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Abstract. The model of the portfolio distributing wealth to different assets in a certain proportion
maximizes the expected utility function. The classic mean variance model proposed by Markowitz
cannot meet the current demand for investment, while the dynamic portfolio model can more
accurately describe the current changes in the price of different assets, which is more conducive to
investors making corresponding decisions. The dynamic portfolio model not only provides a viable
way for the inter-period distribution of limited resources, but also provides a guarantee for investors
to predict the price of the market in the future. Therefore, it is of great significance to study the
dynamic portfolio model. As a quantitative description of investor preference, the utility function is a
direct way to measure the effectiveness of the portfolio model. Therefore, it is of great importance to
study the portfolio model achieving the greatest expected utility. This paper mainly studies and
improves the portfolio model based on CARA utility function and CRRA utility function. The non-
parametric estimation and the method of solving differential equations are used to obtain the
corresponding estimation expressions and first-order conditions. At the same time, the application
of CRRA utility function in private equity is analyzed.

Keywords: portfolio model, CARA utility function, CRRA utility function.

1. Introduction

1.1 Research Methods and Conclusions in Classical Literature

With the continuous advancement of science and technology and the increasing development of
production and management, the optimal consumption theory and method of utility functions has
become an important theoretical basis and an indispensable method for evaluating consumer behavior
and optimizing asset allocation, as evidenced by its wide application in all areas of economy and
finance.

The utility function is to characterize the consumption behavior by relying on the function of
quantity of goods so as to evaluate the related consumption behavior and obtain the optimal plan of
assets allocation thus achieving the goal of revenue maximization. The theory of utility function has
triggered long-term debates in history. Specifically, it was criticized mainly for the feature that it
cannot be measured [1]. Then, the utility function was gradually replaced by the concept of preference.
However, in the study of von Neumann and Morgan Stern, it is found that under certain reasonable
assumptions, the utility function determined by the preference is one and only in the sense differed
by one or similar translation, that is to say, under the uncertainty of probability, the utility function is
measurable, and what people are pursuing is the maximization of the expected utility function.

According to their theory, when considering the general economic equilibrium without uncertainty,
the behavior of economic activists is based on the maximized expectation of utility function. When
taking into account of discussions of economic equilibrium with uncertainty, it is assumed that the
quantities of commodities are all random variables, and their values will depend on the state of
uncertainty. At this point, what we want is to compare the size of the utility after seeking mathematical
expectations for such a utility function. That is, a utility function is directly defined on the set of
random commodity quantities in question making it satisfies the expectation. The expectation of the
function can be represented by a known function. A utility function that satisfies such condition is
called a expected utility function. Von Neumann and Morgan Stern addressed the question of whether
a utility function might be reasonably defined and existed. Since then, the utility function theory has
been initially improved.
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The analysis of the utility function can help us effectively analyze the optimal asset allocation
maximizing the benefits. When doing the analysis, it is often assumed that the economic activist we
consider is the consumer, and the consumer has his own preferences for his activities. As the
consumer activities can be characterized by the amount of goods consumed, yet with the uncertain
environment, the events we need to select are all combinations of possible commodities. Therefore,
consumers need to judge the pros and cons of all possible combinations.

Von Neumann has proposed the four famous axioms of the utility function.[1] When the
commodity vector space we consider satisfies these four axioms, the utility function can be
substantiated and measurable. This is critical for us to analyze consumer behaviors and develop
strategies for the optimal asset allocation.

1.2 Literature Review

The utility function theory is mainly used in asset allocation throughout its history. Among them,
the Markowitz portfolio model is the most widely used one. For the first time, his theory developed
the ancient proverb “Don't put all the eggs in the same cage” to the theoretical level, and proposed
specific solutions for people's portfolio behavior.

According to his theory, it is assumed that there are no different risk assets, their expected rate of
return and their mutual benefit differences are known, then the "minimum variance" can be used as a
condition to set the objective function, and the quadratic programming can be used to solve the issue
of general mean variance portfolio based on the total expectation and corresponding expected linear
rule.

