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Abstract—Using the methods of the small parameter of systems with a large number of degrees of freedom were
nonlinear mechanics, the formulas for determining the developed in the works of V.P. Nesterenko [4] and A.l.
parameters of the pendulum auto-balancer were obtained in the Artyunin [5] on the basis of these representations.
article. Conditions for the stability of the auto-balancing process
of the unbalanced rotor, fastened in the housing on the elastic A significant contribution to the solution of scientific and
supports, were also found. It is established that the stable practical problems of automatic balancing of rotors was made
operation of the auto-balancer can be implemented in the py G.B. Filimonikhin [6]. Various problems of the dynamics
angular velocity ranges of the rotor due to the choice of the of rotors with autobalancers have been studied in [7-15]. The
stiffness characteristics of the elastic supports. current state of the problem of balancing rotors is presented

quite fully in the article of A.N. Nikiforov [16]. In connection

Keywords—Housing, Rotor, Auto-balancer, Pendulum, with the chosen direction of research in this article, one should
Stability, Elastic supports) mention the works [17], [18], related to the study of the auto-

balancing process of rotors installed in the housing.

I. INTRODUCTION

The main reason for increasing the dynamic loading and Il. DESCRIPTIONOF THEMOVEMENT OFTHE
increasing the vibration level of machines and mechanisms DYNAMIC ROTORMODEL IN THEHOUSINGWITH
with rotating rotors is a change in the imbalance of the rotorsPENDULUMSMOUNTED ON THE ROTORFORAUTO-

during operation. The change in the imbalance is due to wear BALANCING

on the bearings and rotor assemblies, weakening of joints and gy the study, let us select and use the dynamic model of
fastenings, deformation of the rotor elements, adhesion of thge rotor system with an auto-balancer shown in Fig. 1. This
processed material and other reasons. This operational changggel is a massive housing, fastened on a fixed base with
in the imbalance of the rotor is usually at a low speed and {gejghtless elastic supports. In the housing a rigid rotor is
random. In this connection, it appears expedient t0 USgstalled in its own bearings and rotates with an angular
automatic balancing devices that compensate for the change\)@mdty o. Two pendulums of the same massand length

the imbalance of the rotor in operating conditions withoutyre syspended on the rotor shaft in pairs on both sides of the

interrupting_ the technological_process and working accordingsior to compensate for the dynamic imbalance from possible
to the principles of self-centering. free rotation.

The most complete description of automatic balancing The motion of the model will be considered with respect to
devices, their advantages and disadvantages are given in the fixed coordinate systenDxyz. Since in most real
monograph by A.A. Gusarov [1]. Of great importance for the;onstructions there is practically no motion of the housing
development of the theory of automatic balancing of rotors ar§long the axis of the rotor, then, to describe the motion of the
the works of LI. Blekhman [2], [3]. These works lay down thertor with the housing, we choose the following generalized
methodologlcal bases for calculatl_ng automatic balancinggordinates: y, z are linear displacements of the [@ir0; is
devices and formulate a generalized principle of autome point of intersection of the rotor axis with the plane
balancing, based on the method of small parameter and thgssing through its center of mass perpendicularly axes of

method of separation_ of motion of_ nonlinear me‘:ha”icsrotation,cpx, 0, v are the angular movements of the housing
Methods for calculating autobalancing devices of rotor
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along with the rotor around axeg yi, z;. AXeSxy, Y1, Z are & + Bo (@ — ) =[ysing, — Zcosp, +

parallel to axesx, y, z at the initial moment of time. The e (2)
positions of the pendulums are determined by angles., +aoy(Osing, ~@ cohy )-g cog, ]I
@3, ¢s. The positive directions for reading these angles arghere {g} = {y,z 6, v, 0d"; k=14

shown in Fig. 1.
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_ We accept some afssumptions_that negatively aﬁect_the CQ2 C, g c, C2C8

final result. First, we will not take into account the damping

due to its little influence on the choice of the parameters of the GH ¢ cH ¢ ¢

auto-balancer and on the position of the stability zones. The

resistance to rotation of the pendulums will be proportional to

their relative rotational velocities. Secondly, suppose that the When compiling the matricesM], [K] the following
main axes of inertia of the housing are parallel to the axes notation was used:

