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Abstract—This article describes the correlation function and 

the angular energy spectrum of scattered waves for terrestrial 
paths to distribute radio waves of space propagation path and 
diffraction. The angular energy spectrum of the scattered waves 
on such paths is multimodal and causes the periodic 
nonstationarity of the signals at the outputs of the spaced 
antennas as the angular position of the narrowly directed 
antenna of the radio emission source changes. These features take 
into account the Gaussian model of signals under consideration 
on the basis of the multimodal angular energy spectrum of 
scattered waves. Analytical relations, defining conditions for 
appearance of abnormally large errors in case of receiving 
signals from radio source with scanning antenna by a direction 
finder along terrestrial paths, are obtained. It is theoretically 
proved that it is necessary to compare the phase difference 
measurement at various bases of the direction finder with a 
certain threshold in order to detect bearings with abnormally 
large errors. 

Keywords—correlation function; angular energy spectrum; 
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I.  INTRODUCTION 

It is known that the output signals of antennas on the 
tropospheric and space propagation paths of radio waves can 
be expressed as the sum of the radio emission source signal 
and the scattered component due to medium inhomogeneities  
[1-5]. While scattering of radio waves by small-scale 
inhomogeneities in the troposphere, the scattered component 
is described by a stationary normal random process, when the 
observation interval of the signal does not exceed several 
seconds and the transmitting points are fixed [3, 5]. The 
angular energy spectrum of scattered waves G (α) is usually 
described by a continuous function with a maximum, in 
general, not coinciding with the angular position of the radio 
emission source [5]. 

Radio waves are scattered by unevenness of the underlying 
surface, the edge of forest massifs or reflected from other 
terrain elements on the surface paths of propagation of radio 
waves of sight line or diffraction with fixed transmitting points 
[5]. For such surface paths of radio wave propagation, the 

angular energy spectrum of scattered waves is multimode (Fig. 
1). 

These features of surface propagation paths are not taken 
into account in known statistical models of received signals  
[3, 5, 6]. 

An objective of the report is to determine the spatial 
correlation function of the signals at the outputs of receiving 
antennas that have passed the ground path from a radio source 
with a narrowly oriented and arbitrarily oriented antenna. 

The angular energy spectrum of scattered waves becomes 
asymmetric when the main lobe is irradiated by the radiation 
pattern of the radio source of local objects located away from 
the direction to the direction finder. 

 
Fig. 1. Angular energy spectrum characteristic  
of the tropospheric propagation path GT(α)  

and ground distribution path Gg(α) 

In this case, the direction finding of the radio emission 
source by traditional algorithms is accompanied by 
anomalously large errors [7, 8]. The results of this work can be 
used to develop new algorithms for finding direction sources 
of radio emission with a narrowly directional antenna 
excluding the occurrence of anomalously large errors. 

Phenomenological approach based on the representation of 
the scattered field by the additive sum of waves from taken 
into account objects of the surface propagation path is used 
when considering the statistical model. 
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Experimental results for ground paths attest probably 
relation between root-mean-square error (RMSE) of phase 
difference for the signals and their amplitude ratio in two- or 
multichannel systems [2, 3]. In the specific conditions, the 
statistical characteristics of phase difference for some signals 
relate on their amplitude ratio. These relations could be 
utilized for increasing the accuracy of phase difference 
estimation on paths with local terrain features and objects 
scattering. 

II. MODEL OF THE SIGNAL AT THE ANTENNA OUTPUT 

Let us suppose that fixed source emits a narrowband signal 
and has a fixed angular position of the transmitting antenna. 
The model of the output signal of the fixed receiving antenna 
is represented by the sum of the direct signal and the reflected 
signals by the terrain elements: 
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where 
i – number of the signal reflected from the object on the 
ground, i = 1…N; 

( ).scatt i rU xɺ  – complex amplitude of the reflected signal from 

the i-th object; 

( )θtFɺ  – radio source direction pattern multiplier (RES); 

θi – direction to the i-th object of the terrain with respect to 

OY axis counted from the RES. 

Let us suppose that the reflected signal from the terrain 
element is a stationary normal random process with 
uncorrelated quadratures, zero mean and the same variances. 
For a statistical description of the received signals, we apply 
the two-dimensional normal distribution of the quadratures of 
the received signals with the known average vector and the 
spatial correlation matrix [3, 5, 6]. 

Let's consider the spatial coefficient of scattered signals 
correlation when radio waves are re-emitted by elements of 
the terrain of a surface crossed path. 