The Lagrange multiplier method can be used to solve the portfolio model with the minimum risk.[2]
The solution to the Markowitz model is the effective frontier research on the portfolio. A more in-
depth study was carried out by later generations on the basis of this theory. Specifically, based on the
classic portfolio model of Markowitz, the existing utility functions were improved, and the properties
of the utility function were analyzed by linear fitting. While at the same time, people are constantly
exploring new utility functions to try to guide investors' behavior more accurately.

When the utility function is added, investors can measure their own preferences and risks with the
help of the utility function, that is, the consumer's investment activities follow a utility function of
gains and risk. In economics, the utility function refers to the indifference curve in the gain-standard
deviation. After the utility function is determined, the two sides of the equation are separately
differentiated to obtain the slope of the indifference curve.

In reality, investors often want to get high returns while avoiding risks as much as possible. When
measured by utility function, it is the principle of utility maximization. The expected utility of an
investor is a function of the expected return and risk of the portfolio of securities being invested.
Different portfolio options correspond to different expected utility functions which develop different
indifference curves in the yield-standard deviation plane in the form of parabola. On the same
indifference curve, the yield and risk of the portfolio are consistent. Therefore, the asset allocation
corresponding to these indifference curves and the cut-off point of the efficient frontier is the optimal
strategy of asset allocation we need to find.

It can be found that it is highly effective to use the utility function theory to guide and analyze the
asset allocation. But since it is quite difficult to establish the indifference curve of an investor, it is
urgently needed to improve the utility function to make its corresponding indifference curve much
easier to solve and fit the corresponding valid efficient frontier. In this paper, the CARA utility
function and CRRA utility function are mainly selected for analysis to discuss their application in
consumption, the deficiency of the portfolio model in the classic mode, thus accordingly improving
the model.

1.3 The Article is Divided into Seven Parts.

The first part introduces the application of the classic literature and the current frontier literature
on the utility functions in portfolio and consumer decision making. The second part introduces the
relevant model of asset allocation under the specific CARA utility function and the application of the
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model in the corresponding asset allocation and consumption. The third part introduces the relevant
models of asset allocation under the CRRA utility function, and analyzes the application of their
corresponding models in durable goods consumption and non-durable goods consumption. The fourth
part improves and optimizes the original CRRA model, and proposes a new CRRA model to analyze
its application in consumption. The fifth part introduces the application of CARA utility function in
American option pricing. The sixth part is a summary of the conclusions of this paper. The seventh
section introduces the references cited.

2. The Asset Allocation under the CARA Utility Function
2.1 Asset Allocation Model of CARA Utility Function

Market Analysis and Model Configuration: It is assumed that there are n different risk assets and
arisk-free asset in the market for investors to choose, and the yield vector of the known corresponding

risk assetis 6 = (01 ,92, ...... gn)r Set the risk-free rate to be t,. The ratio vector invested in

the risk portfoliois w = (0)1 ' a)n)T : The proportion of investment in risk-free assets can

------

be recorded as a)0=1-z @), - Thus, the yield of the entire portfolio can be expressed as
i=1

QP =Wt Z @, @, . Therefore, if we want to maximize the expected utility function, we can build

i=1

model max £[U(G)]=EU O w.0.* w,r 21.[3] Among them, U() as the CARA utility
w i=1 ’

—ax

function has the following form of U(x)=—-¢ , a>0, @ is used to measure the degree of risk

aversion.

Nonparametric Estimation of Models: In traditional portfolio models based on expected utility
maximization, it is always assumed that asset returns are subject to a particular distribution, such as
normal distribution, continuous-time Brownian motion, and so on. But in reality, it is difficult to know
the information about the portfolio yield vector @. Therefore, we choose non-parametric estimates
that require very low a priori information to predict and estimate the model's rate of return.

According to the corresponding econometric knowledge, we can get a non-parametric estimate of

_ 1 T —-X
the density function p(x) of a random variable X is p(x) = EZK (X lh ) after a given sample
i=1

setof {X,»------ X}, where k() is akernel function, h=h(T) is a smooth function related to the
sample size T called the window width. £ () and T meets the following conditions:

1 k()is non-negative and bounded, and there is Ik(v)dv =1, k(-v)=k(), I Vzk(v)dv>0
2 When meeting 7 —> o, then A(T)—>0 and Th(T)—>

Now suppose the sample set of the yield vector is (R, R, R, the corresponding
investment decision is @,