Vi, z. Third, we assume that the housing supports are

isotropic, and the distance between the pendulum suspensigp® =M+ M, +4m;

points in each pair is small, compared to the distance from the P

center of the rotor masses to the pendulum suspension points..
We take the following notatior,, 4, C are mass, equatorial I
and polar moments of inertia of the rotb¥, 1, Iy, |, are mass
and moments of inertia of the housing;s, ¢ are parameters
of the rotor imbalance: c¢;y=Cy =C3 =Csy=0Cy;

C1; = Cy, = Cg, = Csy = C, are stiffness coefficients of 4 horizontal X
ard 4 vertical supports of the housing,y,z are constant |, =C+ Mk(V2 +Z%)+ I

coordinates of the center of mass of the hull in referenc?nl:ﬂvI .
system x\y1z;; ay=a,=az=as=a are distances from the k»
center of mass of the rotor to the pendulum suspension pointph5 =-X[EM,; m;=XM,;
Bo is the coefficient of resistance to rotation of the pendulums.
We proceed further from the assumption that the linear anQ\fl =4c,; c,=2c,(,-1,); c;=4c,; ¢, =2c, (,-1,);
angular displacements of the housing with the rotor are smal Y Y
in the sense that linear differential equations are sufficient fog — o C A = 2,12y

> i ; ; =2c,(b,—b); cs=2c,(; +15);
describing their motion without pendulums. Then the65 202 =by); G y (L +12)
equations of motion of the model under study are divided into. _ 2 12y, . _ .
equations for the rotor with the housing: G, =2¢,(I; +13); G =c, (I, ~ 10, +1 p,—1b);

— 2 2 2
[MI{e} +[cl{d) +[K]{d} ={F) @ ST AL
The vector of disturbing forces from the imbalance and
pendulums{ F} with the selected generalized coordinates is:

— <2 L o2 2 2.
=SA+M(XT+Y) +1 +mY a;
k=1

7= A+ M (R2+Z9) +1, +mY. ad;
y k(X Z) y mkglak,

m=-M,; Mm=yM,; M =YyM;

and equations for the auto-balancer pendulums:
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{F}={D.N.sw.¢";
{F}={-N.D,-ws.q";
D = Mew’ + mlw’(cosa, + co®r, + Co8,+ Cas,

M pea)2 cosct +ml él @, sinp, + @2 cog, );

M pea)zsincut + mél (~¢, cosp, + @ sip, )

(A-C)dr cos@t — £ )+ N =mla?(sina, + sina, + simr, + sinr, )
4
{F} ={+mlay, o, (¢, sing, + g; cosp, ); S=(A-C)afdcose +
k=1
+mlaa’ (cosa, + CO$r, - COg,— Cas
(A-C)de/ sin(at — £)+ N _(A(_C);ngin; 3 4
4 . TN - (6)
miay. o (~f.cosp + fc singi ); +ml@?(sina, + sina, - sino, - sim,
0 It is seen that the equilibration (5) will take place if

D =N=S=W=0. Then equating the right-hand sides of (6)
to zero and introducing the notation
whereo, =1 fork=1,2and o, =-1 ork=3,4.

