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Abstract— An ordinary differential equation is a branch 

of mathematics that is always interesting to be learned 

and developed due to its numerous variations in both the 

theory and its application. In general, the most discussed 

differential equation is the ordinary differential equation 

that has the natural number as its order. However, 

currently, the order of a differential equation which has 

been developed into a fractional-order (i.e. rational 

numbers) is also very interesting to be studied. This paper 

presents a study of ordinary differential equations that 

has fractional order, in which the left side contains two 

derivative functions with fractional order while the right 

side contains polynomial function n degree. Specifically, 

this paper presents the general form of equations, 

methods of finding the solution in three cases, and its 

application. Solutions are proposed using the Laplace 

transformation and its inverse and are expressed in the 

form of Mittag-Lefler function. Its graph is also later 

described using Matlab. Results of this research are 

expressed by three functions of three different theoretical 

cases and a solution to an application problem. 

Additionally, the study has also shown that the 

convergence of a number sequence of fractional 

differential equation order is positively related to the 

convergence of solution function sequence. There are 

many applications of fractional differential equations in 

the field of viscoelasticity. Therefore, at the end of the 

paper, this application is presented particularly 

regarding the relationship between stress and strain for 

solids and for Newtonian fluids. 
 

Keywords— Fractional Differential equations, Mittag-Lefler, 

stress, Strain  

I. INTRODUCTION 

Fractional Calculus is the development of calculus in 

which rational numbers are used instead of natural numbers. 

Particularly, it is regarding the derivative and integral of a 

function where natural number as the order of derivative and 

integral becomes the rational number α as the order. As a 

matter of fact, this fractional calculus has existed for more 

than 300 years ago, when Leibniz sent a letter to L’Hospital 

in 1695 asking: “What would happen if the order of derivative 

is ½?” [1]. This question inspired many other mathematicians 

in the 18th century such as Louiville, Riemann, and Weyl to 

develop fractional-ordered derivative. Furthermore, the 

fractional calculus development was continued by Fourier, 

Abel, Leibniz, Grünwald, and Letnikov, who had hugely 

contributed in this knowledge for years.  

 

Nowadays, many scientists and engineers are interested to 

deepen and apply this knowledge in various fields such as D. 

Matignon who discussed fractional differential function in 

Web and System Theory, and Podlubny et al. who discussed 

fractional-ordered partial differential function [2-4]. 

Meanwhile, Adam Loverro used the fractional derivative in 

Physics Engineering regarding Mechanics and 

Aerodynamics, Yang Quan Chen et al. applied fractional 

calculus in Control Sciences and P. W. Ostalczyk who made 

a review about Grünwald–Letnikov fractional-order 

backward-difference [5-7]. 

Several mathematicians applied fractional calculus in the 

energy field. J. Wallner guarantees the existence of 

interpolation that can minimize energy [8]. Besides that, M. 

Hoffer and H. Pottman designed energy-minimizing rigid 

body motions in the presence of obstacles [9]. Also, H. 

Gunawan et al. developed a fractional order and correlated it 

with material elasticity [10]. They found that the order of 

fractional differential equation can be associated with 

elasticity. A Comparable finding was observed by 

Nicole Heymans and Igor Podlubny with a series of example 

in viscoelasticity [11]. Their results showed that it was 

possible to associate physical meaning with the initial 

condition which is stated in Riemann-Liouville fractional 

derivatives. The last reference study is related with the stress 

and strain [12]. In that paper, Alberto Carpinteri and Pietro 

Cornetti used the local fractional calculus operators as a new 

mathematical tool to get the static and kinematic equations. 

The solutions obtained from the model are fractal, i.e. 

reproduce the side effects due to stress and strain localization 

[12]. 

This paper presents the existence and solution of the 

fractional differential function of: 

 

where  states fractional derivative of y with respect x 

with order α ,    is the real constants, and   is function 

of x.  In addition, the graphs of solution functions are 

presented to help in the understanding of the relation between 

the convergence of derivative-orders number sequence and 

the convergence of solution function sequence. Lastly, this 
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paper presents the application of fractional differential 

function in viscoelasticity, particularly, shows the 

relationship between stress and strain through a fractional 

model. 