In conditions of signals reception on surface paths from a 
directional radiation source, the parameters of the spatial 
correlation function of the scattered signals (the spatial 
correlation interval, the shape) depend on the angular position 
of the antenna of the radio source θ: 
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where the averaging is performed over the ensemble of 
successive implementations of the scattered signals. 

The assumption of statistical independence of scattered 
signals from various terrain objects is physically justified. 
Assuming the statistical homogeneity of the field, we 

represent (2) as: 
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where 

( ) ( ) ( ),θ
. .,θ ,θ j l

scatt i scatt iR l R l e γ ∆∆ = ∆ɺ  – spatial correlation 

function for the i-th reflected signal; 

( ) ( ) ( )2 2
. ,θ ,θ ,θscatt i i iR l r l s l∆ = ∆ + ∆  – spatial 

correlation coefficient module for the i-th reflected signal; 

( ) ( ) ( ){ }. ,θ ,θ / ,θscatt i i il arctg s l r lγ ∆ = ∆ ∆  – phase of 

the spatial correlation function of the i-th reflected signal, 
ri(∆l, θ) и si(∆l, θ) – cosine and sine quadrature component of 
the spatial correlation function. 

Let us suppose that the number points of reflecting objects 
on the surface propagation paths is large and their angular 
dimensions are small, thus, in the first approximation, we 
consider the angular energy spectrum of the i-th object of the 
terrain as wide ∆αscatt.i and symmetric with respect to the mean 
angle of incoming αscatt.i.  

Under these conditions, the spatial correlation coefficient 
of the scattered signal can be written in the following form  
[3, 5]: 
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where 
2

.σscatt i  – variance of fluctuations of the i-th reflected signal; 

0
il – interval of spatial correlation for the i-th reflected signal 

fluctuations inversely proportional to the width of the angular 

spectrum ( )0 .λ 2sin αi
scatt il = ∆ . 

II I. SPATIAL CORRELATION FUNCTION OF THE SIGNALS AT THE 

OUTPUTS OF THE RECEIVING ANTENNAS 

Time fluctuations of the partial reflected signals at the 
receiving site lead to corresponding fluctuations of the initial 
phases. Let's assume the distribution of the initial phases 
fluctuations for the partial scattered signals at the receiving 
point uniform in the interval  [0… 2π]. In this case, any partial 
scattered signal and direct signal are uncorrelated at the 
receiving site. Thus, the spatial correlation coefficient of the 
received signals at points – ∆l/2 and ∆l/2 by means of (4), we 
can write as follows: 

The reported study was funded by RFBR, according to research project 
No. 16-38-60091 mol_а_dk 
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where 

( ),θ
у

R l∆  – module of the spatial correlation coefficient of 

the sum of the direct signal and the scattered component; 

( )уγ ,θl∆  – phase of the spatial correlation coefficient of 

the sum of the direct signal and the scattered component. 

The phase of the spatial correlation coefficient (5) 
corresponds to the mean angle of arrival of the scattered signal 
equal to the center of gravity of the angular energy spectrum 
αс: 

 ( ) ( ) ( )γ ∆ ,θ 2 ∆ λ sin α θ
у с
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The phase of the spatial correlation coefficient corresponds 
to the average phase difference between the received signals 
of spatially spaced antennas. We show that the dependence of 
the phase of the spatial correlation function (6) on the angular 
position of the radio source antenna for a fixed separation of 
the receiving antennas (∆l) complies with the available 
experimental data. 

IV.  COMPARISON OF THEORETICAL AND EXPERIMENTAL 

RESULTS 

The experimental data are the dependences of the received 
signal levels on the outputs of the receiving antennas and the 
phase difference between them from the angular position of 
the radio emission source antenna in the azimuth plane. 

Experimental data were obtained for ground paths from 16 
to 30 km long. Scattered (reflected) radio waves are caused 
mainly by terrain features: underlying surface, natural and 
artificial objects, forest edge etc. The transmitting point 
apparatus (radio location system) and receiving-measurement 
apparatus (receiving point) utilized in the experiments were 
developed by workers of Institute of Radio electronic System 
of TUCSR. A full description of digital receiving and 
measurement apparatus is given in [3 - 7]. Devices of emitter 
source and receiving point were synchronized. During the 
experiment, digital samples for received signals within a 
specific time period were saved into PC memory. Pulse signal 
amplitudes and their phase differences were defined using 
quadrature components obtained relatively to pulse start [4, 
11]. 

The introduction of new radio frequency bands for use in 
the forest requires preliminary studies. Modern trends is the 
increase in operating radio frequency. Also, there is a 
necessity for locating radio sources.  