I1l. DERIVATION OFFORMULASFORSELECTINGTHE mi mi mi
PARAMETERSOFTHE PENDULUM AUTO-BALANCER

Me. i= (A—C)dcoss; = (A—C)Jsins,

we obtain the following system of equations for determining

) ) the unknown constantg:
Proceeding from the fact that the forces resistant to the

motion of the pendulums are small and their movement i%

. . . ) osa, + cosr,+ cog,+ Cas, =-—
close to the uniform rotational motion, we introduce small 1 2 3 4 =771

parameteqp in the equations (2): sing, + sina, + simy,+ simr,= C
B = HR (B . Y. 2.6 ), (k=12), (3) €Os + Cowr,— cog— CaB,=-{/a
where : : : :
o ) sina, + sina, - sina,— sim,={/a . (7
B(B9.9.2.0 )= ysing, - 2 coh, + e ot of soluone. of tionometic eaat -
Bei o : U mong the set of solutions of trigopnometric equations
+ao, (sing, —¢ cogp )-g copy |1 -fo b —w | the following will be the main ones:
Assuming that the change in the generalized coordinates of 7 1
the rotor and the machine is periodic, and the motion of ther, = 77— arctg {—}—arcco{—d[z + fa+é 3}
pendulums, as mentioned above, is close to the uniform na+¢ 4a
rotational motion, we seek the solution of equations (1), (2) in i 1
the form: a, =-m-arctg +arccos—+/¢2+ fga+¢ §
na+é& da
y=y(at);z=2z(at);¢ =¢ (at),0=06(at); =y(at); 7 1
* -_— = LA (e— - 2 -
b=t +a + g (@), k=1,4 @ n+ardg{/7a—f} ar°°°{4aVZ " e ‘tﬂ

Here, q(wt) is periodic functions of timé with period Z/w, _ { 1 \/2— _
and ¢y is unknown constants. In accordance with the methodds = ~7T+arctg na-¢& +arcco E {"+ ga-¢ 3
of a small parameter, supplying from (4) forp =0 in (1),

we obtain the generating system of equations: (8)
. . _ From (8), we can obtain conditions for choosing the
[M ]{qo} * [G]{qo} +[K]{q0} B ©) parameters of the auto- balancer, starting from the fact that the

:{ Fc} cosct +{ Fs} sinat . cosine of any angle can only be less than or equal to one.

Here {do} = {Y o, 20, B0, &, U} [(A-C)dsine’ +[M jea+(A-C)dcose f < (4mlay;
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[(A-C)dsine]* +[M jea-(A-C)dcose [ < (4mla -
9)
IV. DETERMINATION OFTHE STABILITY

CONDITIONSOFTHE ROTORAUTO-BALANCER
INSTALLED IN THE CASING
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the condition is fulfilled, which consists in the requirement

that the real parts of all roots of the algebraic equation are to

be negative:

oR _
Ja

()

El 0,

(12)
j

sj=1k

Here Py(a4, o, ..., a) are generating functions, anyg is the
Kronecker symbol. Generating functioRgo, op, ..., &) are

Finding periodic solutions of the generating equations iffound after substitutingl,; and ¢, = ot + o into the right-

the form:

0, =& cosat +h sint =15, (10)

we arrive at a system of ten linear algebraic equations with
respect ta;, b;. In the matrix form, these equations are written

asfollows:
[Al{a+} ={R},

where {q*} :{ai, bl,...,as,bgl}T ;
{F,}={D,-N,N,D,S,-W W S,0,0"
The non-zero elements of matdxhave the form:

e 2p 1% o 2p 1t
Q1=a=C—-—0oM; amp=au=Gg-uoM,;

— 2 %, e 2 .
855 =36 = G — o |, a77—388—C7—03|y,

Agg = &0,10= & — (Dzl)*(;

a15 = &6 = 81 = 862 = G — & My
ass = a5 = Co’; 867 = a76 = — G’;
87 = &g = &3 = 84 = Gy — MY

a10 = B,10= @1 = A102 = C1H — &’y
age = 8,10 3 = 104= Cs5 — & M;
a7 = 86 = 5 = a5 = — O NY;

a9 = 8,10 = @05 = A106 = C2H — 0’MM;
a7g = 3,10~ &7 = o8 = Cg — oM.