Because eza)orﬁZa),Hfa)T6’+<1-a)TDrf
i=1

Then the combined rate of return is Q)T 0= Q)T R @ R,)

It can be drawn that the non-parametric estimation of the density function is

__L L a)TR,-_x 4
p(x)= Th;k(—h ) [4]
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It can be further drawn that the non-parametric estimation of E[U(a)TH)] is

[U G+-@' Dy )

T 4o T .
It can be simplified as %Z _[U (x+(1_a)TI)rf)k(a) IhQi x)dx

i=l o

ax

Because the representation of CARA utility functionis U(x)=-¢ ,

it can express E[U (G)T 0)] as
T T 1 L oo T T
EU(g 0+(-@ Dy =72 [[U(@ R—2h+(-@ Dy (z)dz

1 &G opieo ~a(@ R+~ Dy )
— ?Z‘ Loe ’k(z)dz

1 -a(l- ¢ ) L -a TRi +0  azh
= e wrf;e @ j_we k(z)dz

T
and 7 = m Therefore, it only needs to select a specific k(x) to get the corresponding non-
h

parametric estimate.[5]

2.2 Application of CARA Utility Function in Durable Goods Consumption

We only take into account of situations that can be made across time conditions. It is assumed that
a kind of durable goods consumption has nothing to do with the expected cost of change; the
difference between durable goods in different types of consumption is not considered; the ratio of
service quality to stock is assumed to be equal to the wear rate of durable goods. Write the CARA

utility functionU =U (x> ; X)), X, isanon-durable goods consumptionset, ), isanon-durable

goods consumption set, ¢, is the corresponding wear rate. Since what satisfies the consumer's

j
utility is only the service flow of the durable goods, 5j X, as one of the variables of a utility

function also represents the ratio of the service flow to the stock.
The linear regression method can be used to write the CARA utility function as a linear form

Ux»8,x)=B(xy—a)™ - (X1m—am)a"'(51X21—51l?1)ﬂ' ~~~~~~ (5nX2n—5nbn)ﬂ"= X, 1is durable

goods consumption, X,; is non-durable goods consumption, (g, is the minimum requirement for
the i-th non-durable goods consumption and b,« is the minimum consumption of the j-th durable

goods consumption. ¢¥;> ﬂj are constants whose size reflects the order of preference between

different kinds of consumption. [6]

If the consumption is inter-temporal, that is, the consumer can get the utility of the service flow
when using the durable goods, only paying the cost of the service flow with no need to pay the
corresponding fee of remaining durable goods inventory. Then, the quantity of various consumer
goods we buy under the condition of market price P, according to the model

maxU(y,,» 0, X,,)

S.t.Z; p1ixl'+ 2151 pz_; X2~ M
i= j=

It can be obtained that
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ﬂ_ m n
’ n [M_(2p1iai+§5jp2jbj)]

pzj-X2j:p2jbj+ m :
5CarSh

indicating the j-th durable goods consumption is a linear function of its price and income stock.
2.3 Application of CARA Utility Function in Non-Durable Goods Consumption

We still assume that the CARA utility function has the form of U(x)=-¢ = with a>0

representing the degree of risk aversion. When analyzing consumer behavior and decision making, it
is usually assumed that the consumer is completely rational meaning that consumers are always able
to choose a combination of high-yield and low-risk assets in the various affordable consumer
combinations that are available, that is to say, a portfolio can always maximize its expected utility. In
the traditional research, it is assumed that the consumer's preference relationship is continuous;
therefore, durable goods consumption can be regarded as one-time non-durable goods consumption.

Because the consumer can only purchase once after making multiple savings, the following model
can be built.

maxU(y, X’z,-)

s.t.;plixli+;p2j X =M
While x,, is non-durable goods consumption, x’ N is durable goods consumption,

M =bpy> and o = A4, ,(+y)+Y, represents disposable wealth. A is the stock of actual

financial assets and Y, is the income of human capital.
It can be obtained that

pzj.sz_/ - pz_;bj+ m o [M’_(Zpliai-i_zpl/‘bj)] is the consumer demand
i=1 Jj=1
0[,-+Zﬂh

i=l h=1
function of the consumer in the non-durable goods consumption behavior of only one-time purchase.
Since the no cross-time consumption is considered, the non-durable goods consumption at this time
can also be regarded as durable goods consumption.

