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Abstract

This paper proposes a modified copula approach
to defining correlation dependence used for pricing
credit derivatives. For both single-name and
multiname products, how default correlations react to
common shocks should be appropriately measured.
The copula approach is an effective method for this
purpose.

However, m the currently available copula
models, usually positive default correlations are
allowed, or are relatively easy to implement.
Consequently, these models may not provide sufficient
mformation for pricing credit derivatives with
mutually dependent defaults. In this paper, we
explicitly define a default correlation structure that
allows opposite response to a common factor. Using
an exponential copula model as illustration, we show
the modification is a more comprehensive description
of default dependence found in market.
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1. Introduction

In pricing single-name credit instruments, it 1s
necessary to consider the default dependence between
the reference entity and the counterparty. In pricing
multiname credit instruments, the effects of the default
of an obligor on the remamming obligors must be
addressed. For both single-name and multiname
products, how default correlations react to common
shocks should be appropriately measured.

For the three approaches proposed for estimating
default correlation, the structural approach has the
disadvantage of time-consuming numerical procedures,
if  asset default correlation iz required In
mplementing the reduced-form approach, the
intensity function for each obligor has to be estimated.

However, there is usually not enough market data for
the cross-section or time series analysis.

The copula approach specifies the joint
distribution by  sumply taking the marginal
distributions as given. Tt is increasingly popular in
practice due to its simplicity in specifying the joint
distribution. However, in the currently available
copula models, usually positive default correlations
are allowed, or are relatively easy to implement.
Consequently, these models may not provide sufficient
information for pricing credit derivatives with
mutually dependent defaults.

Under normal market conditions, firms usually
exhibit similar responses to a common factor. But in
other times, firms may show extremely different, or
even opposite, responses to a common shock. This is
evident when we witness a decrease m correlation. It is
also documented that in a less competitive industry,
the effect of a default may be beneficial due to less
competition. Agam, this leads to a decrease
correlation.

For example, the downgrades of Ford and General
Motors to junk status by Standard & Poor’s m April
2005 result in a significant impact on default
correlation. Average implied correlation m CDO
equity tranches decreases from a level of around 24%
in mid-April to around 12% on May 10. Consequently,
the market dynamics spelt trouble for hedge funds that
followed a strategy based on mappropriate models.
The losses on this strategy raise serious concern about
the accuracy of current correlation models (See Patel
(2005)).

In tlus paper, we explicitly define a default
correlation structure that allows opposite response to a
commeon factor. Using an exponential copula model as
illustration, we show that the modification 18 a more
comprehensive description of default dependence
found in market. The medification not only can
preserve the desired features of the copula approach,
but also can be implemented with ease.



The remaining of the paper is organized as
follows. Section 2 reviews and discusses the general
merits of the cwrent copula models used for
estimating default correlation. Section 3 1llustrates the
deficiency found in these models using Giesecke
(2003) model as an example. Section 4 concludes.

2. Model Comparison

The copula approach to construct a dependence
structure 1s popular. In practice, it 1s usually combined
with the structural and reduced-form approaches.
When using a copula function to simulate correlated
default times, survival fimctions have to be specified
i a reduced-form or structural framework (See, for
example, Turnbull (2005), and Jarrow and Deventer
(2005)). The use of copula in credit risk literature was
first made explicitly by Li (2000), followed by Mashal
and Naldi (2001) and Schonbucher and Schubert
(2001), among others. The Gaussian copula and the t-
copula are the two frequently used copula functions.
The Gaussian copula is the industry norm. Other
copula functions proposed mnclude: the factor copula, a
special case of the Gaussian copula (Laurent and
Gregory (2003)), the Archimedean copula (Rogge and
Schonbucher (2003)), and the exponential copula
(Giesecke (2003)),

When applying copula function to default
correlation, we will refer to it as the survival copula.
Denoting  the joint survival probability s(z,7,)
=P(z, >1,1, > ¢t,), there exists a unique function C*:
[0, 11*>[0, 1], called the survival copula of the default
time vector (t,,7,) » such that the joint survival
probability S0, 1)
= C(F, (r,) F,(r,) - Wwhere I;and F; represent the

can be represented as

marginal distribution functions. The copula C 7
describes the default time dependence structure.

