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Abstract---In this paper, we introduce the notion of
derivations for a trellis and investigate some related
properties of this subject. We give some equivalent
conditions under which a derivation is isotone for
trellises. Also, we study xed points and de ne f -
derivation on T and cartesian derivation on T1 T2
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l. INTRODUCTION

In 1971, H. Skala introduced the notions of pseudo-
ordered sets and trellises. Trellises are
generalization of lattices by considering sets with a
re exive and antisymmetric, but not necessarily
transitive. They are also an extension of lattices by
postulating the existence of least upper bounds and
greatest lower bounds on pseudo-ordered sets
similarly as for partially ordered sets. Any re exive
and antisymmetric binary relation E on a nonempty
set T is called a pseudo — ordered on T and (T; E)
is called a pseudo — order set or psoset. Clearly,
each partial order is a pseudo-order. A natural
example of a pseudo-order on the set of real
numbers is obtained be setting xEy if and only if
Oy—xa for a xed positive number a: Two elements
X,y are comparable if XEy or y Ex. For a subset L of
T, the notions of a lower bound, and upper bound,
the greatest lower bound (g:l:b), the least upper
bound (l:u:b) are de ned analogously to the
corresponding notions in a posets. Generally the
notion of a derivation introduced in algebraic
systems such as rings, near-rings, specially in [5].
Some properties of a derivation such as isotonness
of a derivation, the set of xed points of a derivation
and relation of derivations with meet-translation as
studied by G. Szasz [5]. Derivations on trellises
already de ned by Shashirekha B. Rai, S.
Parameshwara Bhatta in [2] with extra conditions
that is made derivations isotone. Many authers
investigate other properties of derivations on
trellises and other algebraic sys-tems in [1,2,3,5].
Here we introduced the notion of a derivation on
trellises with weak conditions. The remainder of
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this paper is organized as follows. In the second
section we review the de nitions and important
theorems of the trellis. In section 3, an equivalent
condition is given for a trellis in term of the
derivation. Also, we study xed points and de ne f-
derivation on T and cartesian derivation on Ty X Ta:

1. PRELIMINARIES

De nition. Let T be a nonempty set. A trellis is
a psoset T; E where any two of whose elements
have a (g:I:b) and a (l:u:b). Any psoset can be
regarded as a diagram (possibly in nite) in which
for any pair of distinct points u and v either there
is no directed line between u and v, or if there is a
directed line from u to v, there is no directed line
from v to u. De nition. A trellis T is associative if
the following conditions hold for all
X;y,Z€T,
XA(yAz)or (X vy) Vz=x V(y Vz):
Example 2.1. The psoset A = {0; a; b; c; 1} with 0
EaEbECE10EXE1forevery x €{a; b; c}
and 0 E 1 while a and c are noncomparable. Then A
is a trellis.

xAay)yAz=

Example 2.2. let A be a set {0; 1; a; b; c; d} with
the following pseudo-order: a Ec Ed, b Ed, b Ec
Ed, 0 Ex E1 for every x € {a; b; c; d} and 0 E1.
Then A is a trellis but not lattice and associative
since, (a vb) vd=dbuta v(b vd)=1:

Some properties on lattices hold in trellises as
following:

P1) X AY =Y AX; X Vy =y VX; (commutativity)

p2) (X AY) VX =X; (X Vy) AX = X; (absorption)

P X V((XAY) V(XA2))=xA((X Vy) A (X V
2)):(part — preservation)
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v) the xed elements of k (x is said to be a xed element

Theorem 2.3. Let (T; E) be a trellis. Then by taking
X Ay =g:l:b{x; y} and x vy = l:u:b{x; y} the
binary operation VVand A satisfy in p1; pz; ps:

From now on, by trellis (T; v; A) we mean (T;
E)thatxEyisdenedbyx Ay=xorx vy=y:

Remark 2.4. It is trivial that every associative trellis
is a lattice.

Theorem 2.5. A set T with two commutative,

absorption and part-preserving operations " V",
A"isatrellisifaEbisdenedasanb=aoravVv
b=h.

Proof. Refer to [3, page on 219] .

De nition.

(i) A subtrellis S of a trellis (T; Vv, A) is a
nonempty subset of T such that a; b €S implise a 4
b and a b belong to S.