II. METHODS 

To solve the fractional differential equations, Laplace 

transforms and Mittag-Leffler functions are used. The 

following is the description. 

 

Fractional Derivative 

As mentioned before, the fractional derivative is the 

generalization result of the ordinary derivative with order 

natural number expanded into rational number α. The 

derivation formula of fractional derivative function was 

presented differently by several mathematicians. Riemann-

Louiville defined fractional derivative with order α  around x 

= a  as follows,  

 (1) 

 with  n – 1 ≤ α < n   or    n – 1 = . 

Different from Riemann-Liouville, Grunwald-Letnikov 

defined fractional derivative of f(x) with order α in interval [a 

, b] with 

 (2) 

with  n =   .

  

From (2), if    , then -th derivative of  , or 

derivative of   with order   to x as follows:[8] 

  (3) 

Special Functions 
 

It is known that Laplace transformation has an important 

role in solving Ordinary Differential Function matters. In this 

paper, it can be seen how effective Laplace transformation 

solves the differential equation with fractional-order, where 

the solution will be declared in the special form of function, 

namely Mittag-Leffler which has two parameters. So, in this 

section, we will present the definitions of Laplace 

transformation and the definitions of the Mittag-Lefler 

function with examples and their properties.    
 

The Laplace transformation of function f(t) is defined as 

follows: 

L {f(t)}  =  F(s)  =   

On the contrary, f(t) is the inverse of Laplace transformation 

of F(s), denotated with  

L -1{F(s)} = f(t) 

Regarding derivative function, the Laplace 

transformation has a property that if f(t) is a function that is 

differentiable n times, then it implies 

L {f(n)(t)} =  sn L {f(t)}  –  sn-1 f(0) –  sn-2 f ’(0) –  . . .  – f (n-1) (0) . 

 

If  denotes derivative of f(t) with respect t with 

fractional order , then the Laplace transformation with null 

initial condition is     

L  = s L {f(t)}  =  s F(s) (4) 

Another important special function in fractional calculus 

is the Mittag-Leffler function which was introduced in 1953. 

The function is presented in [6,7].  

The Mittag-Leffler function which is a function with two 

parameters  and  is 

 
 

This function is very flexible, since by changing both 

parameters with constants will results in another different 

function. For example,  

 

 

 

If  = 1, the Mittag-Leffler function becomes one parameter 

function which is 

 

Another function from Mittag-Leffler type in [3] and [4] is 

 (5) 

where   is derivative k from Mittag-Leffler function 

as follows 

 

The followings are some examples of Laplace 

transformation from several Mittag-Leffler functions. [4,5]. 

1.    L  =     ,    

2.     L  =     ,   and 

3.     L  =    (6) 

III. RESULT AND DISCUSSION 

The Fractional Differential Equation is a differential 

equation in which its derivative order is the fractional 

number. There are three forms presented in this paper. 
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Case-1:   a  y ()  +  b y  = c    with    1    2  and c is real 

constant.                      

The solution of this differential equation is obtained by 

using Laplace transformation in each segment, results in 

L { a  y ()  +  b y  }  =  L { c }. 

By using Laplace transformation lineary property, it is 

obtained 

a L{ y () } +  b L{ y } = L{ c }, 
 

Therefore, the equation (1) becomes 

a s F(s)  +  b F(s)  =    ,   so that      F(s)  ( a s   + b)   =   

Thus,  =  

 

 

The general solution of y(t) by using (6) is 

                y(t)  =  L -1 {F(s)}   =   L -1   =      . 

In form of Mittag-Leffler function, by using (5), it could be obtained another form of y(t) as follows 

y(t)  =   . 

 

Finally, based on the definition of Mittag-Leffler function, the solution of the fractional differential equation case-1 is 

 

For example, for   = 1 with a = 2 ,  b = 1, and  c = 1 , and initial condition y(0) = 0,   the fractional differential equation 

solution is: 

 

                          . 

As illustration, three graphs of solution function with order  are presented below. 

 

                    
              = 2,0                                                           = 1,8                                                    = 1,2 

       Fig. 1. Graph of Solution Function Case-1 

Case-2: The more general of fractional differential equation 

with order (α , β) is 
 

  (7)                                                        

 

where α > β , a and b are real constants, and  is 

polynomial   . In the case of u(t) is the function of 

exponent, logarithm, or trigonometry, thus, through Mac 

Laurin sequence, that function is converted into polinomial.   

