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Abstract—The paper discusses practical stability and strict
practical stability of differential equation on ring
neighborhood by means of Lyapunov function. The paper

develops (ho’h) " practical stability by employing two auxiliary
functions and using comparative method. Some criteria and
results which are used to guarantee practical stability for
differential equation are given by the method of Lyapunov
function, which enables us to obtain results under weaker
assumptions.
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manuscripts. Please follow them and if you have any
questions, direct them to the production editor in charge of
your proceedings at Conference Publishing Services (CPS):
Phone +1 (714) 821-8380 or Fax +1 (714) 761-1784.

Theory of stable in the sense of Lyapunov has been
researched enough and can be widely used in concrete
problems of the real world. But the stable domain or the
domain of attractive is not large enough to allow the desired
deviation to cancel out, thus a notion of stability is desired
from practical considerations. S. Leela [1] first puts forward
the definition of practical stable, and he gives a systematic
study of the theory of practical stability and gives some
sufficient conditions which guarantee the strict stability of
the considered system. Mohapatra [2] advanced the concept
of strict stable for different system .V.L.akshmilantham [3]
develop the concepts of strict practical stable to delay
differential equations by using Lyapunov function.
Kobayashi [4] gives boundedness in differential equation
with finite delay by using auxiliary function. In the paper we

develop strict practical stable on ring neighborhood D, .
Significance of the paper is that d V/ dt is variable number
outside of D, . We research (ho,h)—practical stability of

differential equation.
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II. MAIN RESULTS

We consider the functional differential equation with
finite delay

x'=f(t,x,) (1)

f:R.XC, —R' is completely continuous, C,, is a subset
of the space of continuous

@:[-h,0] > R" ,\\ﬂ\:SUPJ¢(OS)\, pe C,; ,and
0< H <+oo, Let x(t)=x

of (I)with initial condition X,

functions

(t,4,,¢) denotes a solution
= @. We always assume the
existence of solution x(t, to,¢) or X, of (1) for 121,
and f(l‘,O) =0.

Let U,V RxC,—R
g:R—R 0<A<H are continuous. Suppose there exists a
7>0 such that g(r)>0 for 0<r<r,, g,(r)2a,r

V:R =R, and

forr 2 1y, where &; > 0.
Theorem1. Suppose that
OOV (¢ (0 < w, (||(p||) there are /3, A, 4, such that

(

(|0 (0)) <U (.9) <, (jp(0))) , 0 B< A< 4,
Vi (6.3) S =7, (1) it B< inf [x(s)|<H

Vi (65) <=, (U (65)) it A<f(o)| <

where U(l) (t,x,) is finite and locally integrable or

U (t,X,) is absolutely continuous for any solution of (1).
(2) There exists a constant S >0 , such that

J ¥s(s)ds >W,(A4) uniformly inf€ R,
(3)LetL=%min[aA, inf gl(r)/ro}, such that

m(4)< (() (4))

where & =W, (A)—W,(A)/2(h+S)
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Then the zero solution of (1) is uniformly practical
stability with respect(ﬂ, A) )

Proof. For some 7, € R and @€ C,, with||¢]|< 4, let
x(t)=x(t,t,,9) be a solution of (1) on(Z,,+0°). We
claim that || < A implies ||x ()] < 4 1f it is not true,
there exists a solution X, (,,¢) with |¢] <A and?,,1,,
‘ =4,x(t,)=
Since in view of (2), we havet, —t, < h+S , for otherwise

0<v{t, +h+S) Sv(tz+h)—J::&S}/l(s)dsdI{(A)—VI{(A) =0

This is impossible.
Put 0 ={re|

0, ={re [t2>t1];51 <u'(t )<r0}
and 0, =[£,,4,]\(Q, v Q). Then
VK(A) _W{(’%) ZVZ(MQ)D —VI{(|x(t2)|) S”(tl) _”(t2)

< j ol eyt = [ ()de-+ [ e+ [ ol (1)
0 Oy

] 3
< Juf (o + 1 (0,) 46 (1 -1,)
9
That is

[ u’(t)dt+;6u(Qz)Zé(Wz(A)—W}(l))
[¢]

where 1 (0, ) denotes measure of O, . Since V' (1) <0,
it follows that
)< v

—Jgﬂ - ()

S‘%I '(¢)dt— inf gi( )u(0,)

such that|ox (¢,) A, |x(1) < 4 on [t,,1,).

>r0} s

dt+j

Sier<ny
)
. 1 . .
Since L=5mn|:%,élgfgngﬁ(r)/;ﬁ} ,
thusv(tl)—v(tz)S—L(W;(A)—VK(Z)).

