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Abstract – It is often necessary to carry out an analysis 

of piles for horizontal loads in the process of designing 

buildings and constructions. There are various ways to 

perform such analysis. So, Professor B.N. Zhemochkin 

suggested calculating a pile as a rod in an elastic half-space. 

More details about the assumptions and principles of this 

analysis can be found in his relevant work. The given 

method assumes large computations for its time, which are 

not difficult to automate today. We will write a program, 

perform the analysis of a pile and compare the result with 

that obtained through the finite element method.  

Keywords–horizontal loads, designing buildings, elastic 

half-space, finite element method, stress-strain characteristics 

I. INTRODUCTION 

Let us suppose that we have a round reinforced 
concrete pile with the diameter of 500 mm and the length 
of 10.5 m, immersed in sandy soil to the depth of 10 m. 
Consequently, the length of the pile head will be 0.5 m. 
The static loads that are the horizontal force of 10 tf and 
the bending moment of 1 tf∙m act upon the pile head. 

We are writing the program in Mathcad that is the 
most common computer algebra system [12-14]. We 
successively enter the initial data: the depth of the pile 

immersion 
spL  , the length of the pile head 

hpL   and 

the width (in this case, the pile diameter) of the pile 
pb  . 

The units in all the measurements are meters: 

 
Let us enter the parameters characterizing the 

stiffness properties of the pile, in particular, the moment 

of inertia of the round cross-section of the pile 
pI  , m

4
, 

and the modulus of elasticity of the pile material 
pE  , 

tf/m
2
, conventionally accepted as that of heavy concrete 

of B25 class which equals 30000 MPa (around 3×106 
t/m

2
) according to the regulatory documents being in 

effect: 

 

The horizontal force  P , tf, and the bending moment  

M , tf∙m, acting on the pile head are: 

  
The parameters characterizing the stress-strain 

characteristics of the soil are: the strain modulus
0E , 

tf/m2, and the coefficient of transverse strains   
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(Poisson's ratio). They are accepted approximately, 
according to the standards [4, 5] as those of medium size 
sands of quaternary deposits with the coefficient of 
porosity of 0.55. Then the strain modulus will be 40 MPa 
(about 4,000 tf / m2), the Poisson's ratio will be 0.3: 

. 
Let us introduce the number of the analysis sections  

n  equal to an integer (for the purpose of convenience, 

we accept 10n   ). On the basis of this, the lengths of 

the analysis sections c  , m, are determined, as well as 

the dimension of the system of equations (indices  k  

and i   ) are to be made up further:  

. 
At this step, the input of the initial data to the 

program is completed. The formulas to be entered further 
need no correction. 

The vectors with the values of the depths of the points 

under consideration from the surface  
ka  and from the 

middle of the upper section 
0

ka  , m:  

. 
Let us introduce the auxiliary symbols suggested by 

B.N. Zhemochkin: coefficients ,k i ’ ,k i ’
 ,  [1,7] and

   [1, 8,9]: 

Let us make the matrices with the values of the 

auxiliary functions  
I

,k iF ,
 

II

,k iF    and 
III

,k iF   [1, 16,17]. 

For the convenience of perception, we will split the 

function 
I

,k iF   into six summands taking into 

consideration that the elements of the matrix located at 

the main diagonal (at k i  ) can be computed through 

another formula: 

 
 

 

 
  

  
  

  

  

  

 
The functions  

II

,k iF  and 
III

,k iF   have a simpler form: 

 
 

For a rod fixed at the point 0, the matrix ,k i   

expressing the deflections of the  k -th point due to the 

unit force applied at the i   -th point is:  

 
 

For a rod in an elastic environment, the matrix   ,k i

expressing the resulting displacements of the  k -th point 

due to the unit force applied at the i  -th point is:  
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The matrix of the coefficients MA  at the unknown 

forces
kX , the angles of rotation 

0
 and displacements 

0u , and the vector of the external impacts VP   are the 

following [6,10,11]: 

 
By means of multiplying the inverse matrix of the 

coefficients 
1MA  by the vector of the external 

impacts VP , we obtain the vector of unknownsVX : 

. 

We separate the desired forces 
kX  , as well as the 

actual angle of rotation , rad, and the actual 

displacement , m, at the point 0 from vector VX : 

 

 

 

Knowing forces 
kX , we can compute the actual 

displacements :  

 
 

The computation results of the displacements of the 

points through the analytical method  are given in 
table 1. 

Let us perform a similar analysis of the pile through 
the Finite Element Method (FEM) applying LYRA 10.6 
software package [6,19]. A rod (FE10) to which a load is 

applied is placed into a massive of soil with the 
dimensions of 20×20×20 m comprising FE36 solid finite 
elements. 

The general view of the analytical model is given in 
figure 1. The computation results of the displacements of 
similar points through the Finite Element Method 

are given in table 1. 

Static loading 

 
Fig. 1. A deformed analytical model according to the results of the 

analysis with Lyra 10.6 Software Package (a part of finite elements of 

soil is hidden) – Static loading [13,15,18]. 

TABLE I.  COMPARISON OF THE COMPUTATION RESULTS OF 

DISPLACEMENTS 

 
Comparing the results of the analyses through the 

analytical method and the finite element method, one can 
see that the displacements at the key points are quite 
equitable. The developed software program in Mathcad 
can be used for practical analysis for the preliminary 
determination of the section and the length of a pile 
carrying horizontal loads. 
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1,977 0,639 0,041 −0,12 −0,10 −0,05 −0,01 0,004 0,007 0,005 
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