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Abstract— The paper presents a method for the formation of 

an exact self-similar solution of the hydrodynamic calculation of 

a wedge-shaped support (slider, guide) operating on viscoelastic 

liquid lubricant caused by the melt of the guide, taking into 

account the dependence of viscosity and shear modulus on 

temperature.  

The solution of the problem has been found on the basis of a 

system of equations describing the motion of an incompressible 

liquid viscoelastic lubricant for the case of a "thin layer", taking 

into account the dependence of the viscosity of the liquid 

lubricant and the shear modulus on temperature, the continuity 

equation and the expression for the dissipation rate of 

mechanical energy for determining the function due to the melt 

of the guide surface coated with a melt of a low-melting coating. 

Asymptotic solution of a system of differential equations with 

allowance for the boundary conditions on the surface of the 

guide, slider and contour is found in the form of series in powers 

of the small parameter K, caused by the melt and the rate of 

dissipation of mechanical energy. In order to determine the 

velocity and pressure fields in the lubricating and molten layer, 

there is an exact self-similar solution for the zero and first 

approximations. As a result of finding the exact self-similar 

solution, the value of the function, caused by the melt of the guide 

(parameter M, characterizing the thickness of the molten film) 

has been found. 

The influence of the parameter caused by the melt of the 

surface of the low-melting coating of the bearing bush on the 

bearing capacity and the friction force has been evaluated.  

Keywords— wedge slide support (slider, guide); dependence of 

viscosity of lubricant on temperature; energy dissipation rate; 

molten guide surface; viscoelastic lubricant 

I.  INTRODUCTION  

As you know, in the modern machine-building, tribo nodes 
for new machines are designed, as a rule, taking into account 
the increase in the static and shock loads acting on the sliding 
supports, which is determined by the tasks of modern 
engineering practice. It should be noted that one of the most 
important equitable components of fluid friction bearings is 
the lubricating medium.  

When transmitting high powers by worm gearboxes of 
tribosystems using a mineral oil as a lubricant, difficulties 
occur due to the lack of lubricant necessary to prevent setting 
and raising the temperature of the working surfaces.   

In order to avoid such situations, as well as at high 
temperatures and stresses without any restrictions for sliding 
bearings, it is proposed to use a melt of low-melting metals as 
an additional lubricant.  

At present, there are a large number of diffusion 
metallization technologies, with most of these technologies 
being complex, requiring the use of expensive equipment, 
which makes them industrially unrealizable. Against the 
background of these technologies, the technology of diffusion 
metallization of steels from low-melting liquid-metal solutions 
is favorably highlighted. The promising nature of this 
technology is related to the simplicity of its implementation, 
the possibility of using standard thermal equipment, 
combining this technology with the thermal treatment of 
coated products, etc., and, most importantly, with the 
possibility of obtaining quality products and regulating the 
properties of these coatings by varying the technology 
regimes.  
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Diffusive metallization from low-melting liquid-metallic 
solutions is based on the phenomenon of selective isothermal 
transfer of metallic elements to metallic materials. 
Technologically, this process is performed by immersing and 
holding products in a low-melting melt containing an element 
in the dissolved state on the basis of which diffusion coatings 
are formed. 

The use of this technology makes it possible to obtain 
single-component and multicomponent diffusion coatings on 
the surface of products based on various metallic elements.  

Lubrication with a melt was studied in many applied 
problems, in particular, in the processes of forming and cutting 
metals [1-12]. A large number of works has been devoted to 
hydrodynamic calculation of sliding bearings in the absence of 
a lubricant and taking into account the dependence of the 
viscosity of the lubricant on pressure. A significant drawback 
of the friction pair operating on melt lubrication is a low load-
bearing capacity. In addition, the lubrication process with the 
lubricant is not self-sustaining.  

The works devoted to theoretical analysis of the work of 
radial and thrust sliding bearings in the presence of a lubricant 
of a tribological system caused by the melt of a surface 
covered with a low-melting metallic melt when taking into 
account the dependence of the viscosity of the lubricant on 
pressure [13-15].  

