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Abstract—For the problem of the instantaneous frequency 
estimation of multi-component chirp signals, a new method is 
presented. And the fractional Fourier transform (FrFT) 
method is applied to estimate instantaneous frequency of 
multi-component chirp signals.  The chirp signal has the 
feature that different chirp signal can get the best energy 
concentration in its different fractional Fourier transform 
domain, so the multi-component chirp signals is firstly 
transformed through FrFT, and then we find the 
corresponding order p of the every energy concentration and 
make the p order FrFT through a band-pass filter, and then it 
picks up each component. Finally the instantaneous frequency 
of each single-component chirp signal is estimated if each 
signal's wigner-ville distribution is found. The simulation 
results verify the availability of the proposed method.  

Keywords-Instantaneous frequency estimation,Multi-
component chirp signals, Fractional Fourier transform 
(FrFT),Wigner-ville distribution 

I.  INTRODUCTION  

The chirp signal is widely used in the areas of radar, 
communication, sonar, and earthquake. The instantaneous 
frequency estimate of the chirp signal has very important 
practical meaning and theoretical value. The instantaneous 
frequency estimate is interfered by multi-component cross 
term in processing a multi-component signal. The cross term 
can interfere the real signal. So it is difficult to analysis and 
explains the distributing of time-frequency. Some authors 
put forward many methods for restraining cross term 
effectively. Literature [1] combines Gabor transformation 
and WVD distribution, and it gains a new time-frequency 
distribution to restrain the interference of cross term. 
Literature [2] introduces a phase updating function to restrain 
the influences of self-cross term in a signal in base of WVD. 
These methods have achieved certain progress, but the cross 
term still exist. In this paper, a new method called 
FrFT(Fractional Fourier transform)is introduced. Fractional 
Fourier Transform is one of the tools used in the T-F analysis 
field. In the past decade the FrFT has attracted the attention of 
researchers in the optics and signal processing community, 
being a generalization of the classical Fourier transform. 

In this paper, the method combines FrFT and WVD 
distribution in order to estimate the instantaneous frequency. 
first we get the FrFT of multi-component chirp signals ,and 
then it picks up each component using the feature that 
different chirp signal can get the best energy concentration in 

its different fractional Fourier transform domain. The point is 
to found the order p. Finally the instantaneous frequency of 
each single-component chirp signal is estimated according to 
the signal's Wigner Ville distribution. This method avoids 
the cross terms effect completely. Finally, the paper with two 
component chirp signals, for example, separated out each 
component and obtained the instantaneous frequency by 
using this method. The simulation results verify the 
availability of the proposed method. 

II. THE FRACTIONAL FOURIER TRANSFORMS THEORY 

The FrFT is a generalization of the conventional Fourier 
Transform and has a history in mathematical physics and in 
digital signal processing. Basically, it is a one-parameter 
subclass of the class of linear canonical transforms. This 
parameter is called the fractional order of the transform, 
usually denoted as p  

Let F denote the Fourier transform operation so 
that

1( ) [ ( )]X F x t⋅ = is the Fourier transform of the function 

( )x t .The pth order fractional Fourier transform operation is 

denoted as pF so that ( ) [ ( )]p
pX F x t⋅ =   is the pth-order 

fractional Fourier transform of the function ( )x t . 
1F corresponds to the ordinary Fourier operation F , 
0F and  is the identity operation. 2F corresponds to the 

coordinate reflection operation so that 4F  is also equivalent 
to the identity operation. We also have 

1 2 1 2p p p pF F F += the fractional Fourier transform can be 
defined for 0 2p< <  as [3]: 

   (1) 
Where

2 2( , ) exp[ ( cot 2 csc cot )]pK u t A j u ut ta p a a a= - + is the 

kernel function. 1 cotaA j a= - ， / 2pa p= ， 2p n¹ ,n 

is the integer. The kernel ( , )pK u t approaches ( )t ud -  or 

( )t ud +  when p approaches 0 or f 2± , respectively. The 

definition is easily extended outside the interval [ 2, 2]- by 

remembering that 4F is the identity operation. The functions 
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( )pX u  for different values of a may be considered as 

different representations of the same signal ( )x t . 
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Where a  indicates the rotation angle of transformed 

signal for the FrFT. ( )nH t is the nth-order normalized 

Hermite function with unit variance. The nth-order 
normalized Hermite function with variance s  is defined as 

2 2( / 2 )
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Where ( )nh ⋅  is the nth-order Hermite polynomial. Because 

the normalized Hermite function with unitary variance, 

( )nH ⋅ is the eigenfunction of the FrFT, (2) provides an 

eigendecomposition representation of the FRFT kernel. 
Using the kernel of the FrFT, the FrFT of the signal ( )x t   

by angle a is computed as 
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Equation (4) indicates that the FRFT can be interpreted as 
a weighting summation of Hermite functions. The weighting 
coefficients are obtained from multiplying the phase term 

jne a- and the inner product of the input signal and the 
corresponding Hermite function. In [4], a rotation operation 
using Hermite functions has also been proposed, and the 
rotation output of the signal is also the weighting 
summation of Hermite functions. However the Hermite 
functions in [4] with a different scaling to those of the FrFT. 
Thus, it will have a different phase term in the weighting 
coefficients. 