3. The Asset Allocation Model under CRRA Utility Function and its
Improvement

3.1 Current State of Research on CRRA Utility Function Portfolio Model

How to maximize utility is one of the most basic problems in the field of research on asset pricing
theory, and also the cornerstone of economic finance.[7] It has experienced rapid development in this
field since Markowitz proposed the mean variance model of capital assets.[1]

The dynamic portfolio theory based on the expected utility function theory is a stochastic
dominance criterion based on the Von Neumann utility function. Because this theory is in line with
investors' expectations, it is widely accepted in the uncertainty decision theory. Later, many scholars
extended this theory in different directions. For example, Merton studied how to use the multi-random
factor model to describe the dynamic process of asset price under the assumption of continuous time
and use dynamic programming to solve the optimal consumption and portfolio decisions based on the
maximized expected utility.[8] Liu and Pan introduced the jump process in the stochastic volatility
model, and used the power utility function as the hypothetical utility function of the investor, thus
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obtaining the approximate solution of the portfolio selection.[9] Under the CRRA utility function,
Brandt and Santa introduced predictor variable to expand the asset space, forming a manageable
portfolio, and obtained the optimal allocation of risk assets in the dynamic portfolio through the
simulation of state variables. Lorenzo Garlappi developed the utility function through Taylor's
formula and used it as a linear approximation to solve the dynamic portfolio problem. This method
greatly improved the accuracy of the result. For the first time, the approximate values of expected
utility function given by the condition information was proposed, pointing out that under the
assumption that the return on assets is biased, the income distribution can be approximated by Taylor
expansion, thereby improving the accuracy and efficiency of the portfolio. Marcel Prokopczuk
conducted an empirical data analysis on the dynamic portfolio under system risk constraints to solve
the dynamic portfolio problem of the CRRA utility function under the assumption that the asset
investment price obeys the Possion jump process. It is concluded that a portfolio that ignores systemic
risk will reduce expected returns and expected utility.[10]

The research on asset portfolio is relatively rare and relatively imperfect under the expected utility
function. Zhang Wei and Bai Xiaohong proposed to replace the indifference curve with an investment
preference curve to study the drift trajectory and properties of the portfolio curve when the market
environment was in a consistent expected change. Guo Lei and Chen Fang constructed a continuous
dynamic programming model based on the preference of CRRA utility function, and obtained the
optimal individual investment strategy for enterprise annuity before and after retirement. Yuan Zijia
and Li Zhongfei studied how to influence the risk caused by parameter uncertainty in the standard
investment theory, which will affect the investment decision, and use the martingale method to derive
the expression formula of the optimal strategy of the CRRA utility function.

3.2 Asset Allocation and Model of CRRA Utility Function

When analyzing the constant relative risk aversion utility function, the following assumptions are
required in the past classical model, expressed as:

First, the preference function is only related to the final wealth;

Second, the preference relationship is complete, transitive and consistent;

Third, when formulating investment strategies, the estimation of the level of preference for each
strategy is expressed by the probability of occurrence of the result;

Fourth, utility is only related to the final result, and has nothing to do with the process of achieving
the result.

With the above assumptions, the CRRA utility function can be expressed as the following form

1=y
U(W):I;V . (>D

7 represents the relative risk aversion coefficient used to measure the risk aversion of investors

[11]
In the past, the investment model of CRRA utility function was mainly based on BS model, and
its basic form was:

dg,
S

S, 1s the asset price, z, is the standard Brownian motion. The basic assumptions of the BS model

=udt+od z,

are as follows:

First, the stock price obeys a lognormal distribution, and its expected return and variance are
constant;

Second, the stock does not pay dividends;

Third, there is no handling fee for stocks and options trading.

Since these assumptions are difficult to achieve in reality, later generations have made some
improvements to the BS model and introduced the jumping process. The specific form is as follows
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dg
t=“df+0dz,+xtht
S

X, indicates the degree of jump fluctuations in stock prices due to the occurrence of various large

events, and obeys a lognormal distribution. }\/, is the Poisson process of strength. This improved

BS model uses the differential equations of the Poisson process and the Brownian motion to analyze
the fluctuation process of stock prices to guide investors in making corresponding decisions and thus
gaining profits. However, this improved model still has some shortcomings. For example, the

introduction of jump volatility y, has the assumption of obeying the lognormal distribution, and it
cannot reflect the bias of the yield distribution.

