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Abstract

Characterizations of probability distributions play important roles in probability and
statistics. Before a particular probability distribution model is applied to fit the real world
data, it is essential to confirm whether the given probability distribution satisfies the
underlying requirements by its characterization. A probability distribution can be
characterized through various methods. In this paper, we provide the characterizations of
Chen’s two-parameter exponential power life-testing distribution by truncated moment.
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1. Introduction

As pointed out by Glanzel [8], the characterizations of probability distributions may serve
as the basis for parameter estimations of a probability distributions. Before a particular
probability distribution model is applied to fit the real world data, it is essential to confirm
whether the given probability distribution satisfies the underlying requirements by its
characterizations. Thus, characterizations of a probability distribution play important role in
probability and statistics. A probability distribution can be characterized through various
methods, see, for example, Ahsanullah et al. [3], and references therein. For an extensive survey
on characterizations of univariate continuous distributions, the interested readers are referred to a
recent monograph by Ahsanullah [2], and references therein.

In recent years, there has been a great interest in the characterizations of probability
distributions by truncated moments. For example, the development of the general theory of the
characterizations of probability distributions by truncated moment began with the work of
Galambos and Kotz [7]. Further development on the characterizations of probability distributions
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by truncated moments continued with the contributions of many authors and researchers, among
them Kotz and Shanbahag 11], Glanzel [8], and Glanzel et al. [9], are notable. However, most of
these characterizations are based on a simple proportionality between two different moments
truncated from the left at the same point. In this paper, we have considered a two-parameter
exponential power life-testing distribution introduced by Chen [5], and provided its
characterizations by truncated moment method. For other types of exponential power life-testing
distributions and their various properties, studied by other authors and researchers, the interested
readers are referred to Smith and Bain [16], Leemis [13], Rajarshi and Rajarshi [15], and Chen
[4], among others.

The paper is organized as follows. In Section 2, the two-parameter exponential power life-
testing distribution introduced by Chen [5], and some of its properties are discussed. We present
characterization results in Section 3. Finally, concluding remarks are presented in Section 4.

2. Chen’s Two-Parameter Exponential Power Life-Testing Distribution

As introduced by Chen [5], a positive continuous random variable X is said to have a two-
parameter exponential power distribution with scale parameter A >0and shape parameter

x >0, which we will denote later as X ~ chenexponentialpower (ﬂ, K‘), if its probability
density function is given by

f(x):lkxk’le"xel(lfex ) k>0 1>0. (2.1)

The cumulative distribution function of X ~ chenexponentialpower (/1, K‘) is given by

F(x)=1—eﬂ(lfex ) >0k>0450. 2.2)

For some selected values of the parameters, the graph of probability density function (2.1)
and the cumulative distribution function (2.2) are illustrated in Figures 2.1 and 2.2 respectively.
From these figures it appears that the proposed distribution is right skewed.
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Figure 2.1. pdf, f(x),when X ~ chenexponentialpower (/1, K).
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Figure 2.2. cdf, F (x),when X ~ chenexponentialpower (i, K).

The corresponding survival (or reliability) and the hazard (or failure rate) functions, at any
time, x >0, are respectively given by

R(x)=1-F(x)=e*t-*), (2.3)
and
_&_ k—1,x"
h(x)_l_F(X)_ﬂkx e” . (2.4)

For some selected values of the parameters, the graph of hazard function (2.4) is illustrated in
Figure 2.3 and it appears that hazard function has bathtub-shaped.
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U /

Figure 2.3. Hazard rate function, h(x), when X ~ chenexponentialpower (l, K).

The nthmoment, E (X " ) where n > 0 is an integer, is given by

E (x")=—_f ¢’ {In(l—%ﬂkdu. (2.5)
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Letting u=-t in (2.5), and simplifying, we have

E(X")= Ie‘{ln(l+%ﬂ:dt. (2.6)

It is obvious from (2.6) that the 1st moment, E (X) is mathematically easily tractable for
k =1. So, by taking n=1, k =1 in (2.6), using Gradshteyn and Ryzhik [10], Eq. 4.337.2, Page
574, and simplifying, we have

E(X)=-e* Ei(-1), 1>0, (2.7)

where Ei(z), known as the exponential-integral function, and is defined as follows:

k
z , 2<0,
k.k!