A lot of works were dedicated to the development of a 
design model for radial and thrust sliding bearings, taking into 
account the rheological properties of a micropolar, viscoelastic 
lubricant, taking into account the dependence of the viscosity 
of the lubricant on the pressure and melt of the fusible coating. 
[16-23].  

In this paper, the solution of the problem is given for the 
case when the lubricant has viscoelastic properties, taking into 
account the dependence of the viscosity of the lubricant and 
the shear modulus on temperature, as well as the melt of the 
low-melting coating. 

II. TASK SETTING 

The turbulent flow of a viscoelastic lubricant between an 
inclined slide and a guide is considered. It is assumed that the 
surfaces of the slider and the guide are separated by a layer of 
lubricant having viscoelastic properties, the slider is 
stationary, and the guide made of a material with a low 
melting point moves toward the narrowing of the gap at a 

speed u  (Fig. 1).  

 

 

  

 

 

 

Fig. 1. Working scheme 

In the Cartesian coordinate system x Оy  the equation of 

the contour of the slider and the molten surface of the guide 
can be written in the form: 

*

0 tg , ,y h х y x            (1) 

where x  is thickness of the molten film in the initial 

section; 
*
 is the angle of slope of the linear contour of the 

slider to the axis Ох ; 
0

h  is the thickness of the lubricating 

film in the initial section; l  is the length of the fixed working 

surface of the bearing (slider). 

We assume that the dependence of the viscosity and shear 
modulus on pressure and temperature is expressed by 
formulas: 

0

0 ,
Т Т

e  
0

0 ,
Т Т

G G e            (2) 

where  is coefficient of dynamic viscosity of the lubricant; 

0
 is the characteristic viscosity of a Newtonian lubricant;  

б  is the experimental constant; Т Т х  is the temperature 

in the lubricating layer, 0Т  is the initial temperature; 
0

G  is the 

characteristic value of the shear modulus, G  is the shear 

modulus. 

When forming the analytical solution of the problem under 

consideration, the following assumptions are made: 

1. Pressure р  is constant on the thickness of the 

lubricating film, given by the equations (1). 

2. The liquid medium is a viscous incompressible fluid.  

3. All the heat released in the lubricating film goes to 

the melting surface of the material of the guide. 

4. The effect of turbulence can be reflected with the aid 

of the coefficient 1j , to which the viscosity should 

be multiplied in order to obtain the effective viscosity 

value. In addition, it is assumed that this coefficient  

j  can be expressed as the following function of the 

Reynolds number 0,657
0,0139Rej , where 

* 2

0 0
Re с мu h l  is the Reynolds number, с  is 

density, 
*

u  is movement rate slider, l  is the length of 

the fixed working surface of the bearing (slider).   

III. INITIAL EQUATIONS AND BOUNDARY CONDITIONS 

As the initial equations, we consider a system of 
dimensionless equations of motion of a lubricant having 
viscoelastic properties for the case of a "thin layer", the 
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continuity equation, and the energy dissipation rate formula, 

for determining the function x , caused by the molten 

guide: 

2 2

2 2

1
, 0,

v dp d p u v

j х dx j х y xy dx

 2

1
,

h x

x

d x v
K dy

j х dx y
                      (3) 

here ,u v  are components of the velocity vector of the 

lubricating medium; p  is hydrodynamic pressure in the 

lubricating layer;  is coefficient of dynamic viscosity, 

*

0u

Glh
 is Deborah number; 

*

0

2

0

2 u l
K

h L
 is the parameter 

characterizing the rate of dissipation of mechanical energy; L  
is the specific heat of fusion per unit volume.  

The system of equations (3) is solved using the following 
boundary conditions: 

0, 0 at 1 ,u v y х h x  

0, 1 at ,u v y x  

*
0 1 ,ap

p p
p

 

where 
*

0

ltg

h
. 

Assuming that the lubricant enters the bearing in the 
absence of an elastic deformation component, the 
characteristic of the special state of the lubricating medium 
will be written as follows: 

2

2
0

d p

dx
  at 0х ;                           (4) 

0 0 0x g Kg  at 0x . 