(if) Anideal | of a trellis T is a subtrellis of T
such thati €l and a € T imply thata A1 €1 or
equivalently forany i €landa €T, a E i implies
a € 1. Moreover, an ideal | of a trellis T is called a
prime ideal if x Ay €T impliesx €Tory €T for
all x; y € T: Note that if I1; I, are ideals of a trellis
T,s0is 1y N I

(iii) A trellis T is modular if the following
condition holds forall x; y; z €T; xEz =2x V(y A
)=(XVvy) Az
Theorem 2.6. In any trellis, the following
statements are equivalent:

i) E istransitive,
ii) the operation Vand A are associative,
iii) one of the operations v or /1 is associative.

Proof. Refer to [3, Theorem 3].
As [2, lemma 2.2] by simple argument we have the
following lemma:

Lemma 2.7. Let k : T —— T be a mapping on a
trellis T satisfying the property

k(x 1y) =kx ny. Thenforall x;y €T

of k if kx = x)
form an ideal of T which will be called the xed
ideal of k, denoted by Fix k,also

Fix k = k(T).

Proposition 2.8. If A is an ideal of a trellis T and k
is a mapping k : T —— T satisfying k(x A y) = kx 4
y, then k(A) is an ideal of A and hence an ideal of
T:

Proof. Refer to [2, proposition 2.6] .

Although some trellis are not distributive, by a
weaker condition we have the following:

Proposition 2.9. If a trellis T satis es the inequality
XA(Y VZ)E(xAYy) UxAz); then every mapping k on T
satisfying k(x 1y) = kx Ay, implies k(x vy) = kx Vv
ky:

Proof. Suppose that k be a mapping on T satisfying
the property above. Forany x; y €T,

k(x vy) =k(x vy) A (x vy)

E(k(x vy) 2x) V(k(x vy) 1Y)

= k((x vy) 2x) VK((x vy) 1y):

=kx Vky:

Since x;y E x vy we have kx; ky E k(x Vy); and
so kx Vky E k(x vy):

Terefore k(x Vy) = kx vky:

3. On Derivations of Trellises

De nition. Let T; /; v be a trellis. A mapping d of
a trellis T into itself is called a derivation of T if it
satis es the following condition for all x; y €T :

d(x 1y) = (d(x) 1Y) V(x 2d(y))

We can often d(x) written as an abbreviation dx:
Example 3.1.

(i) Let T be a trellis with the least element 0. We
de ne a functiond by dx = 0 for all x € T: Thend is
a derivation on T , which is called the zero
derivation.

(ii) Let d be the identity function on a trellis T .
Then d is a derivation on T , which is called the
identity derivation.

Example 3.2. let T = {0; 1; a; b} be a trellis with
the following pseudo-order: a E b, 0 E x E 1 for

i) x Eyimplies kx E ky;

ii) kx E x;
iii) k(kx) = kx, i.e. k is idempotent;
iv) k(x Ny) = kx Aky:

every x €{a; b} and 0 E 1. We de ne two functions
dy, d2onT by
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i)
i)

(i)

(iii)
(iv)

d, is a derivation on T but d; is not a derivation,
because di(a/1a) = (d1a/1a)

implies b /a:

Example 3.3. let T = {0; 1; a; b; c; d} be a trellis
with the following pseudo-order: a Ec Ed, b Ed, b
Ec, 0 Ex E1 for every x €{a; b; c; d} and 0 E1. De
ned:7T—-— Thy:

8

>0 x=0;1
<

dx = a x=a

>

d is a derivationon T:

Example 3.4. Every mapping k on trellis T
satisfying k(x Ay) = kx Ay is a derivation on T:
The above example is a derivation on T that it does
not satisfy in this property.

Remark 3.5. It should be noted that principle
derivation on lattices de ned in

[7] is not a derivation on a trellis.
Because it dose not have associative property,
necessarily.

