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Abstract—Using wavelet smoothing method, we consider the 
semiparametric regression model with independent 
heteroscedastic errors. We investigate the asymptotic 
normality and weak consistence rates of wavelet estimators.      
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I.  INTRODUCTION 

Consider the following semiparametric regression model 

( )i i i i iy x g t eβ σ= + +
, 1, 2, ,i n=  . (1) 

where 
{ }iy

are scalar response variables,
1Rβ ∈  is an 

unknown parameter, 
( )2

i ih uσ =
,

( )g ⋅
 and 

( )h ⋅
 are 

unknown functions on 
[ ]0,1

, 
{ }it and 

{ }iu
are two 

nonrandom sequences on 
[ ]0,1

, 
{ }ix

are nonrandom design 

points, and 
{ }ie

are independent identically distribution 

random variables with 1 0Ee =
and 

2
1 1Ee =

. 
The model (1) has been extensively studied, and there 

exist many important results. Gao et al.[1] investigated the 
asymptotic normality of weighted least squares estimator of 

the parameter. When i it u=
,You and Chen[2] and Ran and 

Zhu[3] discussed the test of heteroscedastic errors in model 

(1). When 
( ), ,i i ix t u

 are random design points, Sun and 
Zhao[4] discussed the model (1) by the near neighbor 
method, and obtained asymptotic normality and weak 
consistence rates of estimators. When the errors are 
negatively associated (NA) random variables, Ren and 
Chen[5]  investigated strong convergence of these estimators 
in [1], and discussed asymptotic normality and weak 
consistence rates of these estimators. In the paper, we give 

wavelet weighted estimators of parameter β , nonparameter 

( )g t
 and variance function 

( )h u
 by the wavelet smooth 

method and least squares method, and investigate some 
asymptotic properties. The organization of this paper is as 
follows: the weighted wavelet estimators and main results 

are given in section 2. The proofs of main results are 
presented in section 3. 

 

II. THE MAIN RESULTS 

Suppose that there exists a scaling function
( )xφ

in the 

Schwartz space lS
 and a multiresolution analysis mV

 in the 

concomitant Hilbert space
2 ( )L R , with its reproducing 

kernel
( ),mE t s

given by 
( ) ( ) ( ) ( )0, 2 2 , 2 2 2 2m m m m m m

m
k Z

E t s E t s t k s kφ φ
∈

= = − −
, 

where Z denotes the collection of integers.  

Let 
[ ]1,i i iA s s−=

 be intervals that partition [0, 1] with 

i it A∈
 and 1 i n≤ ≤ , and 

( )
1

,
j

n

i i m i jA
j

x x E t s dsx
=

= −
, 

( )
1

,
j

n

i i m i jA
j

y y E t s dsy
=

= −
,

( )2 1 2

1

n

n i i
i

T h u x−

=

= 
. By the wavelet 

estimate method (see [1]), we obtain three wavelet estimators 
given by 

( )2 1

1

ˆ
n

n n i i i
i

T h u x yβ − −

=

=   
   (2) 

( ) ( ) ( )0
1

ˆ ˆˆ ˆ( ) , ,
i

n

n n i i n mA
i

g t g t y x E t s dsβ β
=

= = − 
 (3) 

and 

( ) ( )
2

1

ˆ ˆ( ) ,
i

n

n i i n mA
i

h u y x E u s dsβ
=

= −  
  (4) 

To obtain our results, the following conditions are 
sufficient. 

(A1) There exists a bounded function 
( ) , [0,1]f t t ∈

 

such that 
( )i i ix f t v= +

, 1, 2, ,i n=  , 

where iv
satisfy

1 2
0

1

lim
n

i
n

i

n v−

→∞ =

= Σ ( )00 < Σ < ∞
,

1 2
1

1

lim
n

i
n

i

n v−

→∞ =

= Σ

( )1Σ < ∞
and 

( )1 2

1
max i

i n
v O n−

≤ ≤
=

. 

(A2)
( ) ( )0 01 1

0 min maxi ii n i n
m h u h u M

≤ ≤ ≤ ≤
< ≤ ≤ ≤ < ∞

. 
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(A3) ( )⋅g ,
( )f ⋅

 and 
( )h ⋅

 belong to the Sobolev space 

with order 21>α . 

(A4) ( )⋅g , ( )f ⋅
 and 

( )h ⋅
 satisfy the Lipschitz condition 

with order 0γ > . 

(A5)
( )φ ⋅

 is in the Schwartz space with order α≥l , 
which satisfies the Lipschitz condition with order l and has a 

compact support. Furthermore,  ( ) ( )ˆ 1 Oφ ξ ξ− =
 as 0→ξ , 

where φ̂  is the Fourier transform of φ . 