In view of (3), then we have
0<u(8) <v{t)~LUK(A)-T( A) <v{t,) (4 <O
That is a contradiction. Hence|x |<Aon[to,-|*>°) , This

proves conclusion.
Let

Vit,p),U(t,p)e CIR. XCy, R, ], V(t,0),U(t,9)

is locally lipschitz in 4 , . . _ ,and
» A(r): R, —>R,,i=12
gy (r) ‘R R are continuous. Suppose there exist

constants
o~ T,

for

>0 such that g},(l”) >0 for P < r

g,(Nzoar " rzr’

% y(s)eK (=1,2,3)
Theorem 2 Assume that

@)
0<V (@) <w (¢’

w, (| p(0) N SU (L, 0) < wy (| 9(0) )’
(2) 0 < ] < A1s given, the functions

V(LX) A@)  (i=1,2)2 eh e

DV (@), &) <40 " A< inf [x(0)|< 4
DV (t,u(t), )| 1) S =g (U}, (1%, O A (1)
" 2<|x)|< 4

Where ,,»
U o (t,x,

Ut,x,) is absolutely continuous for any solution of
sV

) is finite and locally integrable or

equation (1).
(3) there exists a constant ¢ such that

[ h@ag<e

(4) there exists a constant S>0 such that

[ 2©)dé> 14w () o
o[w,(A)—w,(A)—r,(S+Dh]> (S +2)c+w,(A)
Then the solutions x(, t, )

practical stability with respect to (A, 4,0)"

uniformly te R -
+

of system (1) is uniformly

POk ) =t x(t+ &7, )~ X1t 0)
U =U@yo-x@) " ™ geq, -
X(t)=(t,10,0) " || 9~ | <o O

aconstant s - < M < A such that
aw,(M)—=wy () —r,(S+1D)h]>(S+2)c+w,(A)

First, we shall show V(t) < w (M) on [t,,+o) for any
If this is not true, because of

T,—t)|<0

theorem 2, we have
So there is

condition ) of

V(ty) <w(|o—al) < w(D) <w (M)

such that
w(M)=V(t)<w

a t > t, and

X, _yt] )
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.Which

It foll
V() <w (M) [t,4,) " ONOWS > M

Xy =V,

impli fi .F
lmp 1€8 |x(t2)—y(t2)|2M or t2 = [tl _h’tl] rom

continuous of solutions of equation (1), there is a constant

t € [ty,t,) such  that |x(t3)—y(t3)|:l and
Either ( 1 )
A<|x()=y(0)|<M onlt,t,]

t, >+ +Dh ) <t 4w (S+Dh-
If ( 1) holds, then

WM =V (e) V() + [ AOdi <V (L) +e
<V(t,+h)+ j/ V(t)dt +c
<V +h)-[" A(EdE+e

<w(M)-[" A(&dE+e<w(M)=c=1+c<w(M)

It leads to a contradiction.
If (ii) holds, then

w(M)=V(t)=V(t)+ j V()dt <V (t,)+c
<V(L)+ j V(t)dt +c

V()= [ g ydi+ [ L(&)dé+e

<w (M) [ g/ (O)dt+(S+2)c

Mo utn s el )

wy (M) =wy(A) Su(t,) —u(ty) = [ U'(0)d

< [U' (0t +7,(t, =) < [ U ()t + 7, (S + 1)
0 0

or

j U'(t)dt = w,(M)—wy(A) -1, (S +1)h
o

From condition (4) of theorem 2 we obtain
w (M) =V (t)<w(M)- aj U'(6)dt +(S +2)c

<w (M) = w,(M)—wy(A)—1,(S +1)h]+(S +2)c
<w(M)=(S+2)c+(S+2)c=w (M)

It leads to a contradiction.

It follows V()< W, (M) on [t0,+°<>) .

We claim that

[o-gl < Kl<o
Implies|x(t)_y(t)| <A 1> t, If the claim is not true,

there exists such that

t, >,
|x(2) = y(1)| < 4" [15,2,)
t.e [to,t4) , such that
2 <xO -0 <4 " (85,8,
V() <V(t)+ j "Vi0de+ jh V' (t)dt