Proposition 3.6. Let T be a trellis and d be a
derivation on T . Then the following statements
hold:

dx E x

Iflisaideal of T, thendl <1

If T has a greatest element 1 and d is a derivation
onT,thendx=(x Adl) vdxforall x €T:

If T has a least element 0 and a greatest element 1,
then d0O=0and d1 A x E dx:

Proof. (i) If x € T; thendx = d(Xx A X) = (dX A X) V
(x Adx) =x Adx:

If I is an ideal of T , then for any x € T; dx E x
implies that dx €1, thus dl <1I:

Note thatdx=d(x A1) =(dx 1 1) V(x Adl) =dx V
(x 2 d1):

Itis trivial that d0 = 0. If x € T; we have,

dx=d(x A1) =(dx 21 1) v(x Adl) implies dx = dx
V(x 2dl)

then, d1 A x E dx:

By appling proposition 3.6 (iii), in the cases d1
E x and x E d1 we have the following:
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Corollary 3.7. If T has a greatest element 1 and d is
a derivation on T, then for all x €T we hane,

i) d1 E x implies d1 E dx:

i)

(i)
(i)

X E d1 implies dx = x:

Corollary 3.8. Let T be a trellis with a greatest
element 1 and d be a derivation on T: Then d1 =1
if and only if d is the identity derivation.

Remark 3.9. As derivation on trellises for a
derivation d satis ng the dual formula of d(x N y) =
(dx Ay) V(X Ady)ie. dx Vy)=(dx vy) A (X V
dy); implies that d is a identity derivation.
Proposition 3.10. Let T be a trellis and d be a
derivation on T: Then the following conditions are
equivalent:

d is the identity derivation;

d(x vy) = (dx vy) A (x vdy);
Proof. The implication (i) = (ii) is trivial.

Taking x =y with together contraction property of
d implies (ii) = (i):

De nition. Let T be a trellis and d be a derivation on
T.If x Ey implies dx E dy, we call d is an isotone
derivation .

Example 3.11. The example of 3.2, d is an isotone
derivation but in 3.3, d is not an isotone derivation
since, a E c then da = a; dc = b that ab:

Proposition 3.12. Let T be a trellis with a greatest
element 1 and d be a derivation on T . If d is an
isotone derivation Then dx = x A d1:

Proof. Since d is an isotone, then dx E d1: Note
that dx E x; we can get dx E (x 4 dl), by
proposition 3.6(iii), dx =dx V(x 21 d1) = x A d1:

Remark 3.13. The above proposition illustrates a
condition that makes isotone derivation, principle

[7].

Lemma3.14. Let Theatrellisandd : T—— T be a
derivation. Then d(dx) = dx:
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Proof. We can get, dx E (dx /4 dx) v (d(dx) 1 x) =
d(x 2 dx) = d(dx) and also
by 3.6, d(dx) E dx thus, d(dx) = dx:

Theorem 3.15. Let The atrellisand d : T —— T be
a derivation satisfying
d(x vy) =dx vdy: Thenforallx;y €T:

i) dis a isotone derivation;
ii) X Eyimplies dx =x A dy;
iii) dx Ay =dx ady;

Proof. (i) Let x E y, then x 'y =y and so dx E (dx
vdy) =d(x vy) =dy:

(i) Let x E y: Then by (i), dx E dy
and dx E x: Therefore dx E x 2 dy: Also x A dy E
dx since, dx =d(x Ay) = (dx AYy) V(X A dy):

(iii) By de nition of the derivation,
we have dx Ay Ed(x ay) for all x; y €L. Taking x =
dx Ay andy = dx in (ii), we have d(dx ny) = (dx 2
y) A d@dx) = (dxay)adx = dxay: Thus
(dxy) UdxAdy) = dxAy implies dxAdy Edxy:
Since dxAy Ey thus d(dxAy)Edy: Then by above
equality we have dxAy Edy:

Also dx Ay E dx: Then we can get, dx Ay Edx 4
dy: With attention to above

inequalities we have dx Ay = dx /A dy:

Corollary 3.16. . Let The atrellisandd : T —— T
be a derivation satisfying

Proposition 3.21. Let T be a trellisandd : T

d(x Ay) = dx A dy then d is an isotone derivation.

(i)
(i)
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d(x vy)=dx vdy: Thenforall x;y €T,d(x ny) =
dx Ay:

Proof. We have d(x 1y) Edx A dy =dx Ay; since d
is isotone and if x A1y EX; y then d(x Ay) E dx A dy.