The purpose article is to study the characteristics and 
properties of the pulse signals, which have passed a short 
forest track near surface. With the objective of evaluating the 
direction finding accuracy of radiation sources. 

The studies were conducted between September and 
October 2012 in the vicinity of the city of Tomsk. 
Measurements were obtained for three routes. Length of the 
route is from 130 to 400 meters. Trails differ in greenery 
density. 

Radiation source was a portable radar, a pulse signal 
duration of 275 ns and a frequency of 9.2 GHz without intra-
modulation, antenna gain 23 dB and a peak power of 10 kW.  

Reception and recording equipment consisted of an 
antenna system comprising two dipole antennas located at 45o 
to the horizontal and the two-channel receiver with quadrature 
receive channels. The antennas formed a direction finder with 
base length 20λ, recording equipment can record the 
quadrature components of the signal with a sampling 
frequency of 90 MHz. 

A receiver with a dynamic range of 71 dB has a sensitivity 
of -100 dB / mW (3.2 µV). The transmission bandwidth of the 
receiver is 25 MHz, so linear distortion of signals due to the 
influence of the receiving path can be neglected. Before the 
analog-to-digital conversion, the signal is transferred to the 
video frequency by a quadrature demodulator (detector). The 
envelopes and the phase difference were determined by 
quadratures over the duration of the plane vertex of the pulse, 
using the formulas given in [6]. 

Obstacles on the line "transmitter-receiver" are presented 
for a group of trails with the length of: 

 - 16.8 km and 19.0 km in the form of separate rare forest 
tracts; the transfer positions were located in a field covered 
with meadow grass, up to 0.25 m high; 

- 23.0 km in the form of frequently encountered forest 
massifs; and the transmitting positions were located in a 
meadow overgrown with meadow grass, with a height of 0, 5 
m, and shrubs; 

- 28.0 km in the form of dense forest areas; the transferring 
positions were located on a clearing, the grass on which was 
mown, surrounded by a thick forest. 

The firing position was located on the right bank of the 
river. Tom is over 80 m above the surrounding terrain. The 
right bank is covered with forest of medium density, then 
along the routes there is a river valley, an island with 
extensive mowing, a populated village of rural type with 
suburban areas of loosely built up. The remaining sections of 
the road are a plain with a slight upward slope to an absolute 
140 m mark, covered with meadow vegetation, mowing, 
arable land, medium-thick forest, and rare-wood. 

In Fig. 3 we present experimentally founded conditional 
RMSE (3.a, dashed line with circles) and mean phase 
difference between signals received on spaced antennas (with 
spacing distance of d = 30λ) in a relation to their amplitude 
ratio for 6 ground paths in a logarithmic scale. The results 
were obtained by processing more than 500 thousands of RF 
pulse signals (with signal-to-noise ratio more than 15-20 dB). 
For every phase difference, RMSE value the confidence 
interval at significant level of αe = 0,05 [7-10] is denoted. 
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The characteristic normalized radiation patterns of the 
radio emission antenna source and the dependence of the 
phase difference between the output signals of the receiving 
antennas with the spatial separation of 10λ from the angular 
position of the transmitter antenna are shown in Fig. 2, 3.  

Experimental results were obtained on the surface road 
which represents a flat terrain with small irregularities. 

Let's compare the experimental dependence of the signal 
level on the antenna outputs on the angle of rotation for 
antenna RES with similar calculated dependences and the 
experimental phase difference with the phase of the 
correlation function. 

In Fig. 4, 5 shows the calculation results for the radio 
source antenna radiation pattern [5, 7, 9-14] and the phase 
correlation coefficient (6) for random mean angles αscatt.1… 
αscatt.N from the following conditions: 

- wavelength λ = 0,03 m; 

- directional pattern of the transmitter is 3 degrees wide in 
zeros and has the form sin(θ)/θ; 

- number of reflected signals N = 5; 

- average angles of incoming αscatt.1… αscatt.N, width of angular 
spectra ∆αscatt.1… ∆αscatt.N and the dispersion of the reflected 
waves amplitudes were random and distributed according to a 
uniform law within ± αscatt = 20 degrees и ∆αscatt = 5 degrees 
respectively. 

