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Abstract—The need for an accurate mathematical description 
of the dynamic processes occurring in the running parts of the 
railway vehicles is substantiated, taking into account the real 
operating conditions of the rolling stock. A mathematical model 
of motion of vehicles with a variable structure of a system of 
nonlinear differential equations of motion is proposed. In the 
design scheme, material elements are accepted by massive rigid 
bodies, whose internal deformations are not taken into account in 
calculations, and by elastic-friction elements with nonlinear 
characteristics, whose masses are neglected. Between the 
elements of the system, connections are used that regulate certain 
relative movements of these elements. Features of dynamic power 
connections in the «wheel pair-path» system are taken into 
account, including rolling, sliding and slipping of wheel crests 
along the lateral faces of railheads arising in motion. To do this, a 
special technique is used to calculate the longitudinal and 
transverse forces of wheel-rail friction depending on the 
redistribution of the relative rates of slippage, lateral attitude, 
wagging and twitching of the wheel pair. The mathematical 
model allows one to investigate the movement, dynamic 
properties of the railway vehicles taking into account the real 
combinations of the maximum permissible wear of the running 
parts of the vehicles and the track; choose rational parameters of 
the railway vehicles for various geometric, rigid and inertial 
parameters of the running gear of the vehicle. 

Keywords— railway vehicle; mathematical model; the «wheel 
pair-track» system, car dinamics; car truck. 

I. INTRODUCTION  

A large number of violations of the safety of the 
movement of railway vehicles are observed in the presence of 
deviations in the content of their running parts and the upper 
structure of the track in curved sections of the track. For the 
analysis of traffic safety estimating the influence of deviations 
in content, and choosing rational parameters of structural 
elements, a mathematical model is needed that accurately 
describes the dynamic processes occurring during the 
interaction of the «wheel pair-track» system in the sprung and 
non-sprung parts of the vehicle. A large number of papers 
have been devoted to modeling the motion of railway 
carriages in which as a rule the theory of «creep» with various 
refinements of the equations of motion is used [1, 2]. In 

modeling, specialized computer programs of engineering 
analysis are used [3-7]. In a number of works, the dynamic 
interactions of the «wheel-rail» system are considered taking 
into account deviations in the content of the running parts of 
the vehicles and the track [8-13]. At the same time in 
numerical simulation some features of dynamic power 
connections are not fully taken into account taking into 
account the rolling, sliding and slipping of wheels along the 
lateral faces of railheads arising in motion. 

II. SIMULATION APPROACH 

To describe the motion of the railway vehicle, an approach 
based on the theory of relative motion using moving non-
inertial local coordinate systems is used [14]. A fixed 
coordinate system Õξηζ and two mobiles are used: natural – is 
Oxyz and associated with a solid – Cx'y'z', where Cx', Cy', Cz' 
– main central axes of inertia (Fig. 1). All coordinate systems 
are right. The origin of the absolute fixed (Cartesian) 
coordinate system is located on the straight track at the 
beginning of the transition curve. The axes of the natural 
coordinate system Oxyz are directed respectively along the 
tangent, normal and binormal to the path axis. All the solid 
bodies of the system have the main central axes of inertia and 
the resulting relative motions are the geometric sum of the 
motions in the individual coordinate planes. To establish the 
dependencies between the projections of the angular velocities 
of rotation of a rigid body on fixed and moving coordinate 
axes, the Euler kinematic equations are used taking into 
account the smallness of the angular velocities of rotation 
around its own axes. 

Let us consider as a railway vehicle 4-axle car (Figure 2). 
The object is represented by a system of 11 solid bodies (a 
body, two bolster cross-member, four side frames, four wheel 
pairs) connected with each other by elastic-friction non-linear 
bonds. 

The assumption of the non-deformability of bodies is 
based on the fact that the rigidity of spring suspension and 
elastic bonds is much less than the structural rigidity of the 
frames of bogies and the superstructure and the frequency of 
elastic vibrations of these bodies is much higher than the 
frequency of their vibrations on the spring suspension. 
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Fig. 1. Reference systems for solids

Fig. 2. The calculation scheme of the four-axle 

The load in the car is considered to be undeformable and 
integrated into the body of the car. 

Between the elements of the system, connections are used 
that regulate certain relative movements of these elements.

At the junction of the side frame (SF) and the wheel pair 
(WP) there are elastic-dissipative bonds with a gap, as a result 
of which relative translational, lateral and angular movements 
are possible. 

As a result of the presence of elastic-friction bonds with a 
gap between the bolster cross-member (BCM
their relative transverse and angular displacements in the 
horizontal plane are possible. Running of one 
the other occurs as a result of their connection through the 
BCM and spring sets. 