By de nition of the derivation, we can get the
inverse

relation and so d(x Ay) =dx Ay forall x; y €L:

Corollary 3.17. If a trellis T satis es the inequality

XAy VZ)E(xAy) UxAz)
and d be a derivation on T, Then the following
conditions are equivalent:

d(x vy) =dx vdy;

dix Ay)=dx Ay:

Corollary 3.18. Let T be a trellis and d be a
derivationon T: Ifd(x Ay) = dx Ay, then d(x Ny) =

dx A dy:

Proof. We have d(x sy) = dx Ay thus, d(d(x Ay)) =
d((y 2dx)) then d(x Ay) =

dy A dx:

Corollary 3.19. Suppose k be a mapping on a trellis
T satisfying k(x Vy) = kx Vky. Then k is an isotone
derivation if and only if k(x 1y) = kx A y:

Remark 3.20. This corollary implise taht inverse
relation 2.7 (i) is established.

—_ T beaderivation. If

39
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Proof. For all x; y in T: If X E y, then dx = d(x /1Y)
=dx A dy E dy:
Theorem 3.22. Let T be a trellis and d be a
derivation on T . Then the following conditions are
equivalent:
i) d is an isotone derivation;
ii) dx vdy E d(x vy);
Proof. (i)=(ii). By (i), we have dx E d(x Vy); dy E
d(x vy),and sodx vdy Ed(x vy):

(if)=(i). Assume that (ii) holds. Let xEy. By (ii),
dxE(dx 1dy)Ed(y Vx) = dy: Thus dx E dy:

Remark 3.23. Despite lattices, on trellises we can
not expect the following statements for an isotone
derivation d:

1) d(x ny) =dx A dy

2) d(x vy) =dx vdy

3) Remark 3.24. It is trivial that
every distributive trellis is a modular
trellis and every distributive trellis is a
associative trellis. Note that by [4, page on
224] every associative trellis is a transitive
trellis, and so every distributive trellis is a
lattice.

De nition. Let T be a trellis and d be a derivation on
T.DeneFixgT)={x €T |dx = x}: By the
following proposition we can see that F ixq(T ) is
down-closed set, that is, x € F ix¢(T ) and y E x
imply y €F ixq(L). Moreover if d is isotone, F ixa(T
) is an ideal of T:

Proposition 3.25. Let T be a trellis and d be a
derivationon T . If y E x and dx = x, then dy = y.

Proof. suppose x; y are arbitrary elements in L, y E
X, theny =x Ay: Thus,

dy = d(x
AY)

(dx 1y) V(x A dy)

(x 1y) vdy

y vdy

y:

Theorem 3.26. Let T be a trellis and d; and d; be

two isotone derivationson _
T.Then dy =dzif and only if F ixg(T ) = F ixa2(T ):
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Proof. Trivially, d; = dz implies F ixa(T ) = F
ixa2(T ): For the converse, for

all x €T since dix € F ixq1(T ) = F ixa2(T ) we have
d2dix = dix: Similiarly

d1dox = dox: On the other hand, isotonness of d; and
d2 implies that d»d;x E

dz_X = d1d2 and d2d1X E d1d2XZ A|SO, d1d2X E d2d1X;
this show that d»dix =

didox: It follows that dix = dodix = didox = dox:

De nition. Let (A1; E1) and (A2; Ez) two pseudo-
ordered set. By (A1xAz; E) we means the set A; x
A, with the pseudo-order (ai; a2) E (by; by) if and
only if a; E1 by and a; Ez bp: If Ty and T, are
trellises, so is Ty % To.

Remark 3.27. T1; M; Wi, T2; /p; Vo are trellises. It
consider that for all a;; by €Ty and az; b2 €Ty, (T1
xTo; V; N) with (a1; a2) A(ba; ba) = (a1 /bs; a2 A1 by)
and (al; az) I/(bl; bz) = (a1 Vv by az I/bz) is a
trellis.

De nition. Suppose di; d- are arbitrary derivatons
on Ti; T respectively. De-ne d : Ty X Tp —— Tp X
T2 : d(a; b) = (dia; dab) for all a € T1; b € Ta:
Trivially, d is a derivation and it is called a
Cartesain derivation.

Example 3.28. Cartesian derivation of identity
derivations is the identity derivation and if di; d,
are isotone derivations then d = d; x d is an
isotone derivation.