(A6)
( ) ( )1

1
1
max i i

i n
s s O n−

−≤ ≤
− =

 and ( )1 32m O n=
. 

Remark 1. The conditions (A1) and (A2) are same as that 
ones in [1] and [6]. The condition (A4) is weaker than that 
one in [1]. The conditions (A3)-(A6) are basic conditions of 
wavelet estimation method (see [7-10]). 

Theorem 1. Suppose that conditions (A1)-(A6) hold. 

Then for 3 2α >  and 1 3γ ≥ , 

( ) ( )1 2 1
0

ˆ 0,D
nn Nβ β −− ⎯⎯→ Σ

, n → ∞ . 
Theorem 2. Suppose that conditions (A1)-(A6) hold. If 
6
1Ee < ∞

, then for 3 2α >  and 1 3γ ≥ , 

( ) ( ) ( )1 3ˆ logn ph u h u O n n−

≤ ≤
− =

0 u 1
sup

, n → ∞ . 
Theorem 3. Suppose that conditions (A1)-(A6) hold. 

Then for 3 2α >  and 1 3γ ≥ , 
( ) ( ) ( )1 3ˆ logn p

t
g t g t O n n−

≤ ≤
− =

0 1
sup

, n → ∞ . 
Theorem 4. Suppose that conditions (A1)-(A6) hold. 

Then for 3 2α >  and 1 3γ ≥ , 
( ) ( )

( )( )( )
( ) [ ]1 2

ˆ
0,1 , 0,1 ,

ˆ

n D

n

g t g t
N t n

Var g t

−
⎯⎯→ ∀ ∈ → ∞

, 
where 

( ) ( ) ( ) ( )( ) ( ) ( )( )2

1 1

ˆ, , ,
i i

n n

m i n i mA A
i i

g t E t s dsg t Var g t h u E t s ds
= =

= =  
. 

III. PROOFS OF THEOREMS 

Throughout this paper, let C  denote a generic positive 
constant which could take different value at each occurrence. 
To prove the main results, we first introduce some lemmas. 

Lemma 1[9]. Let 
( )1 22 m

m
ατ − −=   when 1 2 3 2α< < , 

2 m
m mτ −=  when 3 2α = , 2 m

mτ −=  when 3 2α > . If 
conditions (A2)-(A5) hold, then 

( ) ( ) ( ) ( ) ( )
1

sup ( , )
k

n

m k mAt k

h t E t s ds h t O n Oγ τ−

=

− = + 
 

and 

( ) ( ) ( ) ( ) ( )
1

sup ( , )
k

n

m k mAt k

g t E t s ds g t O n Oγ τ−

=

− = + 
. 

Lemma 2[8]. If condition (A4) holds, then 

(1) ( )0 , (1 )k
kE t s C t s≤ + −

and ( ), 2 (1 2 )m m k
m kE t s C t s≤ + −

  

for Nk ∈ , where kC  is a real constant depending only 

on k ; 
(2) ( ) ( )m

m
S

OstE 2,sup
10

=
≤≤

;  

(3) ( ) CdsstE
t

m ≤
1

0
,sup ;  

(4)
( )1

0
, 1,mE t s ds n→ → ∞ . 

Lemma 3. If conditions (A1)-(A6) hold, then 
1 2

2lim nn
n T−

→∞
= Σ

, n → ∞ . 

Proof. Let
( ) ( ) ( ) ( )

1

,
j

n

i i m i jA
j

f t f t E t s ds f t
=

= −
, 

( )
1

,
j

n

i i m i jA
j

v v E t s dsv
=

= −
. Note that 

( ) ( ) ( ) ( ) ( )1 2 1 1 2 1 1 1 1 2

1 1 1

2
n n n

n i i i i i i i
i i i

n T n h u f t n h u f t v n h u v− − − − − − −

= = =

= + +     
. 

By Lemma 1, Lemma 2 and Abel inequality, the Lemma 
3 follows from the condition (A1). 

Lemma 4[11]. Let { }. 1, 2, ,i i nξ = 
be a independent 

random sequence with ( ) 0iE ξ =  and ( )iVar ξ < ∞ . If 

1
sup

r

i
i n

E Cξ
≤ ≤

≤ < ∞
 for some 2r ≥ , 

( )( )1
1

1 ,
sup 0 1p

ij
i j n

a O n p−

≤ ≤
= < <

 and 

( ) { }( )2
2 1

1

max 0, 2
n

p
ij

i

a O n p r p
=

= ≥ −
, then 

( ) ( )1 2
1

1

max log , . . 2
n

s
ij i

j n
i

a O n n a s s p pξ −

≤ ≤ =

= = −
. 