The relations between dimensionless and dimensional 
quantities are given in the form: 

* *
0, , , ,u u u v u v x lx y h y  

,p p p ,T T T 0
0е= , м=м м,

h

l
0= ,G G G  

*
* * 0

2
0

м
б б , .

u l
Т p

h
                         (5) 

Taking K, caused by the melt and the energy dissipation 

rate as a small parameter, we seek the function  х  as: 

2 3
1 2 3 ... .х K х K х K х H          (6) 

Boundary conditions for the dimensionless velocity 

components u and v on the contour 0y x  can be 

written as: 

2
2

2

0 0

0 0 1;

y y

v v
v H х v H х H х

y y

2
2

2

0 0

0 0 0.

y y

u u
u H x u H х H х

y y
    (7) 

We seek the asymptotic solution of the system of 
differential equations (3) with allowance for the boundary 
conditions (4) in the form of series in powers of the small 
parameter К: 

2
0 1 2( , ) ( , ) ( , ) ...v v x y Kv x y K v x y , 

2
0 1 2( , ) ( , ) ( , ) ...u u x y Ku x y K u x y , 

2 3
1 2 3( ) ( ) ( ) ( ) ...x K x K x K x ,     (8) 

2 3
0 1 2 3( ) ( ) ( ) ( )...T T x KT x K T x K T x , 

2 3
0 1 2 3м м ( ) м ( ) м ( ) м ( )...x K x K x K x . 

Adding (8) to the system of differential equations (3) 
taking into account the boundary conditions (4), we obtain the 
following equations: 

– for the zero approximation: 

2 2

0 0 0

2 2

0 0

1 в
,

jм jм

v dр d р

х dx хy dx

0 0 0,
v u

x y
   (9) 

With boundary conditions: 

0 00, 0, at 1 ,v u y x  

0 01, 0 at 0,v u y                  (10) 

0 0 0;р 0 0 *
0 1 ;ap

р р
p

 

0 00 = 0;К Kg  
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– for the first approximation up to the members 
2

0
м

К
О : 

2 2
1 1 1 1 1

2 2
0

1
, 0,

jм

v dр d р v u

dx x yy х dx
 

1
2

01

0
0

( )1
,

jм

x

vd x
dy

x dx y
             (11) 

with boundary conditions: 

0 0
1 1 1 1

0 0

, ,

y y

v u
v x u x

y y
 

1 10, 0 at 1 ,v u h x x           (12) 

0 1 1 1C 0 0; 0 0, 0 1 0,р р р  

* *

1
0 , 0 1 .K K  

The exact solution of the problem for the zero 
approximation will be sought by: 

0 0
0 0 0 0, , , ,u U x y v V x y

x y
 

0 0, , ,
y

x y
h x

            (13) 

0 0 0, , , .V x y v U x y u h x  

Adding (13) to the system of differential equations (9), 
taking into account the boundary conditions (10), we obtain 
the following system of differential equations: 

0 2 0 1 0 0, , 0,С v C u v  

2

0 0 1 2

2 2 3

0 0

1

jм jм

d р dр C C

х х dxdx h x h x
        (14) 

And boundary conditions: 

0 0 0 00 0, 1 0, 1 0, 1 0,u v    (15) 

1

0 0 0 0 0 *
0

0 0, 0 1, 0, 0 1 .ap
u v v d p p

p
 

By the direct integration we obtain: 

22
0 ,

2

С 2
1

0 1

о
о 1 о+1,

2 2

C
v С

1С 6.

From the condition 0 0 *
0 1 ap

р р
p

 and 0 0 0р  

solving the equation 
2

0 0 1 2

2 2 3

0 0

1

jм jм

d р dр C C

х х dxdx h x h x
 for 2

C  we 

obtain: 

1

2

2 1

2 2

6 12 6 12 1

.
3

1 3 3 1
2

е

C

е

          (17) 

IV. DEFINITION OF HYDRODYNAMIC PRESSURE 

The hydrodynamic pressure in the lubricating layer is 
determined from the 

equation
2

0 0 1 2

2 2 3

0 0

1

jм jм

d р dр C C

х х dxdx h x h x
, first we 

need to find 0м x . Having differentiated 

0
*

0м

T
Т

Tx e  

we obtain: 

0 0

0 .
d x dT

х
dх dх

In order to 0dT

dх
 we use the formula for the energy 

dissipation rate: 

2
* 1

0 0 0 00

2* 2

00 2

24
.

p

x u lh x vdT
d

dх h xh xT c h C
     (19) 

Adding (19) to (18) and making a series of 
transformations, we obtain: 

2
* 1

0 0 0 0

2 2* 2

0 00 2

241
,

p

d х u l h x v
d

dx h xx h xT c h C
      (20) 

where 
pc  is the heat capacity at the constant pressure.   