By using Laplace transformation, it is obtained 

 

With Laplace transformation lineary property, it is resulted 
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Hence obtained 

 
If we denote 

 

and  states the solution of , then 

the general solution of the fractional differential equation (7) 

is 

 

 

 

The solution of  is , thus could be stated as 

 

 

 

By using form (6) regarding Laplace transformation inverse, it is resulted 

 

Based on form (5), general solution could be stated as 

 

 

Furthermore by using the definition of Mittag-Leffler function, it is obtained 

 

  (8) 

 

For example, the solution of fractional differential equation 
 

 

With order   and initial conditions  and  , the solution is 
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Graphs of the solution function with order  can be seen in Fig. 2 below. 

Model of Stress and Strain Problem  

Application of fractional differential equations may cover 

various fields, including dynamical system, control theory, 

signal processing and others. This paper shows how the order 

of fractional differential equations are used in determining the 

stress and strain in solid and fluid. 
 

The fFluid flow consists of two classifications. The first 

one is a Newtonian fluid, a fluid which has a linear curve on 

the coordinates with stress as the vertical axis and the strain 

as the horizontal axis. Hence the ratio between stress and 

strain, also known as fluid viscosity, is constant. The 

uniqueness of Newtonian fluid is that the fluid will continue 

to flow even if there are forces acting on the fluid. This is 

because the viscosity of a Newtonian fluid does not change 

when there are forces acting on the fluid. Thus the viscosity 

of a Newtonian fluid depends only on the temperature and 

pressure, for example, water, blood, and honey. The different 

characteristic will be found in the non-Newtonian fluid, a 

fluid which experiences viscosity change when there are 

forces acting on the fluid. This means that the non-Newtonian 

fluid does not have a constant viscosity. The example of this 

type is mortar, mud, and soy sauce. 

If δ(t) states stress  and ε(t) expresses strain  which both are 

dependent on the time t, then Newtonian-fluid model is 

 

where   is the coefficient of viscosity. 

Aside from the fluid, in case of solid material, it is also 

known as the term of elasticity, in which if this material is 

given a stress then it will experience stretching/relaxation. In 

this case, it satisfies Hooke’s law 

 

where E =   is elasticity or the Young’s modulus.  

The stress expression then can be transformed to time 

domain as a fractional differential equations as 

  (9) 

Here    is ratio of the shear viscosity to  Young’s 

modulus,    is the rational numbers  between 0 and 1, where 

 0 represents the Hooke’s Law  and  1 represents 

stress and strain for a Newtonian fluid. Indeed, if for α = 0 we 

have the elasticity and for α = 1 we have viscosity. Thus for 

the fractional, we have viscoelasticity.  For 1 ≤ α ≤ 2, it 

illustrates the oscillation process which is strongly associated 

with the fractional order  and natural frequency. 
 

      Generally, the fractional differential equation model for 

relaxation problem that equivalent to the model (9) is: 
 

 (α) (t) +  A (t)  =  (t) 
 

where 0    1, initial condition  (k)(0) , A is 

relaxation coefficient, (t) is stress  and (t) expressed strain. 

Example: 

Given a fractional Differential equation on relaxation 

problem  (0.5)(t) +  2 (t)  = t  sin t.    

By using Maclaurin series, obtained another form as 

 

From (8), solution of this fractional differential equation is 

 

The solution function  and Fig. 3. below  shows that, if viscoelasticity coefficient and  stress function are known, then the 

value of stress will be obtained. 

 

 

 

  

 

 

 

 

 

 

 

 

       
 
       Fig. 2. Graph of Solution Function Case-2                                                        Fig. 3. Graph of solution: Strain Function                               
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IV. CONCLUSION 

Based on the research, the theory of fractional differential 

equations obtained the fact that if the numbers sequence of 

fractional-order  converges to α, then the sequence of 

solution function  also will converge to y. In the 

application, viscoelasticity problem is the relaxation problem 

that is a combination of fluid viscosity on Newtonian model 

problems and material elasticity on the Hooke's law in 

relation to stress and strain. 
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