rapid 

drop in the values of S about 91% when comparing the values 

of S at Z = 40 cm and Z = 90 cm. Hence, the uptake at 

shallower locations are much higher than those deeper. 

IV. CONCLUSION 

A problem involving time dependent infiltration from 

periodic semicircular channels with root-water uptake has 

been solved numerically using an LTDRM and a predictor-

corrector scheme simultaneously. We first transform the 

governing equation of the infiltration problem into a modified 

Helmholtz equation. After solving the modified Helmoltz 

equation numerically, the solutions are then transformed back 

using Stehfest formula to obtain solutions of the governing 

equation. Using these solutions, values of root-water uptake 

function can be obtained. The results indicate that as t 

increases, the uptake decreases and reach a steady state value 

at some value of t. The results show that maximum uptake is 

at location near the plant, and the minimum uptake is at that 

further. 
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