Let 1 23, 2 3, 0r p p= = = , ija
= ( )i jW t

. Then by Lemma 4, 
we have 

( ) ( )1 3

1
1

max log , . ..
n

i j i
j n

i

W t O n n a sξ −

≤ ≤ =

=
 (5) 

Lemma 5. Let { }. 1, 2, ,i i nξ = 
 be a independent 

random sequence with ( ) 0iE ξ =  and ( )iVar ξ < ∞ . If 

1
sup

r

i
i n

E Cξ
≤ ≤

≤ < ∞
 for some 2r ≥ , and conditions (A2)-(A6) 

hold, then 

( ) 1 3

0 1 1

sup , ( log )
i

n

i m pAt i

E t s ds O n nε −

≤ ≤ =

= 
. 

Proof. Write 
 

( )
0 1 1

sup ,
i

n

i mAt i

E t s dsε
≤ ≤ =
 

( ) ( )( ) ( )1
0 1 1 1

sup , ,
i

n n

i m m j j jAt i j

E t s E s s I s t s dsε −
≤ ≤ = =

≤ − < ≤ 
 

The 2nd International Conference on Computer Application and System Modeling (2012)

Published by Atlantis Press, Paris, France. 
© the authors

 
 

0799



( ) ( )1
0 1 1 1

sup ,
i

n n

i m j j jAt i j

E s s I s t s dsε −
≤ ≤ = =

+ < ≤ 
. (6) 

The result follows from the (5) (6) and the (2.10) in [8]. 
Proof of Theorem 1. Let 

( )
1

, ,
j

n

i i i i j m iA
j

e E t s dsε σ ε ε
=

= = 
. By (2), we have 

( ) ( ) ( ) ( ) ( )1 2 2 1 2 1 1 2 1 1 2 1

1 1 1

ˆ
n n n

n n i i i i i i i i i
i i i

n nT n h u x g t n h u x n h u xβ β ε ε− − − − − − −

= = =

 − = + − 
 

     

 
( )2

1 2 3nnT I I I−= + −
.    (7) 

By conditions (A1) (A2), Lemma 1, Lemma 2 and Abel 
inequality, we obtain 

( ) ( ) ( )

( ) ( )( )
( ) ( ) ( )

1 2 1
1

1 1 1

11 2

01 1

2 1 2 1 6

max max max

max , max

0

i i i
i n i n i n

m m i j
i n j n

m

I n h u f t g t

C n C n E t s ds v

O n O n O n

γ

γ γ

τ

τ

−

≤ ≤ ≤ ≤ ≤ ≤

−

≤ ≤ ≤ ≤

− + − −

≤

+ + +

= + + + →



 

(8) 
By Lemma 1 and Lemma 2, we obtain 

( ) ( ) ( )
2

2 1 1 2
3

1 1

,
j

n n

i i m i jA
j i

E I n h u x E t s ds Eε− −

= =

 =  
 

  
 

( ) ( )1 3 1 2 1 2 1 3 0mCn n n n O nγ τ− − − −≤ + + + = →
 (9) 

Thus, by Chebyshev inequality, we have 

( )1 6
3 0pI O n−= →

    (10) 

By Lemma 3 and 1
max i

i n
x

≤ ≤
< ∞

, we easily obtain 

( )
( )2 2

2 2

1 1

0
n n

i i i i
i i

E a e E a e
δ

δ
+

+

= =

  → 
 

 
, n → ∞  (11) 

for some 0δ > , where ( )1 2 1 2 1
2i i i ia n h u xσ− − −= Σ  . Thus, by 

central limit theorem, we obtain 
( )1 2

2 2 0,1DI N−Σ →
, n → ∞ .   (12)  

Hence the desired conclusion follows from the (7) (8) (10) 
and (12). 

Proof of Theorem 2. By (4) and ( )i i i iy x g tβ ε= + +   
, we 

have 
( )ˆ

nh u =

( ) ( ) ( ) ( )
2

1 2 2

1 1

ˆ , ,
i i

n n

n i m i mA A
i i

n n x E u s ds g t E u s dsβ β −

= =

− ⋅ + +   
 

( ) ( ) ( ) ( )2 1 2 1 2

1 1

ˆ, 2 ,
i i

n n

i m n i mA A
i i

E u s ds n n g t E u s dsε β β −

= =

+ − ⋅ +   

 

