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Abstract—Toward the ill-conditioned Problem of Gauss-
Markov model, analyze the causes and all kinds of methods, 
emphatically research the computational process of Two-Step 
method. Extending and simplifying Two-Step method, give a 
new method for solving ill-conditioned problem, multi-step 
method. Detailedly expound the computational process of it. 
Simulate an ill-conditioned model and compute its parameter 
estimations by some different methods. Finally through analog 
computation, verify the feasibility and quality of multi-step 
method.       

Keywords-multi-step method, ill-conditioned problem, Gauss-
Markov model, Two-Step method, regularization theory      

I.  INTRODUCTION 

Ill-conditioned Problem in data processing is drawn 
attention over a long period of time. Ill-conditioned problem 
is in relation to well-conditioned problem. A parametric 
model is ill-conditioned if its parameter estimations have 
great change with data’s subtle change. On the contrary, it is 
well-conditioned. Gauss-Markov model [1] is the base 
parametric model used to research ill-conditioned problem. 
The following is Gauss-Markov model: 
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where L is n-dimensional observed data vector, A is a design 
matrix with n rows and m columns, rank(A)=m, X is n-
dimensional unknown parameter vector, Δ is n-dimensional 

observation error vector, Δ~N(0， 2
0σ  I), 2

0σ  is variance 

of unit weight, and P is weight matrix. For formula (1), X̂  
the least squares estimation (LSE) of Gauss-Markov model 
can be easily gotten: 

                    PLAPAAWNX TT 11 )(ˆ −− ==                   (2) 
where: 

PAAN T=  

PLAW T=  
     According to Gauss-Markov theorem, on the premise that 

observed data obey the law of normal distribution, X̂ is the 
best linear unbiased estimator of X. For this reason, the least 
squares estimate is a current important estimation method. 
However, in practice, because of parameter selection, 
arrangement of the observation, computational method, and 
so on, LSE is instable and unreliable. 

In formula (2), when N is nonsingular, X̂  is unique. 
Consider a case that N and W have small perturbation, Nδ  

and Wδ , X̂  will have a deviation, X̂δ . It may be expressed 
as: 

              )()(ˆˆ 1 WWNNXX δδδ ++=+ −             (3) 

   According to the corollary to lemma banach, NN δ+  
should be always nonsingular when 11 <− NN δ . Obviously, 

influence on X̂δ caused by Nδ  and Wδ  is connected with 
1−N . Therefore, through changing N, normal matrix, illness 

of Gauss-Markov model can be weakened or eliminated. 

II. TWO-STEP METHOD 

There are many methods changing normal matrix. 
Zhengjie Wang proposed a new method, Two-Step method 
[2]. It weakens the illness of Gauss-Markov model by 
changing normal matrix twice. Two-Step method derives 
from Tikhonov regularization [3]. The following is its 
estimation criterion: 

minˆˆˆ)ˆ(ˆ 22

=+−=Ω+− XRXLXAXLXA Tαα     (4) 

where α  is regularization parameter, R  is regularization 
matrix, )ˆ(XΩ  is functional stability and •  is 2-norm. 

      Essentially, the first step of tow-step method is ridge 
estimation. R1, regularization matrix, is unit matrix. By 
Tikhonov regularization and formula (4), parameter 
estimation and its mean square error matrix [4] may be 
gotten: 
                     LARAAX TT 1

111 )(ˆ −+= α              (5) 
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In formula (5) and formula (6), 1α  regularization 

parameter is obtained by L-curve method [5], and 0σ̂  is 

variance of unit weight.  
The second step of Two-Step method is generalized ridge 

estimation in fact. In this step, R2, regularization matrix, is 
not unit matrix but the matrix obtained by the solution of the 
first step. By Tikhonov regularization matrix and formula (4), 
parameter estimation, X2, may be gotten: 

LARAAX TT 1
222 )(ˆ −+= α          (7) 

In formula (7), 2α  is obtained by L-curve method. 
where: 
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It deserves noting that above solution is obtained when P 
is unit matrix. If P isn’t unit matrix, it need be translated to 
unit matrix [6]. In the second step, for R isn’t unit matrix, it 

need be translated when calculating 2α  by L-curve method 
[7]. 

Though analyzing the computational process of two-step 
method, it can be seen that its second step is based on its first 
step, optimizes its normal matrix, N, and gets better 
parameter estimations. Therefore, it may go deeper and 
further optimize N though similar computation. 