Ei(z):y+|n(_z)+§
and

k

. 4
EBi(z)=y+Inz+ , 2>0,
(2)=7 kz:lk.k!

where y =—y(1)~0.577216 denotes the Euler’s constant; (see, for example, Gradshteyn and

Ryzhik [10], Egs. 8.214.1 and 8.214.2, Page 927, Abramowitz and Stegun [1], Ch. 5, Page 228,
and Oldham et al. [14], Ch. 37, Page 375, among others). In (2.7), taking A =1, and noting that,

since —eEi (—1)z0.59635, known as the Gompertz constant, see, for example Finch [6] and
Mezo [12], the 1st moment for k =1 and A =1 is given by

E (X)=0.59635.

For a detailed treatment of properties of Chen’s two-parameter exponential power life-testing
distribution, we refer the interested readers to Chen [5].
3. Characterization Results

In this section, we provide our proposed characterizations of Chen’s two-parameter
exponential power life-testing distribution, with pdf (2.1) and cdf (2.2), by truncated moment.
For this, we will need the following assumption and lemmas.
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Assumption and Lemmas

Assumptions 3.1. Suppose the random variable X is absolutely continuous with the cumulative
distribution function F(x) and the probability density function f(x). We assume that

o=inf {x|F(x)>0}, and &=sup{x|F(x)<1l}. We also assume that f(x) is a
differentiable for all x, and E(X) exists.

Lemma 3.1. Under the Assumption 3.1, if E(X|X <x)=g(x)r(x), where T(X):f_x; and

g(x) is a continuous differentiable function of x with the condition that J: %)(u)du is
g(u
XUfg/(u)du
finite for x>0, then f(x)=ce™ 9 ', where c is a constant determined by the condition

[y f(x)dx=1.

unf(u)du

Proof. Suppose that E(X|X <x)=g(x)r(x). Then, since E(X|X <x)== F (x) and

) joxu f (u)du
o f(x)

Differentiating both sides of the above equation with respect to x, we obtain

xf(x)=1"(x)g(x)+ f(x)g’ (x)

r(x):f—, we have g(x  that is, [ru f (u)du= f(x)g(x).

From the above equation, we obtain

where c is obtained by the condition [’ f (x)dx =1. This completes the proof of Lemma 3.1.
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Lemma 3.2. Under the Assumption 3.1, if E(X | X =x)=g(x)r(x), where r(x)= f(x) and

B /

] u +[g(U)}

g(x) is a continuous differentiable function of x with the condition that I ————=-du is
g

finite for x>0, then f(x)=ce 9)  where ¢ is a constant determined by the condition
[y f(x)dx=1.

- I ufu
Proof. Suppose thatE(X|X >x)=g(x)r(x). Then, since E(X|X >x) F( ) and
r(x):l_fl(:x()x) we have g(x J‘uff% that is, [“u f (u)du = f (x)g (x).

Differentiating the above equation with respect to respect to X, we obtain
N - /
X1 001 (a+ 1 (9] 904

From the above equation, we obtain

where ¢ is obtained by the condition [, f (x)dx =1. This completes the proof of Lemma 3.2.
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Theorem 3.1. If the random variable X satisfies the Assumption 3.1 with =0 and 6 =,

then E(X|X <x) = g(x) M,where

F(x)

AN (D'1 o 1

A SID I F  Suad I
k-1, x X !

Akx e” ﬂkxk_lexkeﬂﬁl )

if and only if X has the distribution with the pdf (2.1).