( ) ( ) ( )1 2 1 2

1

ˆ2 2 ,
i

n

n i i mA
i

n n g t E u s dsβ β ε−

=

− ⋅ +  
 

( ) ( ) ( )2
1 2 1 2

1 2 3 4 5 6
ˆ ˆ ˆ2 2 2ˆ n n nn I I I n I n I Iβ β β β β β= − + + + − + − +

.(13) 

Note that 

1 2
0

1

lim
n

i
n

i

n x−

→∞ =

= Σ 
, and by Lemma 2 and Lemma 

3, we easily obtain 

( )2 3

0 1
sup 0( 1, 2)i

u
I O n i−

≤ ≤
= → =

,  

4
0 1

sup
u

I
≤ ≤ ( ) ( )1 2 1 2 0mO n O nγ τ− − −= + →

.  (14) 
In the following, we shall prove 

( ) ( )1 3
3

0 1
sup logp

u
I h u O n n−

≤ ≤
− =

.   (15) 
In fact, by Cauchy inequality and Lemma 2, we obtain 

that 
( )3

0 1

sup
u

I h u
≤ ≤

−
 

( )( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( )

( ) ( )

2

0 1 0 11 1

2 1 2

2

1 0 11 1 1

0 1 1 1

sup 1 , sup ,

max , 2sup 1 , ,

sup , ,

i i

j i i

i j

n n

i i m i mA Au ui i

n n n

j m i i i m i mA A Ai n uj i i

n n

m j m iA Au i j

h u e E u s ds h u E u s ds h u

E t s ds h u e E u s ds h u E u s ds

E u s ds E t s ds

ε

ε

≤ ≤ ≤ ≤= =

≤ ≤ ≤ ≤= = =

≤ ≤ = =

≤ − + −

   + − +  
  


⋅ 



  

    

  
1 22  

 
  

{ } ( )
1 2

1 2

31 32 33 31 34 33
10 1 0 1 0 1 0 1 1

sup sup max 2sup sup ,ˆ
i

n

mAi nu u u u i

I I I I I E u s ds I
≤ ≤≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤ =

 = + + + +  
 


(16) 

Let
( )( )2 1i i ih u eη = −

, then by (5), we have 

( )1 3
31

0 1
sup logp

u

I O n n−

≤ ≤
=

.   (17) 
By Lemma 1, Lemma 2 and Lemma 4, we obtain 

( )1 3
32

0 1
sup p

u
I O n−

≤ ≤
=

, 

 
( )2 3 2

33
1
max logp

i n
I O n n−

≤ ≤
=

, 34I C≤
.  (18) 

Hence, the (15) follows from (16)-(18). By Cauchy 
inequality and (14) (15), we obtain 

( )1 2 1 2 1 3
6 2 3

0 1 0 1
sup sup 0

u u
I I I O n−

≤ ≤ ≤ ≤
≤ = →

, 

( )1 2 1 2 2 3
5 1 2

0 1 0 1

sup sup 0
u u

I I I O n−

≤ ≤ ≤ ≤
≤ = →

  (19) 
Therefore, the desired conclusion follows from (13)-

(15)(19) and Theorem 1. 
Proof of Theorem 3.  Note that 

( ) ( )
0 1

ˆsup n
t

g t g t
≤ ≤

− ( ) ( )
0 1 1

ˆsup ,
i

n

n i mAt i

x E t s dsβ β
≤ ≤ =

≤ −  
 

( ) ( ) ( )
0 1 1

sup ,
i

n

i mAt i

g t E t s ds g t
≤ ≤ =

+ − 
 

( )
0 1 1

sup ,
i

n

i mAt i

E t s dsε
≤ ≤ =

+   1 2
1 2 3

ˆˆ nn I I Iβ β= − + +
. (20) 

By Lemma 2 and condition (A1), we have 

( ) ( ) ( )1 2
1

0 1 1 1

sup , ,
i i

n n

i m i mA At i i

I Cn f t E t s ds v E t s ds−

≤ ≤ = =

 
≤ + 

 
  

 
( ) ( ) ( )1 11 2 1 2

0 01 10 1 0 1
max sup , max sup ,i m i m

i n i nt t
Cn f t E t s ds Cn v E t s ds− −

≤ ≤ ≤ ≤≤ ≤ ≤ ≤
≤ + 

 
( )1 2O n−=

.      (21) 
By Theorem 1, (20) (21), Lemma 1 and Lemma 5, we 

complete the proof of Theorem 3. 
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Proof of Theorem 4. It is easily shown that 

( ){ }, , 1, 2, ,
i

i i mA
e E t s ds i nσ = 

 satisfy the Lindeberg 
condition. Therefore, the desired conclusion follows from the 
central limit theorem and Theorem 3. 
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