The ( )pX u-  is the inverse fractional Fourier transform. 

That is      
+

-
( ) ( , ) ( )dup px t K u t X u

¥

-¥
= ò       (5) 

Obviously, the FrFT transformation domain is a 
combination of the time and frequency domains. For angles 
a  a close to / 2a p= , for example for / 4 3 / 4p a p£ £ ,we 

can consider the FrFT as the transformation being 
dominantly in the frequency domain. On the other hand, for 
small a  , / 4a p<  , the FrFT is dominantly in the time 

domain. 

III. THE FRFT CHARACTERISTIC OF THE CHIRP SIGNAL  

Assuming a single-frequency chirp signal expression for 
2

0

1
( ) exp(2 ( ))

2
y t j f t ktπ= +

                                          (6) 
The Wigner Ville distribution is 

0( , ) [ ( )]W f t f kt fδ= − +
          (7) 
According to rotation invariant of a wigner-ville 

distribution, the projection of chirp signal in the fractional 
Fourier domain should be gathered at one point as long as 
the rotation angle of α and β  on the orthogonal[5], it is 
shown in fig. 1.The chirp signal has the feature that different 
chirp signal can get the best energy concentration in its 
different fractional Fourier transform domain, So we can 
rotate a different perspective (namely different order p )for 
the multi-component chirp signals in order to find the each 
energy gathering point. Most energy of each chirp signal is 
concentrated within a narrow band. So we make the p order 
FrFT through a band-pass filter, and then each component is 
isolated. Finally the instantaneous frequency of each single-
component chirp signal is estimated if each signal's Wigner 
Ville distribution is found. 

 
Figure 1.  The FrFT and wigner-ville distribution of the chirp signals 

IV. SIMULATION EXPERIMENT 

The practice effect of the algorithm stated in this paper is 
illuminated through the following simulation examples. The 
multi-component Chirp signals model is 

2 2( ) exp( (15.8 5 )) exp( (32.5 30 ))x t j t t j t t= − − + − − .fig. 2 is 
FrFT of this signal and the range of p order is [0,2],there are 
two peaks that can be seen from Fig. 2.They correspond to 
different order p，namely 0.75,0.875.Fig. 3 are the FrFT 
domain graphs when p=0.75 and p=0.875, then we make the 
data through a band-pass filter respectively. Each component 
is separated out. Fig. 4 is the Wigner Ville distribution 
graphs of each chirp signal. So the instantaneous frequency 
of each chirp signal is estimated. Fig. 5 shows the results. 
The method in this paper can eliminate the influence of noise. 
Fig. 6 is FrFT of this signal when SNR=5, we find there are 
still two peaks that can be seen from Fig. 6. Fig. 7 are the 
FrFT domain graphs when p=0.75 and p=0.875 when 
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SNR=5, from the figure we can know the result have not 
changed although we add noise. So fig. 8 and fig. 9 are the 
same with the fig. 4 and fig. 5. 

 
Figure 2.  The FrFT of the chirp signals 

 

Figure 3.  The FrFT of the chirp signals (p=0.75 and p=0.875) 

   

Figure 4.  The wigner-ville distribution of each chirp signal 

   

Figure 5.  The instantaneous frequency estimation of each chirp signal 

 

Figure 6.  The FrFT of the chirp signals when SNR=5 

 

Figure 7.  The FrFT of the chirp signals when SNR=5 (p=0.75 and 
p=0.875) 

   

Figure 8.  The wigner-ville distribution of each chirp signal when SNR=5 

   

Figure 9.  The instantaneous frequency estimation of each chirp signal 
when SNR=5 

V. CONCLUTION 

Aiming at the estimation problem of instantaneous 
frequency of multi-component chirp signal, this paper puts 
forward a new estimation method. It solves the instantaneous 
frequency of multi-component chirp signal applying the 
fractional Fourier transform and Wigner Ville distribution. 
The chirp signal has the feature that different chirp signal can 
get the best energy concentration in its different fractional 
Fourier transform domain, so every chirp signal is separated 
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through the fractional Fourier transform. Finally the 
instantaneous frequency is obtained by Wigner Ville 
distribution. This method is proved the efficiency through 
simulation experiment. 
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