Using copula i dependence  structure
construction, like any model, has its limitations. For
example, the origmmal survival copula model and its
extensions all have the disadvantage that there is no
dynamics for credit spreads or their correlations. Also,
there is no underlying economic rationale for the
model. There 1s simple no physical mterpretation for
the copula correlation between two obligors.

When applying copula functions to pricing
credit derivatives, it can result in relatively slow
Monte Carlo simulations, especially for high ratings
reference obligors. One-factor Gaussian copula is
preferred among all copula functions because 1t allows
for quick numerical integration techniques. Hull and
White (2004) propose two altemative approaches:
recurrence and bucketing, for implementing the model,
m order to value an »-th to default credit default swaps

or tranches of CDOs and indexes without Monte Carlo
simulation.

3. The Deficiency and the
Modification

In this section, we suggest a way to take into
account possible negative correlation of firms reacting
to a common factor.

3.1. The deficiency

There are various restrictive assumptions of
same response to a common macro factor by different
obligors as one common disadvantage of these models.
In reality, firms may have different, or even opposite,
resporses to a common factor. In the following, we
will use the Giesecke (2003) model to illustrate how to
modify a medel to take mto account the opposite
responses and remedy the deficiency found generally
1n the copula approach.

(Giesecke uses bivariate exponential distribution
commonly used m reliability theory to describe joint
survival probability. The merits of his model are that it
1s given in closed-form and can be easily implemented.
The efficient simulation of dependent default times for
pricing and sk management purposes  1s
straightforward as well.

Usmng Giesecke notations, suppose there are
Poisson processes N;, N, and N with respective
intensities A;, Ao, and A, where A; 15 the idiosyncratic
shock intensity of firm # while 4 is the intensity of a
macro-economic  shock affecting both  firms
simultanecusly. Then, default time 7; of firm 7 is

T =inf{t>0:NO+N®O >0} D

Using exponential copula, the joint survival
probability can be obtained by

s(h,6)=H7 >4, 5, >4, |=ANG=ANG) =AM v, )=0]

=expbAt — A, - AL vi,) = Sl(ll)Sz(lz)min@'j‘ﬁ )
(2

where s (1) = P[r, > 1= PIN,(t) + N() = 0] = ¢0+0 . It
can also be written as

s(s7 @), 57 () = Cla, vy = min(v'™ ,uv'™) (3)

where g _ A
oA +A

As noted by Giesecke, in this model, defaults
can only be positively related. This can be seen from
equation (1) where default time cormrelation 1s




governed by a common factor that can only have same
mmpact on different obligors.

Negative default correlation of firms can be
found in market encountering economic turbulence.
Consequently, for modeling default correlation among
a group of firms, it i1s natural to define various
common factors and measures the responses of those
firms to the common shocks. However, it 1s relatively
difficult to incorporate common factors M(f) in models
using the Gaussian copula, the t-copula, and the
Archimedean copula. Although the factor copula
overcomes this problem, conditional independence has
to be assumed. That is, N(f) is assumed to be
independent to each other conditional on the common
factor. In the following, we modify the exponential
copula approach of Giesecke (2003) to show how
negative correlations can be mcorporated.

3.2. The modification

Consider default tune 7, and 7, of firm 1 and firm

7, =inf§f 2 0: N, () + N() > 0}
7, =infft >0: N,()- N() >0} (4)

That is, firm 2 responds differently to the
commeon factor from firm 1.

PIN, (k) SN(K)]

- Zio Z:'zoP[N(k) = i=N2(k) = J.]

me M e e (k) (67 +e M k)
_ Rk | G g | g gy ) =
e "L+ A+ (A4, (5)

Thus we have

5,()=Plz, > t]= T[], PIN,(k) < N(k)]
=T L e % (s Ak + Ak ,k?)