For sufficiently small u, periodic solutions of the
generating system of equations depending on constaatgy

correspond to asymptotically stable periodic solutions of the

original equations if for constanig, that satisfy the equations:

P(a,...a, )= 0, s=1k (11)

hand sides of (3) and averaging the obtained expressions:
2

P @)= | B Bro Yo 20 By 0
0

In our case:

P(aya,05a,)= —g[(AD +CN+ éS+éW)sin a, +

+(I§D+ IZ N+ IE S+ I:IW)cosafk 1,
where

A=a,+a,tagtata(@stagtagta g,

B=a, ta,—as—ayta(@gtraga,-a

O

=-a, ta—anptagta(-astas;agta gy
K=-ay,taptag-ata(-agtag afa )
E=ags+agtastagtal@stasstagstagy
F= Qs t Ay~ Ags~Aggt A(Agst A o5 75 A 7
G= —Qpt+a;~Auet Ayt a(-asst A A gt gy
H = —8ystaytag—agta(-aggtagta ga )

In these formulasgy is the elements of matrixa] ™, and
D, N, S W are determined from (6). It is not difficult to verify
that the ¢ found by (8) satisfy the equations (11). The

expressions obtained in the analytic form for the generating

functions make it possible to find partial derivativ#/oa;,
that is, the elements of the determinant (12):

%[(:M ao, I%)sinak sina; -

R _
oq, -
- . - - (13)
—-(C+ag, G)sina, cosy; + B+ao, F )cos, sio; -

—(}2+ ao, I—~|)cosa'k cow, |.
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Expanding the determinant (12), we obtain an algebraic
equation of the fourth order with respecttdt is advisable to
verify the negativity of the real parts of the roots of thel!
equation by means of the Routh-Hurwitz criterion. Carryin
out such check within the chosen range of rotor angular
velocities, it is possible to determine the zones of stabl%]
operation of the auto-balancing device.

(4]

V. CONCLUSIONSAND RESULTSOFCALCULATION

The calculation of the stability zones was carried out with[s]
the initial data corresponding to the data of the experimental
stand:M, = 11,3kg; M =57,3kg; A= 0,285kgn?; C = 0,007
kgn?; 1= 2,287 kgn?; 1, =6,33 kgn?; |,= 8,353 kgnt;
m=0,05m; ¢,=c,=1,8510" H/m; e=0,1 mm; & = 0,0005
rad, £=0; 1=0,08m b;=b,=0,37m; 1,=0,54m;
l,=0,36m; H=0,2m; x=02m y=0;, Z=-0,1m,
a,=a,=0,28m, a,=az=0,25m, (a=0,265m). Based on [
the results of the calculation, the resonant frequencies of the
selected dynamic model are founsl:= 30,2rad/s; o, = 32,5
rad/s, 3 = 41,8rad/s; w4 = 58,8rad/s; o5 = 59,4rad/s.

6l

(8]
The analysis of frequencies and vibration modes showed
that linear oscillations in horizontal and vertical directionsyg,
predominate at frequencies andw,. At frequencyn; = 41.8
rad/s, angular oscillations around the axis occur, at a
frequencyw, = 58.8rad/s, oscillations about the axis, and at
os = 59.4rad/s — around they axis. Fig. 2 shows the zones of [10]
stability of the auto-balancer, which are shaded. It can be seen
that the stable operation of the auto-balancer is possible in two
bands at 41.8Q <49.4rad/s and atQ> 59.4rad/s. And the 11
last zone for this dynamic model is not bound from above. The
calculations also showed that there is one more stability zone
(58.8 €2 <59.1rad/s), but this zone is so small that it is

difficult to depict it in the figure and it has no practical value. (2]

[13]

[14]

[15]

Fig. 2. Resonant zones of the rotor in the housing on elastic supports ams]
zones of stable operation of auto-balancers (shaded).

The results of calculating the auto-balancer for th 17]
dynamic rotor model installed in the housing (Figure 1) sho
that the stable operation of auto-balancing devices can be
achieved by the shock absorption of the housing, which dogss]
not contradict the generalized principle of auto-balancing [3].
Another important conclusion that can be drawn from the
results of the research is that, by introducing the shock
absorption of the housing, it is possible to increase the number
of zones for the stable operation of the auto-balancer.
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