3.3 Application and Improvement of CRRA Utility Function Model

The application of the CRRA utility function investment model is mainly reflected in the net
present value model and the random walk model. Among the models involved in the rational
hypothesis are Williams' net present value model and Osborn's random walk of stock prices.[12] The
former assumes that investors can judge the value of securities and take corresponding decisions
through rational expectations of the future earnings and expected returns of securities. The trading
behavior of investors depends on the basic information of securities. The latter argues that stock prices
follow the theory of random walks and believes that investors value stocks based on their expected
value or rate of return. While the expected value is the probability-weighted average of the possible
yields, the investor rationality defined by Osborn is the subjective probability set in an unbiased
manner.

The issue of asset allocation is considered under the assumptions of the above CRRA utility

function: set the investor's original wealth as  JJ/, in the consideration of the income of a risky

asset and a risk-free asset (ie bond). The fixed income of the bond is r, and an uncertain return
produced by the risky asset is 7, both of which are calculated as continuous compound interest.
Investors choose a portion of the original assets @ to invest in the risk assets to maximize the
expectations of the end-of-life wealth 7 . Then the asset allocation can be expressed as

max E[U(W)]

and W=a Wo[67 _er] + Wo er
W

expressing in the form of the utility function of CRRA as U(W) = 1
-7

Later, it was found that if this model is used to explain the issue of stock premium, it requires very
strict conditions. For instance, it is necessary to ensure that investors have a very strong risk aversion,
yet such explanation often has a large deviation from the actual situation. Therefore, it is urgently
needed for a more realistic model to explain such issue. The loss aversion model is the most mature
one in many improved models.

In the loss aversion model, it is assumed that people always consider firstly how to avoid losses,
and then how to maximize the gains. And the value function v is used to replace the utility function
in the traditional model, and the decision weight function 7 (p) used to replace the probability 2

of expected utility function.

The value function in this model enjoys the following features:

First, the value function is a curve about the monotonous increase of yield, because people always
prefer income and hate losses, suggesting that the higher the return is, the greater the corresponding
value is.

Second, the independent variables in the value function are related to the change of the reference
point. If the selected reference points are different, the independent variables are also different. If
there is no gain or loss, the value function is 0. Therefore, when the reference point is selected, the

1=y

233



£

ATLANTIS

PRESS Advances in Social Science, Education and Humanities Research, volume 266

reference point is taken as the origin, the gain and loss as the coordinate axes, then the value function
is a monotonically increasing curve passing the origin.

Third, the s-type based value function is centered on the origin. When the return is positive, the
value function is up convex, and when the return is negative, the value function is down convex.

This theory is also called the outlook theory. The outlook theory mainly includes the following
points: First, what affects investors' decision-making is the change of wealth rather than the final
value; Second, investors tend to take risks when facing considerable losses and tend to accept certain
yields when facing some favorable conditions; Third, the behavior of the agent is not unchanged;
Fourth, the happiness brought by yield and the pain caused by the same loss are not equal. The latter
is greater than the former and so on. This theory formally proposed by Kahneman and Tversky in
1979 divided the investor's decision process and selection process into two stages according to the
value function and the decision weight function, and provided the investment decision model for the
investors under uncertain conditions in this regard.

4. The Frontier Application and Analysis of CRRA Model
4.1 Portfolio Model with Jump Price

What we are considering is whether, under the established effective market hypothesis, the
information already available to investors can be used to make an unbiased estimation of the CRRA
utility function, so as to obtain a corresponding investment strategy and obtain considerable yields.[13]
For doing so, we need to assume that the efficient market hypothesis is established and that the prices
of the different assets are sufficient to reflect all of the public information it corresponds to which
includes all information that has been disclosed or not yet disclosed, such as transaction price, volume,
company financial management information, profitability, profit forecast value, and so on.