“uf(u)d
Proof. Suppose that E (X|X < x) = g(x) flx) . Then, since E(X|X < X)_w, we have

F(x) ’ R
Lxu f (u)du _ ) o _
g (x)zw. Now, if the random variable X satisfies the Assumption 3.1 and has the

distribution with the pdf (2.1), then we have

6 f0 X

uk
_x Oxeﬂ(1e ]du
+

ﬂka e Al1-¢*
Ak xE 1exke( )
/1 © (-1 1
_ —X Zjo it L|<j17k1—‘jx ()
N k-1 R '
ﬁ“kx eX ﬂkxkflexkel(l ¢ j

where I, (n) = [yu"'e"d
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Conversely, suppose that

0 —1)!
AN S ¥ ' L
- k-1, x¥ X !
Akx e ikxk_lexkei(“e )

where I, (n) = [fu"‘e"d

Then, using Lemma 3.1, differentiating g (x) with respect to x, and simplifying, we have
g’ (x)

© (-1

- X +eiZJO L iki’ ij() (k_l

Akx e et X

k
+kx* Tt —kx e )

:x—g(x)(le+kx kx"lexkj,

from which we obtain

Since, by Lemma 3.1, we have
x-g'(x) _ f'(x)

glx)  f(x)

it follows that

/
f (X):k—l+kx — Ak xk e,

On integrating the above expression with respect to x and simplifying, we obtain

In f(x)=1In (c xte g e ) :

or,
. k

f(x)=cx*'eXe”®
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where ¢ is the normalizing constant to be determined. Thus, on integrating the above equation
with respect to x from x=0 to x =co, and using the condition [ f (x)dx =1, we easily obtain
c= Ake*,

and, hence, we have

f (x):)bkxk‘lexkel(l_e ) k>0, 1>0,
which is the required pdf (2.1). This completes the proof of Theorem 3.1.
Theorem 3.2. If the random variable X satisfies the Assumption 3.1 with =0 and

& =, then E(X|X >x)= g}(x)M where

1-F(x)'

g(x)=— X LT e ®)

Akxkle* el(lfeij |

where I (n) =[7u""e"du, if and only if X has the distribution with the pdf (2.1).

~ f(x) I u f du
Proof. Suppose that E(X\X > x): g(x)——= . Then, since E(x|x > x) x  ~_  we have

1-F(x) 1-F (x)
Iwu f (u)du
= XfT . Now, if the random variable X satisfies the Assumptions 3.1 and has the

distribution with the pdf as given in (2.1), then we have

()~ J.:Ou f (u)du
f(x)

_—ua-F)l; | ] - Fend

f(x) f(x)
_ X N J'Xme&(l_eu jdu
Akx e kX< e xke*(lfexk)
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o5 A

Akx e Tk x< e xke‘(lfek)

(=D’ r
X e ZJO il A -1/k jX (%)

ﬂkxkilex Ak x*le* kel(HXKJ

where I} (n) = [Ju""e"du. Note that Zwo‘ Jl,)Jlk’ Fw 7 (%) is convergent for all x.

et S (l)’,v . (&
X ZJO j! -lk jX (I)

lkxkilex Akx < teX kel[HXKJ

Conversely, suppose that g(x)= , where

Iy (n)=["u""e"du.

Then, using Lemma 3.2, differentiating g(x) with respect to x, and simplifying, we have

© (D) g

A
X +e Zj:O it k 1/k FJX ( ) ( 1+kal_kaleij
X

Ak xk e Xkel(l_e ]

:_x—g~](x)[k7_1+kx"l —kx"lexkj,

from which we obtain

Since, by Lemma 3.2, we have
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it follows that

/
f (X):u_i_kxk—l_kxk—lexk .

On integrating the above expression with respect to x and simplifying, we obtain
In f(x)=1In (cxk‘le e )

or,

K k

f(x)=cx*'eXe”®

where ¢ is the normalizing constant to be determined. Thus, on integrating the above equation
with respect to x from x=0 to x =co, and using the condition [* f (x)dx =1, we easily obtain

c= Ake*,

and, hence, we have

f(x):ﬂbkxk’lexxel(lfex ) k>0,41>0,

which is the required pdf (2.1). This completes the proof of Theorem 3.2.

4. Conclusion

In this paper, we have considered the two-parameter exponential power life-testing
distribution introduced by Chen [5], and provided its characterizations by truncated moment
method. We hope the findings of the paper will be quite useful for the practitioners in various
fields of sciences.
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