Frictional connections between the body and the 
allow angular relative movements in the horizontal plane. 
Relative translational movements in the first stage are not 
considered, because in the standard design of the 
plate node there are no elastic elements. In addition, the gaps 
between male and female center plate are neglected.
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a result of the elevation of the outer rail over the inner rail in 
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The model takes into account the following features and 
nonlinearities that affect the horizontal dynamics of the 
vehicle: the action of the moments of the forces of dry friction 
in the plane of the support of the foot on the thrust bearing, the 
possibility of installing dampers of viscous and dry friction in 
the junction of the gearbox with the 
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wheels N.E. Zhukovsky. 

Possible displacements of bodies are described by the 
following relative generalized coordinates
– horizontal linear transverse displacements 
horizontal linear longitudinal displacements
horizontal displacement plane W
transverse movements SF; q17 
plane of displacement SF; q23 
plane of displacement BCM; q
movements of the body; q26 – 
of movement of the body; 
longitudinal displacements SF.

The movement of the 4-axle car is described by a system 
of the 60th order of 30 differential equations, corresponds to 
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on the basis of the well-known assumption that the angles 
between the axes of moving coordinate systems associated 
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BCM and SF are determined by their mutual wobble and 
transverse displacements in time. Dynamic deformations of 
the «wheel-rail» connections are calculated taking into 
account the unevenness and broadening of the rail threads, the 
elastic depressions and the lateral displacements of the gear 
unit in time. We check the condition of each ridge on the rail 
taking into account the clearance in the ridge to the side, the 
running and friction of the ridge against the side surface of the 
railhead [15]. 

When investigating the movement of the railway vehicle in 
curves, the linearization of the wheel profile cannot be 
accepted. Therefore the model reflects the action of 
«gravitational» stiffness: in the case when the point of contact 
on one wheel is displaced closer to the ridge due to the 
nonlinearity of the profile the difference of the contact angles 
arises and consequently even with the same vertical loads on 
both wheels the transverse components of the normal forces 
will be different which will lead to the appearance of a 
returning lateral force. Its value increases with increasing 
lateral displacement of the gear unit and is determined from 
the expressions given in [16] for the real rolling profile of the 
wheel and rail. 

When determining the vertical reactions of rails under each 
wheel the redistribution of the vertical load between the outer 
and inner rail threads is taken into account as a result of their 
elevation as well as the action of the moments of the 
transverse inertial forces. 

In connection with the fact that in the case of curvilinear 
motion a significant slippage of wheels is possible, the 
application of linear theories of determining the creep forces 
and their moments is unacceptable. 

Therefore when simulating the movement of the vehicle, 
the principle of N.E. Zhukovsky describes the movement of 
wheels in the WP and a special technique for calculating the 
longitudinal and transverse forces of wheel-rail friction 
depending on the redistribution of the relative rates of 
slippage, lateral attitude, wagging and jerking WP. 

Longitudinal and transverse reactions of SF bonds with 
WP bays (Figure 3) are determined on the basis that the case 
of the axle box can simultaneously slide and rotate relative to 
the supporting frictional surface of the pedestrian opening of 
the SF due to oscillation of wiggling, twitching and lateral 
attitude of the gearbox. This takes into account the presence of 
a spread of longitudinal and transverse gaps, the forces of dry 
friction on the bearing surface and when choosing a gap, 
angular pinching in the plan and the possibility of installing 
various elastic-friction elements in the joint of the axle box 
with the SF. 

The connection of the SF with the BCM of the truck is 
carried out through the springs of the central spring 
suspension, the subclinical springs and the friction wedges 
therefore the coupling reactions are defined as the sum of the 
forces of the elastic components of the spring set and the 
forces of dry friction realized by the absorber taking into 
account the action of the returning and pinching moments and 
forces in the oscillations of wobble and the running of SF. 

 Fig. 3. Power calculation scheme of a 2-axis truck 

Expressions for the damping moments arising from 
angular relative movements of the body and the BCM in the 
plane of their support in the pivot assemblies were obtained by 
integrating the moments of the friction forces along the area of 
the contacting surfaces with respect to the elementary areas 
taking into account the external and internal radius of the 
Friday and the signature dependence of the direction of their 
action: 

Мfr j = 
�

�
·µ⋅Pj 

��
���	

�

��
���	

� 
������ − �����,   (1) 

where µ is the coefficient of friction in the male center plate 
node; Рj is the load on the male center plate; R2, R1 – are 
external and internal radius male center plate, respectively; ��� , 
���� is the first time derivative of wobble j BCM and body, 
respectively. 