Integrating (20), we obtain: 
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1 3 2 2 3 1

0

1
,D J х J х J х

х
     (21) 

where 
*

0

* 2

0 2

24
;

p

u l
D

T c h C
 

1 2
2

2

1 0

0

;
12

C
d  

1

2 0 0 1 2

0

1
2 ;

6
v d C C  

1
2

3 0

0

4;v d  
0

.

x

k k

dx
J x

h x

Substitute the function 0 x  by its averaged integral 

value: 

1 1

0 0

0 0 1 3 2 2 3 1

.
dx

x dx
D J x J x J x

   (22) 

Solving the obtained equations 
1
, 

2
, 

3
, 3 2 1, ,J x J x J x  within the accuracy to 2

зО  for  

we obtain the following expression: 

1

2

0

235 631 49 47
1 1 ,

8 24 4 4
D е    (23) 

where 
*

0

* 2

0

24
.

p

u l
D

T c h
 

Then: 

2
2 2

0 0

1 2
2

*

15 6 2
2

15 6 6 15 1 18 .
2

х

a

х
p j е х

px
х х х х е х

p

(24) 

In order to define 1 x  taking into account the equation 

(16), we arrive at the following equation: 

2
1

0 01

0 2

0

.
vd

j h x d
dx h xh x

        (25) 

Integrating the equation (25), we get: 

31 2
1 0 3 2

0 0 0

м ,

x x x
dxdx dx

x j
h xh x h x

        (26) 

Solving the equation (26) taking into 

account *

1
0K K , we obtain: 

2

2 2 2 *2

1 0 2

3 з
з з 4 .

2 12 2

С
х j x x С х x х x  (27) 

The exact solution for the first approximation will be 
sought in the form: 

1 1
1 1 1 1, , , ,u U x y v V x y

x y
 

1 1, , ,
y

x y
h x

 

1 1 1, , , .V x y v U x y u h x      (28) 

Adding (28) to the system of differential equations (11), 
taking into account the boundary conditions (12), we obtain 
the following system of differential equations: 

1 2 1 1 1 1, С , 0,С v u v  

2

1 1 1 2

2 2 3

1 1

1
,

d р dр C C

j х j х dxdx h x h x
      (29) 

And boundary conditions: 

1 1 1 10 0, 1 0, 1 0, 1 0,u v  

1

1 1 1 1 1

0

0 , 0 0, 0, 0 1 0.v M u v d р р (30) 

By the direct integration we obtain: 

22
1 ,

2

С 2
1

1 1

о
о о ,

2 2

C
v С M M

1С 6M                                         (31) 

where 

0

1
0;1

0

sup
x

y

v
M x

y
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1

2 в

0;1

2

2 2 22

0 2

15 15
sup 1 з 6з з 6зв+ зв 1 9з в

2 2

3 1
jм з з 4 з б .

2 12 2

x

x x e х

C
x x C x x x x

 

From the condition 1 10 1 0р р  for 
2С  we obtain: 

1

2

2 15 6 6 15 1 .С М е        (32) 

In order to determine the values 2C  and hydrodynamic 

pressure 1р it is first necessary to find 1 х .Having 

differentiated 

0
1 *

1

Т
T

Тх e  as per х, we obtain: 

1 01
0 1 .

d х dTdT
х х

dx dx dx
       (33) 

In order to define 1dT

dx
 we use the formula for energy 

dissipation rate: 

* 1

0 1 0 0 1 11

2 2* 2
00 2

48
.

p

х u lh x v vdT
d

dх h x h x h x h xT c h C

(34) 

Adding (19) and (34) to (33) and making a series of 
transformations, we obtain: 

*
1 0 1 2 3 4

3 2 2* 2
0 1 0 2

*

0 1 2 3

3 2* 2

0 2

1 48

24
,

p

p

d х u l

х dх h x h x h x h xT c h C

u l

h x h x h xT c h C

 (35) 

where 

1

1 0 1

0

;d   

1

2 0 1

0

;v d   

1

3 1 0

0

;v d  

1

4 0 1

0

v v d . 