The requirements for the establishment of the effective market hypothesis are as follows: First of
all, each and every investor is a rational investor who conducts an analysis of the corresponding asset
price at all times in order to seek a balance between gain and risk; secondly, the price of assets reflects
people's expectations of the future price of such assets, thus achieving a balance between supply and
demand in the capital market. Otherwise, there will be arbitrage opportunities in the capital market;
thirdly, the price changes of a commodity fully reflect the information that changed contained in it
meaning that the related positive or negative news will be immediately reflected in the corresponding
changes in its price. Therefore, the “Efficient Market Hypothesis” ensures that there is no arbitrage
opportunity in an efficient market, that is, “there is no free lunch in the world”.

Therefore, we should determine the following conditions when establishing the corresponding
investment model:

First, investors have sufficient funds and there are a sufficient number of investors in the market,
and each of them can purchase any asset in the market at will.

Second, the assets in the market can be distributed with absent of the cost of the transaction and
the corresponding tax.

Third, the investor's risk utility function is the CRRA utility function.

Fourth, allow investors to trade all capital and allow all assets to be sold short.

Fifth, the investor's transaction is conducted under the model of continuous time.

Sixth, the capital market is always in equilibrium and there are no transactions with unbalanced
prices.

Seventh, risk assets and risk-free assets existing in the capital market are always subject to the
yield jump model.

Based on these conditions, we can build a dynamic portfolio model for risk-free assets and risk
assets in continuous time:

dg.
28 rdt(i=0,1,...... n)
S
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When there is a jump, the corresponding model is

dg,
i+ gdz+xd N(A) (=0....N)

i

r represents the fixed rate of return on risk-free assets, (y, represents the excess return of the
asset, ¢, indicates the volatility of the corresponding investment asset, @ 7z, represents the n-
dimensional standard Winner process, /N.(1) indicates the standard Poisson distribution of the
parameter, X, is the jump in the random jump amplitude.[14]

If taking ¢p, (i=1...n) indicating the proportion of the investment shares of the corresponding n
types of risk assets, the above model of the jump can be changed to:

dW =W [+ @)di+ @, z,+ @, X .4 N,(AD]

W represents the investor's capital amount.
As an investor, what we want is to maximize the utility by determining the asset allocation (the
CRRA utility function is used here), then max E[U(J}/)]
-y

Now solve this, make J(JJ/,,t)=max E[U(}J/ )], then j (W ,0)=b(2) W, . If there is an

1—
. . . . oJ oJ ,
optimal solution to this, then there is W =0, 2t = 0. Take the expected and substitute
2
oJ oJ 1 0J 2 7
O=max{—+—[rW +mp« + - >
{at GWt[ Wt 0] W[] 2 aWZ t Q¢ Q,
1-y 1-y
aJ 14 aJ >
Because (W ,1)=b(¢ W, , then X _ppnlt , —=bOW )
W0 =b0" o b 7 t

az'] =-b —l-y
T Orw

Substitute it

1=y

0= max{b’ (t)Vll/_—ty +b(t) Wt_y Wt [+ w, al- %b(l‘)y Wt—l—y Wtz a)tr > ,
(Wt + W[ a)tT Xt)l_y
I-y

1=y

+ AE[B(1) O

I-y

Simplified it

O=a-yXp+AELX,(1+ a)T X )71 is the first order condition

It can be drawn that: in the selection of dynamic portfolio with Poisson jump process, when

meeting the above formula dJJ =W [(r+@)dt+@,od z,+ @, X,4 N,(A)] and the

constraints of the CRRA utility function, the maximization of the expected utility can only be
achieved in corresponding asset allocation after satisfying the above first-order condition.
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4.2 Portfolio Model under Delayed Investment [15]

Here we mainly consider the issue of investment with private equity. At present, the research of
this issue in the academic frontier mainly considers the problem of maximizing the utility of
investment under the assumption of rational investors, that is, the CRRA utility function as the
investment utility of maximizing utility under the expected utility function. In this model, the wealth
expectation of private equity investment in the case of delay and no delay is equal as the opportunity
cost, and the corresponding mathematical cost is used to find the condition that minimizes the
opportunity cost to determine the maximum return rate of the portfolio. [16].

