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Abstract. Due to ill-posed of the image reconstruction in Electromagnetic tomography (EMT), the 
condition number of the sensitivity matrix is high and the reconstructed results are sensitive to the 
measurement errors. In this paper, two weighting matrices are proposed to improve the condition 
number and two modified Landweber methods are derived. Numerical simulations demonstrate the 
feasibility of the modified methods. 
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1. Introduction 

Electromagnetic tomography (EMT) is a non-destructive imaging technology which is to 
reproduce the distribution of conductivity or permeability in an object by the measurement data from 
detection coils. Based on the sensitivity theory [1,2], the forward problem of the EMT system is 
modeled as the following linear systems 

 
zSg  ,                              (1) 

where T
Ngggg ),,,( 21  denotes the conductivity distribution, T

Mzzzz ),,,( 21  is the 

measurement data, NMjisS  )(  is the sensitivity matrix. Therefore, the image reconstruction is 

obtained by solving the linear systems. In practical problems, iterative methods are usually used to 
solve the Eq. (1). In the image reconstruction of EMT system, many iterative algorithms have been 
developed because of its effectiveness and convenience [3]. Iterative algorithms mainly include 
Newton Raphson iteration, Landweber iteration, Tikhonov iterative, etc. [3-5].  

In this paper, we analyze the condition number of the sensitivity matrix and we find two weighting 
matrices to reduce the condition number. Based on this, this paper gives the weighting Landweber 
scheme which can improve the quality of the reconstructed images. The organization of this paper is 
as follows. In section 2, two weighting matrices are proposed to reduce the condition number. Section 
3 gives two modified algorithms based on  these two weighting matrices. In section 4, numerical 
simulations are performed to demonstrate the validity of the modified algorithms. Finally, we discuss 
some relevant conclusions. 

2. Reducing Condition Number 

In general, the sensitivity matrix S  is neither symmetric nor positive definite. Hence, we first 

regularize the Eq. (1), which is multiplied by matrix TS , 
 

zSSgS TT  ,                                (2) 
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where T  refers to the transpose of the matrix S . The Eq. (2) is always solvable. The different 

positive eigenvalues of SST  are denoted by   mkkλ 1 , and the order of magnitude is 

021  mλλλ  . The multiplicity of kλ  is marked as )1( mkpk  .  

Definition 2.1 The condition number of the matrix SST  is: 
 

m

T

λ

λ
SSκ 1)(  ,                               (3) 

where 1,λλm  are the smallest and largest positive eigenvalues of matrix SST , respectively.              

By the property of monotonic decreasing of eigenvalues, 01  mλλ  , we want to find a 

monotonic increasing sequence. Then let the corresponding item of the two sequences be multiply, 
so that the distance between the largest eigenvalue and the smallest eigenvalue is reduced. This 
monotonic increasing sequence is assumed to be )(),()(0 11 λωλωλω m   . Given 

each item of this sequence is treated as an eigenvalue, the corresponding matrix is 
)(),( 1λωSSIω T  , where I is NN   identity matrix. The matrix )( SSIω T  is symmetric 

positive definite. If the largest eigenvalue 1λ  is only computed, then we let 12λω  . If the largest 

eigenvalue 1λ  and the smallest positive eigenvalue mλ  are all obtained, then the parameter is taken 

as mλλω  1 . Thus, using the symmetric positive definite matrices )2( 1 SSIλ T  and 

))(( 1 SSIλλ T
m   to multiply the Eq. (2), we obtain 

 

zSSSIλSgSSSIλ TTTT )2()2( 11  ,                       (4) 

 

zSSSIλλSgSSSIλλ TT
m

TT
m ))(())(( 11  .             (5) 

 

Since the matrices )2( 1 SSIλ T  and ))(( 1 SSIλλ T
m   are nonsingular, the Eqs. (4) and (5) 

have the same solutions as the Eq. (2). 

3. Modifying the Landweber Method 

The principle of iteration is proposed in [4]. Yang W.Q. et al. regard 0A  as an      

approximation to 1S  and give an iterative formula 

)(01 kkk SgzAgg  .                        (6) 

At first, the Landweber method was used to solve the Fredholm integral equation [2]. In the 

formula (6), 0A  is replaced by TSα . Then the Landweber method is obtained 

)(1 k
T

kk SgzSαgg  ,                            (7) 

where the parameter α  is called as the gain factor. A sufficient condition for convergence is given 

by 2SSα T , from which the common value of the gain parameter is set to be 12/0 λα   

[11]. However, the optimal value of the gain factor is )2/( 1 mopt λλα   for the Landweber 

method (7), where mλ  and 1λ  are the smallest and largest positive eigenvalues of SST  [6]. 
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Based on the above analysis of reducing the condition number, we propose that 0A  is given by 
TT SSSIλα )2( 1  and TTT

m SSSSSIλλα ]))[(( 1  , respectively. Hence, two modified 

Landweber iterations can be obtained 

)()2( 11 k
TT

kk SgzSSSIλαgg  ,                  (8) 

 

)(])[( 11 k
TT

mkk SgzSSSIλλαgg  .                 (9) 

4. Numerical Simulations 

The simulation model is a typical single coil excitation mode of EMT, and 8 coils are arranged on 
the outer circumference of the pipe. The finite-element models are shown in Figure 1, in which there 
are three different types of the fields. The triangular element is used to divide the detected field. We 
use the Landweber method, Modified-1 and Modifi-ed-2 methods to reconstruct the images. The 
number of iterations is 200. In general, the image error (IE) is calculated for quantitative comparison 
of different iterative methods 

 

g

gg
IE

ˆ
 ,                                (10) 

 
where ĝ  and g  are the estimated and true conductivity or permeability vectors, respectively 

[5]. The lower the IE values, the closer the estimated conductivity values to the true ones. Firstly, the 

condition number of the coefficient matrix is 3109872.5  for the Eq. (2). For the modified methods 
(4) and (5), the condition numbers are reduced to 3109938.2   and 3103968.1  , respectively. 
The reduction ratio is %50  and %67.76 . Secondly, from Figure 2, we see that the values of IE from 
the Modified-1 and Modified-2 methods are smaller than those from the Landweber method in all 
three different fields. 

 

 
Figure 1. The finite-element models: (a) one target, (b) two targets, (c) three targets 
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Figure 2. Image error histories generated from three iterative algorithms. 

5. Conclusion 

In this paper, the condition number of the regularized sensitivity matrix is reduced. 
by weighting matrix. According to the method of weighting matrix, we have proposed two 

modified algorithms which can improve the equality of the reconstructed images. Numerical 
simulations have verified the feasibility of modified methods. 
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