The mutual angular and linear displacements of the 
conjugate elements in the truck are determined: 

- linear movements of the gearbox relative to the SF in the 
function of the coordinates of the wheel pair and the SF; 

- transverse movements of the BCM relative to the SF; 
- transverse movements of friction wedges of spring 

suspension by friction strips; 
- mutual transverse displacements of the points of the 

rolling surfaces of the wheels relative to the points of the 
rolling surfaces along the railheads: 

∆i кр = qi + yi(t) – yрi,       (2) 

where qi is the generalized coordinate of lateral displacement 
WP; уi(t) is the ordinate of the geometric unevenness of the 
path under i wheel; ypi is the elastic rail release under i wheel. 

The vertical loads from the wheels to the rails are 
determined: 

wheel pair 

bolster 
cross-

member 

side frame 
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- lateral loads on the body under the action of transverse 
acceleration on it from the centrifugal and centripetal forces of 
inertia:  

Нb = 0,5⋅Gb⋅(
��

�
− �⋅�

�⋅�
),          (3) 

where Gb  is the body weight; V – is the vehicle speed along a 
curve; h  is the elevation of the outer rail of the curve, m; g = 
9, 81m/s2; S is a half distance between the centers of the 
railheads in the track; 

- angles of body rotation due to deformations of spring 
suspension and transfer to slipways. Angle of transshipment of 

the body on the sides βs=
δ

�����
·δ, where δ – is the gap in 

slippery; b0 – is the distance from the center of the kingpin to 
the center of the hood on the slope; R2 – is the outer radius of 
thrust bearing. Body angle is due to spring deformations β 

= 
Н�⋅��⋅��⋅�кк⋅β�

Суϕ���⋅��
, where hb  is the height of the center of gravity 

of the body from the lower plane of the spring suspension of 
the car; Сyϕ is the angular rigidity of spring suspension, 
determined by the formula Сyϕ = 2⋅Сz⋅"#

�, where Сz is the 
vertical rigidity of the spring set; bz is the distance from the 
center of the spring set to the axis of the trolley passing 
through the pivot; 

- load on the neck of the gearbox caused by the action on 
the wagon of centrifugal and centripetal acceleration. 

Empirical dependencies have been adopted as a 
relationship between the moment of rotation of the BCM and 
its angle of rotation relative to the SF. 

Force reactions of the boxes and SF are determined for two 
qualitatively different states: when the box does not have 
contacts with the vertical guides of the axle gap of the SF and 
when these contacts have already arisen. 

Power ties of wheel pairs with rails are determined by the 
conditions of their mutual contact combined with the rolling 
and sliding processes of the wheels (pseudo-slip) as well as 
the slip of ridges along the side faces of the rails. 

In determining the horizontal force reactions between 
wheels and rails, two kinds of interaction between wheels and 
rails are taken into account: when the crests of the wheels do 
not touch the rails (free rolling of the gears) and when the 
forces acting normal to the rail (guided motion of the gear 
unit) act between the crests of the wheels and the rails. 

When driving on wheels of wheel pairs, whose wheels are 
rigidly connected to each other by an axis at any moment of 
time, any wheel of the wheel pair inevitably slips along and 
across the rails. It is especially significant that such wheel 
slides in the movement of vehicles in the curved sections of 
the path of small radius. According to a special technique, the 
ratio of frictional-sliding moments on wheels of a wheel pair 
determines which of the wheels is slipping when the wheel 
pair moves and which rolls without sliding, the conditions for 
contacting the crests of the wheels with the side surface of the 
railhead are determined. The mode of movement of the wheel 
pair is taken into account: coasting, traction, braking. 

Two types of interaction between wheels and rails are 
possible: when the crests of the wheels do not touch the rails 
(freewheeling of the wheel pair) and when the forces normal 
to the rail act (the direction of movement of the wheel pair) 
between the wheel crests and the rails. 

Free wheel-free contact with the rails takes place if: 

|δзаз + ∆δзаз + yjот| - (-1)i⋅qi ≥ 0           (4) 

where δзаз is the total clearance between the crests of wheels 
of the wheel pair and the side faces of the railheads, at the 
point where i wheel; ∆δзаз is the broadening of the path at the 
same point including the unevenness of the path in the plan; 
yjот is the rail release under i wheel j wheel pair; qi is the 
generalized coordinate i wheel pair (i=5…9). 

During the free rolling between the wheel and the rail 
frictional forces can arise which keep the wheel from slipping 
over the inclined surface of the railhead (with rails flat) and 
forces caused by pseudo-slip as a result of rolling the wheel 
along the railhead at some angle to the longitudinal axis of the 
rail. 