  

Fig. 2. Experimental normalized directivity patterns of RES 
antenna at the outputs of the receiving antennas, ∆l = 10λ 

 

  

Fig. 3. Experimental phase difference between the signals at 
the outputs of the receiving antennas, ∆l = 10λ 

 

  

Fig. 4. Calculated normalized radiation patterns of antenna 
RES of the receiving antenna signals, ∆l = 10λ 
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Fig. 5. Calculated the argument of correlation coefficient 
of the receiving antenna signals, ∆l = 10λ 

An analysis of the experimental and theoretical results 
shows that the phase difference and the phase of the spatial 
correlation coefficient vary from the orientation of the 
transmitter antenna, the angular position of the reflected wave 
sources on the surface propagation path of radio waves. We 
note that there is a qualitative similarity between the phase of 
the spatial correlation coefficient and the phase difference of 
the signals at the output of spatially separated antennas 
depending on the angular position of antenna RES.  Sharp 
deviations of the phase difference reaching the boundaries of a 
single measurement are observed in the area of some minima 
of the "apparent" radiation pattern of the transmitter antenna 
±π which are qualitatively similar to the analogous bipolar 
spikes of the phase of the spatial correlation coefficient at  
∆l = const. This causes the periodic nonstationarity of the field 
at the receiving site. 

The spatial correlation coefficient (5) can be used in the 
statistical description of signals at the outputs of spatially-
spaced antennas within the normal model of the scattered 
signal. 

During the comparison of test results by two different 
methods, we discovered a fine match between model and 
experimental relations of RMSE and received signals mean 
phase difference to their amplitude ratio. 

V. STATISTICAL MODEL OF RECEIVED SIGNALS 

Let us write in general form the two-dimensional 
distribution density of the quadrature components of the 
output signals Uу.c1, Uу.s1 first and Uу.c2, Uу.s2 second antennas 
with spatial separation ∆l [1, 3, 5]: 
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Where vector of the quadrature components of the output 
signals of the spatially separated receiving antennas Uy and 
MU, the vector of their corresponding mean values can be 
written in the following form: 
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which elements are the normalized quadrature components of 
the correlation function (3). 

The presented model allows us to describe the statistical 
characteristics of the received signals at such angular positions 
of the radio source antenna when anomalously large direction 
finding errors are observed. From the previous results, it 
follows that bipolar phase-space phase correlation throws 
corresponding to anomalously large direction finding errors 
are observed at angular positions θ of the radio source antenna 
that the following conditions are satisfied for spatial 
separation ∆l: 

- power of the scattered and direct signal is commensurable; 

- mean angle of arrival of scattered waves αc is commensurate 
with or exceeds the sector of single-sided direction finding of 
the source of radio emission for a given spatial spacing of the 
receiving antennas. 

Physically, the reason for the appearance of anomalously 
large errors is caused by the interference of the signal from the 
radiation pattern with the waves reflected by the terrain 
elements. An analysis of experimental estimates of impulse 
responses has shown [8] that on ground crossed paths a 
limited number of reflected signals is observed. This causes 
the multimode energy spectrum of the scattered waves. 
Because of the limited number of reflected signals, the 
conditions of the central limit theorem may not be fulfilled, 
and the distribution of the quadrature components is different 
from the normal law. 

In the developed statistical model, the correlation function 
of scattered signals corresponds to the multimode angular 
spectrum of scattered waves. Each mode in the angular 
spectrum is characterized by the angular position, the 
dispersion of the fluctuations in the amplitude of the wave, 
and the width of the angular spectrum. This provides a 
qualitative similarity between the results of calculating the 
phase of the spatial correlation function from the angular 
position of the radiation pattern antenna and the experimental 

data: there are anomalously large errors in the direction 
finding of IRI in the region of the minima of its "apparent" 
radiation pattern. 

Relations are determined, for which the statistical model of 
the received signals corresponds to the conditions for 
observing anomalously large errors in the direction finding of 
the radiation pattern. 

VI.  CONCLUSIONS 

Proposed results allow making the following conclusions. 

 1. Statistical model of signals that have passed the surface 
propagation path from a centimeter-wide RES with a narrow 
antenna is applicable under the following conditions:  

- radio signal reflected by the terrain element is described 
by a stationary random process; 

- there is no correlation between the signal from the radio 
source and the reflected signals as well as between the 
reflected signals; 

- angular dimensions of the re-reflective objects are small 
in comparison with the width of the main lobe of the 
radiation pattern of the radio source antenna. 

 2. In the developed statistical model, the correlation 
function of scattered signals corresponds to the multimode 
angular spectrum of scattered waves. Each mode of the 
angular spectrum is characterized by the angular position, the 
variance of the fluctuations in the amplitude of the wave, and 
the width of the angular spectrum. 
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