While the standard deviations of the private equity fund yield and the risk stock's rate of return are

represented respectively as &, ¢,, their respective Brownian movements as //,[17].
Under the relevant continuous hypothesis, [18] we can define its weight in the portfolio as follows

and W[:Ct+St+Bt
For the sake of convenience, we consider the case where the investor invests in two stages. At the
initial moment (recorded as time 0), the investor invests part of the entire capital into the private

equity fund, and the rest of the funds are invested in the second phase. Write 7,=[0,7],
7,=[¢,>T], then it’s easy to know 7, and 7, is the time to stop, so there is

d
W, =Gy, +(1-Oy)dt+5g d 7 +1-8)g,d 7, , when ter,

w,
aw,
t

If @Aindicates the proportion of investment stocks, then:
When ter,

dVII//Vt =Sy, +(1-8)(1-Or+Oy Ndi+5 e d 7 +(1-0g.d 7.,

aWw
When te, then W’=updf+0pdzp,t[19]

Therefore, according to Ito Lemma,
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d l 1 t 1 ’ ’ t
din]y = ——( )
! W 2 ]/V
t
Whent € 7,

1 1
:(5%—552 02P+(1—5)((1—9)r+9us)—5(1—5)2¢92 02

N

—5(1—5)(90-p ol p)dt+5o-depJ+ (1—5)90SdZSJ

P represents the correlation coefficient between private equity and risk stocks
After substituting the expression, the following results are:

I « 1 2
Wy, =0u,~50 ¢, +1-Pu—501-07 g* ~01-9c,0.,t
oG, dZ,, 1-Dg.dZ,,

Iy, -y, —(up o )T-t)+o,(Z,.~Z,,)

| 1 1
W=, =5 T =)+ ou, =5 8 g2 (1=, =5 (=0 62,

_5(1_5)0110-&/))1‘1+50dep,t1+(1—5)(7SdZS,tl+O'p(Zp,T_Zp,zl) 201,

Therefore, the utility function of the ultimate wealth of the investment can be obtained after
expectation:

E[”(WT)]=ﬁeXp[(l—ﬁ)(up—%ga)n(1—9)(5%_”17_%52 o2

1 2
_O-2p+(l_5)uY_E(1_5) st_é‘(l_é‘)o-qo-pp)tt]

Elexpl0-00 0,2, ,+-9o. 2., 0, Z,,~Z, )]

Since Z is a Brownian motion, it can be drawn by calculating the above formula:

Elu(W/ )] =—6Xp[(1 Ny, —l o2 T =(1-0)1-5)y, u——(1+5)o- ,

+5(1—5)62S+50po-sp)l‘1+§(1—9)2(62P(T—t1)+5262pt1

+(1-5)? 0'2S 1,+260-8) g, 0,Pt)]

It can be concluded that the expression of the opportunity cost p in the case of delayed investment
is:

(1-5)¢ 1 1
:—l[up—us—59(1+5)G2p+5(1-5)G2S+950-pgsp]
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5. Application of CARA Utility Function in Option Pricing

The issue of option pricing is essentially important in the research of financial mathematics. We
consider the issue of option pricing of option holders under the CARA utility function. It is hoped
that the general pricing formula of American options can be obtained according to the Black-Scholes
option pricing formula and the optimal stopping theory.

Suppose (Q, [7 .F.,P) is a complete filter subspace, {§ }oc,« is the Markov chain of this
space. If the stock price S, satisfying S, =(1+p0)§  and § =s, the stock price can be
expressed as S, =(+p)1+p )...... A+p) s . We assume {0} as a sequence of

independent and identically distributed random variables and can only take two values a,b, where
0<a<<r<<b andr is the risk-free rate. O is the probability measure subspace of P, satisfying.

r—a

—=q21]

b-r

F—L=p.0 (p=b)=

0(p =a)=

a

If VO<n<T and satisfying E[X,]<o, define 7» :r}:%x ELX.F. as the sequence {X,}

of Snell envelopes. According to the backward circulation property of the Snell envelope,
V™ maX{XT_pE[]/TIFT]} the simplify it as:

. exp(—AS, ) .~ exp(—A(l+ p)S )

Yy = maxt Aer @1 (1+7) ol
—exp(-A(1+ P) S,) ! “ewCAS,)
. [ _ B B T-1
ecause E[ (1 N r)T [FT] (1 + V)T E[ GXP( ﬂ,(l + pt) ST—I)] < (1 N r)T—l
Then y = _e("%rf;slm) = X ,_, - Then it can be found by recursion, if any m satisfied
n<m<T -1, then there is Y 2%
m r

. _ _ —Ax .