Remark 3.29. Nonetheless, we can product many
derivations in such matter, but there is a derivation
on T1 x T, that is not a cartesian derivation. For, let
Ty =T, =T ={0; 1} be a trellis with 0 E 1 and de
ned: T xT——TxThyd(x;y)=(x;y) forall (x;
y) = (1; 1) and d(1; 1) = (1; 0): Note that this
derivation is not isotone, perhaps isotone derivation
on Ty x T, are cartesian derivations.

De nition. Let T be a trellis. A functiond : T — T is
called an f -derivation
on T if there exists a function f : T — T such that

d(x 2y) = (d(x) 2 f(y)) v(f(x) 2d(y)):
forallx;y €T:

Remark 3.30. It is obvious that if f is an identity
function then d is a derivationon T .
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(i)
(i)

0]
(i)
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Example 3.31. let T = {0; 1; a; b; c} be a trellis with the following pseudo-order: aEb E ¢, 0 E x E 1 for every x

e{a;b;cand0E1.Dened: T——Thy:

8 0 x=0;a

>

<

dx= ¢ x=b;c.

>a x=1

Then d is not a derivation on T since0=d(a A1) =/(daA1l) V(aAdl)=0 va=a: Ifwedenefby:

> x=0;a

fx=8 x=b;c
>
<t x=1

then d is an f -derivationon T, forall x; y €T .

Proposition 3.32. Let T be a trellis and d be a f -
derivation on T . Then the following identities hold
forallx;y €T

dx E fx

If T has a least element 0; then f 0 = 0 implies d0 =
0.

Proof. (i) For all x €T; we have

dx=d(x A1x) =dx A fx; thus dx E f x:

(ii) Since dx Efx forall x €T, we have 0 E dO E f
0=0:

Corollary 3.33. If T has a greatest element 1 and d
isan f -derivationon T ,f1=1,thenforallx €T
we have,

If f x E d1, then dx = f x;

If d1 E f x, then d1 E dx:

Proof. (i) we have dx =d(x A1 1) = (dx A f 1) v (fx
A dl) = dx v fx, then f x E dx: From proposition
3.32 (i), we obtain dx = f x:

(ii) Since dx = d(xA1) = (dxAf 1) L(f x4d1) = dx 11,
we have d1Edx:

Remark 3.34. Note that if d1 = 1; since d1 E f 1;
we have f 1 = 1. In this case from corollary 3.33 (i),
we get dx = f x:

De nition. Let T be a trellis and d be an f -
derivationon T . If x E y implies dx E dy, we call d
is an isotone f -derivation .

Example 3.35. The example of 3.31, d is not an
isotone f -derivation, since ¢ E 1 but it dose not

(i)

(if)

follow dc E d1; whereas f is an increasing function
onT:

Corollary 3.36. Let T be a trellis and d be an f -
derivation on T . Then for all x; y € T we have,

If d is an isotone f -derivation, then dx vdy E d(x v
y):

If d(x A y) = dx A dy, then d is an isotone f -
derivation.

Proof. (i) We know that x Ex vy and y Ex Wy: Since
d is isotone, dx Ed(x 1y)

and dy E d(x vy): Hence we obtain dx vdy E d(x v
)(/i)i) Letd(x ny) = dx Ady and x E y: Since dx = d(x
AY) = dx A dy; we get

dx E dy:

41



£

Advances in Social Science, Education and Humanities Research, volume 218

ATLANTIS
PRESS
REFERENCES
[1] Birkho, Lattice Theory, Amer. Math. Soc. Coll. Publ.
25, third edition, 1967.
[2] B. Rai and S. P. Bhatta, Derivations and Translations
on Ttrellises, Ann. of Math, vol. 118 (2), pp. 215-240,
2015.
[3] Skala, Trellis theory, Algebra Universalis, vol 1, pp.
218-233, 1971.
[4] Skala, Trellis theory, Amer. Math. Soc., providence, R.
vol. 1, 1972.
[5] Szasz, Introduction to Lattice Theory Budapest, 1963.
[6] Szasz, derivations of lattices, Acta Sci. Math, vol. 36,
pp.149-154, 1975.
[7] X. L. Xin, T. Y. Li and J. H. Lu, On Derivations of
Lattices, Int. Sci, vol.178, pp. 307-316, 2008.
[8] Y. Ceven and M. A. Ozturk, On f-Derivations of

Lattices, Bull. Korean Math. Soc, vol. 45 (4), pp. 701 —
707, 2008.

42