Integrating (35) and replacing 1 х  by its averaged 

integral value, we obtain: 

*

0 2 2

1 * 2

0 0
2

1

2

2

24 21 1 1
ln 1

6 2 2 2 3

2 8 1 235 631 49 47
1 .

3 2 6 8 24 4 4

p

u l C MC

T c h C

M
e

C

 (36) 

Solving the obtained equations 1 , 2
,

3 , 4  within the 

accuracy to 2зО  for 
1
 we obtain: 

1

22 2
0

2 2

1

1 2 1 2 8 1 235 631 49 47
1 1 1

6 2 2 2 3 3 2 6 8 24 4 4

1 .

С МС M
D e

С С

e

(37) 

Then from the condition 1 10 1 0р р  and 1 0 0р  

for 
1

р  we obtain: 

2
2

1 1

2

15 1 1 6 2з
2

15 6 6 18з ,
2

x
x

р j e х M x

x
М x х х х

     (38) 

V. RESULTS OF RESEARCH AND THEIR DISCUSSION 

Let us now turn to the determination of the basic operating 
characteristics of the bearing. Taking into account (9), (11), 
(24) and (38) for the bearing capacity and the frictional force, 
we obtain: 

12

0

0 12

0 0

12

2 в0

02

0

м

м j 1 1 15
м 15зв зв 1 6 2в в з 3 3зв

2 6 2

*

a

*

*

l u p
W p Кp dx

h p

l u
j e

h

1 1

2 в в

1

1 1

2 в в

2

15 в 1
зв 1 18з м 15зв 2

2 2 6

1 1 1 1 1
15зв 1 6 2з в

в 2 2 6в

15 в 1
з 3 3зв 18з ,

2 2 6

e K e

e e M

M
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12

0 0 1

0 0 0 0

0

0 1

0

1

2 в

0 1

м

м 13з
1 3зв м м

2

15
зв 1 м м

2

*

тр

y y

2 *

l u v v
L K dx

h y y

l u j
КМ

h

е К .

             (39)

The input parameters for calculating the bearing capacity 
and the friction force, determined by expressions (39): 

μ0 = 0.085 Нs/m
2
,  η = 0.3…1 m,  l = 0.1256…0.1884 m, 

*u =1..3 m/s, –7 –6

0 10 ... 2 10 m,h  щ=0 1; в=0 1;  

К  = 0.0000022…0.00052, М = 6,47…66,44, з=0,3 1;  

0.08 0.101325 МПа,аp  α = 0…1, L´ = 35,33…38,1 Н/m
2.
  

Based on the results of numerical analysis, the graphs are 
constructed (Figs 2-3), which allow us to draw the following 
conclusions. 

1. A refined design model of a wedge-shaped sliding 
support operating under hydrodynamic lubrication conditions 
on a viscoelastic liquid lubricant caused by the surface melt of 
a low-melting surface of the guide surface.  

2. The significant contribution of the parameters is 

shown: Deborah number в , parameter К, caused by the 

surface melt of a low-melting surface of the guide surface, and 
parameter б , characterizing the dependence of the viscosity of 

the lubricant on temperature.  

3. It should be noted that when forming the contour of 
the slider profile parallel to the axis of abscissas, the load-
bearing capacity of the thrust bearing intensively increases 
with increasing parameter K, in this case the bearing capacity 
is half that of the slider with the profile at an angle not equal 
to zero. 

 

 

 

 

 

 

 

 

 

Fig. 2. Dependence of the bearing capacity on Deborah number в  and on 

parameter α, characterizing the dependence of the viscosity of the 

lubricant on temperature 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

Fig. 3. Dependence of the friction force on Deborah number в  and on 

parameter α, characterizing the dependence of the viscosity of the lubricant on 
temperature 
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