Now write  p = {x: pU[(1+b)x]+qU[(1+a)x]<(1+r)U(x)} > then U(x)=-¢ " is the
CARA utility function, then D can be written as [d,%), because S, € D, then there is

j/nfl =max {Xn—l ’ E[}/n IFn—l] } =max an—l ’ E[X1 IFn—l] } =max an—l 4 (1 - r)fn E[_ exp(—/l Sn) I Fn—l]}

—exp(-4§,)
1+ r)”’l

Substitute ,§  and we can know that Vo > so the option pricing can be expressed

—exp(-4 Sr*)

as C"=E7[ 1, £ is the optimal stop time and can be expressed as:

(1+r)7
{ T* =n}, extracti (1+b) from (1+P1) (1+P2) ...... (1+Pn) and calculate the available American

option pricing expression as:

e e o —exp(=AS(1+b) (1+a)"
c=3>C rq

n=l i=I (I+7)"
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6. Conclusion

This paper mainly discusses how to maximize the expected utility of the utility function in order
to find out the corresponding first-order conditions in different situations to guide investors to make
strategies in the allocation of investment. The choice of utility function mainly based on CARA utility
function and CRRA utility function. The two utility functions are analyzed successively to obtain and
the application of the two in consumption and investment portfolio, and improve the CRRA utility
function accordingly making in-depth study of its application in the portfolio model. This paper has
achieved the following results:

(1) For the portfolio model under the CARA utility function, the non-parametric estimation method
can be used to obtain the non-parametric estimation expression of the expected utility, simplifying
the portfolio problem model. After that, this paper analyzes the application of CARA utility function
in durable goods consumption and non-durable goods consumption, and draws the conclusion that
the consumption of durable goods is a linear function of its price and income stock. A consumer
demand function for non-durable goods consumption that has been purchased once has been derived.
(2) For the portfolio model under the CRRA utility function, this paper obtains a new portfolio model
form after introducing the Poisson jump process, and compares the defects of the new model in the
stock premium, and gets more efficient loss aversion models and related features. (3) The portfolio
model with jump interval under the CRRA utility function is established, and the corresponding first-
order condition for maximizing the expected utility is obtained. The CRRA utility function is applied
to the private equity investment with delayed investment. The minimum opportunity cost is used to
solve the corresponding differential equations, thus obtaining the final opportunity cost expression.
(4) Under the assumption of the CARA utility function, the general form of the American option
pricing formula is derived based on the general Black-Scholes formula.

Improvement of the model: Based on the CARA utility function and the CRRA utility function,
this paper makes a certain in-depth study on the risk portfolio model, yet there are still some problems
that need to be further studied and discussed. In particular, several directions are proposed below:
First, this paper based on Von Neumann's classic utility function portfolio theory and the efficient
market hypothesis mainly theoretically solves and analyzes the portfolio of CARA and CRRA utility
functions with the establishment of the corresponding assumptions for the model. Then how to
optimize these necessary assumptions is for further exploration. Secondly, this paper mainly studies
the theoretical part and solves the expression of the corresponding model without collecting the actual
data to evaluate the validity of the model hinting that The detection of the actual data needs to be
improved.

Prospects for further research: the research on the study of dynamic portfolios by foreign scholars
has been relatively mature, while the domestic research is in its infancy, and most of them are based
on theoretical research with few practical applications. Therefore, there is still much room for
improvement in the study of dynamic portfolios. This paper, based on the CARA and CRRA utility
functions, theoretically analyzes the portfolio model filling the gaps in domestic research to a certain
extent. The research results suggest that the portfolio model and the first-order conditions obtained
by different utility functions are different, and different utility functions often depend on the risk
aversion level of different investors. Therefore, whether it can be more objectively and accurately
described the level of risk aversion of investors will largely determine the accuracy of the utility
function. Accurately and quantitatively describing the risk aversion of different investors help to
develop a portfolio model that suits different investors, which will be the new direction of research
on the portfolio strategy in the future.
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