[t = y(e)| = 4 *
.Then due to ”¢_(p” <1 we

|x(t5) - Y(t5)| =1

can find

.Then

<V(t,)+ j” V' (t)dt +c

If h we have

t, >t +(S+1)
V) <mO) - [ A@di+e
<w(M)—=[c+1+w(A)]+c<0

This contradicts to condition (1) of theorem 2.
My, <1, +(S+1)p Wehave

Vi) =V(t)+ j V'()dt

f , ts+(S+1)h
<V@)=[ @ ndr+ ] A §)ds
Sw(M)—ofw,(A)—w,(A)—1,(S+Dh]+(S+1)c
SwWwM)=(S+2)c+(S+Dc—w (4) <0
This contradicts to condition (1) of theorem 2. The

contradiction obtained proves that solutions of system (1)
are uniformly practical stability with respect to O\, A) .The

proof is complete.
We consider the differential system

X'=f(tx),x(t,)=xp.t, € R, ®)
Wherefe C[R+><R”,R”j|,

The scalar differential equation
w'=g(tu)u(ty)=u,=0 3)
Where g€ C [Rf,RJ and g(t,u ) is quasimonotone

nondecreasing in ¥ .
Theorem3. Assume that

H0<A< 4;

() fhy,hel and hy s
ieh(t,x)< q)(ho (t,x)),d)e K

Whenever hy(t,x)< 2
I'={he C[R+XR”,R+]:%}}Xf)h(t,x) =0}

finer than A
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(iii) € C[ R, XR",R. ], V (1,x) is locally Lipschitzian in
x and satisfies

@ b( (¢, )) V(e x)<a( (t,x)) ifA<h(t,x)< A4

@ DV (1,x)<g(t.V(t,x)),(t,x)e S(h, A), where
ge({R”.R] and S(hA={(tx)eR xR :A <h(tx)<4), A <

(iv) ®(4)<Adanda(A)<b(A) hold.

Then the practically stable properties of (3) imply the
corresponding (ho,h)—practically stable properties of the

system (2).
Proof. Suppose that the equation (3) is practically stable

with respect to (a(ﬂ),b(A)) S0 that we have
u, < a(/i) implies u(l‘,to,uo)<b(/l) t21t, . Then we
claim that the system (2) is (hoa h) — practically stable with
respect to (ﬂ, A) . If this is not true, then there would exist
t, >, > 1, and a solution x(t) = x(t,to,xo) such that

ho(toaxo)<ﬂ’h(t1:x(t1)):ﬂ1’h(tz x(tz)):A ’
1 <t<t,.

Since in view of conditions (ii) and (iv), we have
h(1y,%,) S @ (hy (1,,x,)) < P(A) < 4

Hence, In view of (iv) and ), we get

V(ex(t)sr(aa.V (6.x(1))), 1, <t <t,.

where r(t,l‘l,uo) is the maximal solution of (3) ,

r(t 1) =1y =V (1,x(1,)).

b(4 ):}T,:b(h(t’x(t))):b(h(tbx(tz)))SV(tzax(tz))

<r (.Y (1,x(1))) <7(601,a(4)) < b(A).

That is a contradiction.This proves (%,,%)—

stability properties of the system (2).
Theorem4. Suppose that

practical

(1) There exists sequence of positive number {Fk}

and constants A, 4,

0<A< A4 ,
I—le‘lf V(t,x)>0 limr, =1 p—HshlpV(t ,X)
X|[=A4 k=00 x[=21

b(|x(0)) <V (6.x(2), b(r)eK.

2 Let
D, :{x|0Srk—17k SV(t,x(t))Srk} (k=1,2,...) such
that

D*VSO,‘X t)‘Zl,xeDk

(3) For any 0< A <A,

there exists sequence of
positive number {&, } and constant 4, , such that 4, < 4, ,

limé& =m _m=supV(t,x)>0

koo =4,
b ([x (1)) < (1. x(1))
Let @

D, :{x|§k 4 (t,x(t))ka +lk} (k = 1,2,...) such that

x(t)<4, xe D]

Then the system (1) is strict practical stable.

of (1) M=l
k—»o

Proof. Since in view there
exists 1,1, , [¥(4)| =4, |x(t,)|=4. Since P<7, <1, thus
there exists K andt;,t, € [£,,1,], such that

V(t3,x(t3))=rK —77K,V(t4,x(t4))=rK

So
V(t3,x(t3))<V(t4,x(t4)) ®)
On the other hand, r, =77, <V (¢,x)<r; , because of

condition (2), So V (t , x) is
V(t ,x(t, ))<V(t x(t, )) This is contradicting to (5). Thus
the solution is practical stability.

In view of (3), hlfn Se =M there exists ts,t,

—oo

|x(ZS)|=ﬂl’|x(l6)|=A2

There exists K’ ,
that, £, <ty,V;(t;,x(t;)) = & +1,

V(tg,x( )) &, So
Vi(tex(5)) <V (1.x(1,)) (6)

On the other hand, since in view of (3), we
haveV, (1;,x(t;)) SV, (£, x (%)), this is contradicted to (6), so
the solution is strict practical stability.

nonincrease,

t,,t, € [t5, ] such
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