~ e—(i+/?/1)£(t+1)/2(1+ ;LI(I i 1)/2) ~ e—ﬂvzt(ﬂl)fl
(6)

The approximation in equation (5) under-
estimates P[N,(k) < N(k)] by dropping some
terms. It 1s noted that the resulting bias 1s acceptable
for time horizon no more than five years and hazard
rate less than 5%. For example, for 4, = 4 = 5% and
five years horizon, the approximate survival
probability is 79.6%, that under-estimates the true
value 82.2% by 2.6%. In fact, the maturity of most
default- correlated products is shorter than five years,

and the default probability, for firms with Moody’s
credit rating Baa or above, 13 under 5% over years
1970-2005, except for year 1986.

Therefore, for #; > £, , the jomnt survival
probability 1s found to be

S(,6)=Hg >1,5 >L]=HME)=0N(6)=0N,)=0]
=exp[—(A+4 + 4,1 ] O

and for £, <1,
s(t,5L)=Plr, > 1.1, >4, |=P[N({)=0,N,({)=0]

[T, P00 NGk
g Hiiml e MR (14 Tk + A, kY)

~ e—(i+/1,1)tle—(/1+/?/z )(t2+t1+1)(£2—1)/28—j‘,(£2+i‘1 +1)(t,-1)/2

e

_ oA ==ttt 12 )

These survival probabilities can then be used to
compute the linear correlation of the default ndicator
variables:

L1 —s()s,(t
Pl o)~ (L) 5()s,(7)

= )]
JA=s@ORO -5, 0)

Following the discussion of Giesecke, default
indicator  correlation can lead to  severe
misinterpretations of the true default correlation
structure, as pointed by Embrechts, McNeil and
Straumann (2001). Defined on the level of the copula,
Spearman’s rank correlation p° does not have the same
problems.

Denoting s,(;) =1, 5,(f,)=v.and
O=2A, (A+A),weobtain t;, =—Inu/(A+ 4).

= 17411’1‘)7])/2. Thus, s (1‘1,1‘2)=u”9 when

t >t, and s(i,t,)=1'"""v when t, <1,
Besides, if f;, >, and ¢, £3, we have

ut? 3 u’’ _ exp@flnu)

wov v exp(lw)
__ expE24hh)  _expe2hh)
expEA (G +4)/2)  expe24t,)

(10)



Therefore, the survival copula becomes C* (i, V)

~5(57 0,57 () = min(ut?, 7

the equivalent copula by K, then

v) . Denoting

K'uW=C'-ul—-v)+u—v+1
=min[{ -2}, 1-)" P A—]+u+v—1 (11)

Therefore, Spearman’s rank correlation p°, for two
firms with opposite response to the joint shock, is

simply the linear correlation of the copula K", given by:

pS(TI,TZ) = p(pl(rl)ﬂ pz(rz)):
12[ [ K" u,v)dudy 3

1o : = . o t__55
Z+O)F+g) (2-0)3+) 22-06)
_ 99" —246+12- 4 (12

2+N2-H3+2)

where p, (1) = P[7, <f]=1-5,(f)is the
distribution function of 7.

In Figure 1, rank default correlation of two firms
with opposite response to the joint shock and that with
same response are compared. Rank default correlation
15 plotted as functions of the joint shock mtensity A.
We set 4; = 0.01, 4, = 0.02, which corresponds to a
one-year default probability of about 1% and 2% when
A = 0. With increasing A, the default correlation
mereases for both firms with positive and opposite
common shock response, due to the common shock
component of the default nsk dominating the
idiosyneratic component. The result for the firm with
positive common shock response is consistent with
Giesecke’s. Therefore, the modification 1s a meore
comprehensive description of default dependence
found in market.

Figure 1

Comparison of Rank Default Correlation for Firms
with Same Response and Opposite Response to the
Common Shock
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4. Conclusion

Without involving in the complicated problem
of calibration and parameter estimation in the
implementation of the structural and reduced-form
approach, the copula approach becomes the marlket’s
standard for valuing correlation dependent credit
derivatives. However, the copula models are often
restricted to positive correlation specification. The
modification we propose in this paper is one
suggestion to handle default correlation structure in
which there are opposite responses to a common
macro factor. Other copula models may need different
approach to evaluate the effect of common shocks so
as to model negative default correlations.
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