The total horizontal shear force acting on the i wheel with 
free rolling will be equal to the sum of these forces: 

Yδ i cb  = (-1)i {Pw i⋅sinϑ +k⋅tgϕb⋅sign��$}             (5) 

where i = 1…4; Рw i is the vertical load from i wheel to rail; ϑ 
is the angle of inclination to the horizon of the upper surface 
of the railhead (rails rails); k is the coefficient of creep 
(pseudo-slip). 

Force Yδ i causes the rail to be released. With a known 
value of lateral force Yδ, The steering force on i (the oncoming 
wheel) will be equal to Yн i= Yδ i + Yδ i cb  . 

The mathematical model of the movement of a 4-axle car 
allows one to model the movements of an 8-axle and a multi-
axle wagon. In this case individual differential equations and 
equations of dynamic reactions of bonds and external forces 
are adapted for the basic design scheme of an 8-axle car. For 
example, an 8-axle freight car will be presented as a nonlinear 
mechanical system consisting of 23 rigid bodies: 8-WP, 8-SF, 
4-bolt and 2 connecting beams, 1 body with a load. 

In accordance with the number of degrees of freedom 
accepted by the design scheme (Figure 4), the oscillations of 
the 8-axle car are described by a system of 54-differential 
equations of the second order. This system is conditionally 
divided into 3 groups of differential equations where the first 
two describe the motion of 4-axle bogies and the third group 
their dynamic connection with each other. Differential 
equations of dynamic coupling are recorded through 
acceleration of wobble and lateral attitude of the center of 
mass of the body: 

&'к=
('�)

∗ �('�)

�+
;   ,'к=

('�)
∗ -('�)

�
  (4) 

The influence of the moments of frictional forces on the 
oscillations of the wobbling of the connecting beams is taken 
into account in the corresponding differential equations 
analogous to the equation for wagging the body of a 4-axle car 
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by adding a term where the radii of the central Friday of an 8-
axle car are substituted. 

 
Fig. 4. The calculation scheme of the eight-axle vehicle 

Accelerations �'�.
∗  and �'�. are necessary for dynamic 

coupling equations (4): 

�'�. = (0 · 1∗ − 2 · 1) · 4 
(5) 

�'�.
∗  = (0 · 1 − 2 · 1∗) · 4 

where A = (5к + 4 · 8с.б.) · <к
� + =к ; 

B = 5� · <к� − =к; 
C = 4 · <к�/(2� − 0�); 
Q = ∑ 1н.б.

@
A + 8с.б. · (� · 1AA − B · &� AA); 

Q* = ∑ 1н.б.
∗@

A + 8с.б. · (� · 1AA − B · &� AA
∗ ). 

III. RESULTS AND DISCUSSION 

The obtained results of numerical simulation showed 
satisfactory convergence with the experimental data, which 
indicates the reliability of the developed mathematical model 
of the wagon motion in conditions of real combinations of 
deviations from the standards of maintenance in the vehicle 
and the path. 

The proposed mathematical model allows one: 

- to receive any output parameters in time as well as 
extreme values of linear and angular displacements, velocities 

and accelerations of all elements of the railway vehicle, 
deformations and forces in bonds, frame, lateral and directing 
forces, stability factors from derailment, recession angles, 
factors wear and the coefficients of dynamic forces additions 
for each element of the running parts of the vehicle; 

- to vary geometric, rigid and inertial parameters of the 
running gear of the vehicle; 

- to investigate the driving performance indicators used to 
estimate the vibrations of the sprung parts of the railway 
vehicles (dynamic factors, vertical and lateral acceleration of 
individual body points, etc.), safety used to estimate the 
dynamic behavior of uncured masses (wheel stability factors 
against the derailment, frame and side forces, the ratio of the 
frame force to the static axial load, etc.); 

- to investigate the motion of the vehicle with different 
profiles of wheels and rails, rigidity characteristics of the track 
using creep forces models and friction coefficient values in the 
contact of the wheel and rail; 

- to investigate the processes of rolling the wheel with a 
crest onto the railhead detaching the surface of the wheel from 
the rail and also the process of the wheel pair falling off the 
rails; 

- to select rational parameters of the railway vehicle for the 
purpose of ensuring the safety of various types of railway 
vehicles and increasing their overhaul mileage. 

IV.  CONCLUSIONS 

1. An improved mathematical model of the movement of 
the railway vehicles has been developed taking into account 
deviations in the content of the running parts of the vehicle 
and the path with a variable structure of the system of 
nonlinear differential equations of motion. 

2. The mathematical model allows one to investigate the 
movement, dynamic properties of the railway vehicles taking 
into account the real combinations of the maximum 
permissible wear of the running parts of the vehicles and the 
track and also to choose the rational parameters of the railway 
vehicle for various geometric, rigid and inertial parameters of 
the undercarriage. 
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