III. MULTI-STEP METHOD 

Based on two-step method, multi-step method is a 
solution of solving ill-conditioned problem through 
optimizes normal matrix many times. Its parameter 
estimations meet special required precise. Here, the number 
of computational times depends on the required precise. The 
number may be two or greater than two. The following is the 
Computation flow process of multi-step method: 

 
Figure 1.  Computation flow process of multi-step method 

In Fig.1,     is infinite norm, b is the maximum in the 
absolute values of the differences between two adjacent 
parameter estimations, and )(ˆ kX  is the final estimations. 
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Where: 
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Multi-step method and two-step method is similar. Both 
of them estimate the parameters by optimizing the norm 
matrix, based on regularization theory;  R1 is unit matrix and 
other regularization matrixs are gotten depending on the 

solutions of the last computation; All regularization 
parameters of them are gotten by L-curve method. The 
differences between two method are that: the former has 
more computation step number and has more precise 
parameter estimations than the latter, and the former needs a 
threshold to control the computation process and the latter 
doesn’t need it. It needs to be noticed that the threshold 
should be suitable. If the threshold is too little, computation 
steps would be very many or never end. If it is too large, the 
computation would be finished rapidly, but its accuracy 
would be too low. Normally, the threshold may be set a 
required accuracy. For example, if the required accuracy is 
0.002m, the threshold may be 0.002m. 

Multi-step has the following better charateristics: 
 Multi-step method is a linear transformation of LSE. 

The following is the certification of above-
mentioned charateristic: 
  Transform the formula (8), and it can be gotten that 
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According to formula (9), after )(kα  is sure, 
obviously )(ˆ kX  is a linear transformation of X̂ . 
Moreover, because AAT  is positive definite matrix and 

)(kR  is diagonal matrix whose diagonal elements are 
positive number, to arbitrary )(kα ( 0)( >kα ) and 

X̂ ( 0ˆ ≠X ), it can be gotten that 

( ) AARIR Tkkkk 1)()(1)()( )(
−− +< αα  

According the charateristics of matrix and 
eigenvalue, it can be gotten that 

LS

LS
TkkTkk

LS
TkkTkkk

X

XAARAARI

XAARAARIX

ˆ

ˆ)()((

ˆ)())((ˆ

1)()(1)()(

1)()(11)()()(

<

+≤

+=

−−

−−−

αα

αα
 (11) 

Formula (10) shows that )(ˆ kX  is biased estimation 
of X̂ , as long as 0)( ≠kα . Formula (11) shows that )(ˆ kX  

is a compression of X̂  to the origin. 
 

 The parameter estimation of Multi-step method has 
higher anti-interference than LSE’s. 
The following is the certification of above-

mentioned charateristic: 
 According formula (10) and reference[8], there are 
the following two formulas. 
 )()()ˆ( )(kT

LS NKAAKXK ==   (12) 

)()()ˆ( )()()()( kkkTk NKRAAKXK =+= α  (13) 
Where: 
 AAN T=  

•
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Through eigenvalue decomposition of N, it can be 

gotten that 
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Where Q is orthogonal matrix, and 
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 ),( 1 mdiag λλ =Λ , 01 >≥≥ mλλ   
Because of ))ˆ(( 1)1()( −−= ii XMSEMdiagR , )(iR  is 

diagonal matrix. Now assume )(iR  is that 
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Where 
iH  is the No.i diagonal element of )(kR . 

Combining the equation: 
1)()(2

0
)( )(ˆ)ˆ( −+= iiTi RAAXMSEM ασ  

It can be gotten that: 
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Assume the follwing equations 
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By formula (14) and formula (15), there are those 
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For Λ  and I  are diagnal matrix, by formula (16), 
eigenvalues of )(kN  is that 

),2,1()1( )()( mii
kk

i =Τ++= λωαλ  

Because of 11 )( >+ ωα k  and 0>Τ , there are 

)(
)1(

)1(
)( 1

)(
1

)(
)( NKNK

mm
k

k
k =<

Τ++
Τ++=

λ
λ

λωα
λωα    (17) 

Formula (17) shows that condition number of normal 
matrix, )(kN ,  of multi-step method, is less than LSE’s. 
It means that parameter estimation of multi-step method 
has higher anti-interference than LSE’s. 
 Multi-step method is better than LSE in the sense of  

mean square error. 
The following is the certification of above-

mentioned charateristic: 
It is easy to know that the mean square error of 

)(ˆ kX  is that 
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Formula (18) shows that Multi-step method is better 
than LSE in the sense of  mean square error. 

IV. EXAMPLE ANALYSIS 

Here design an ill-conditioned problem. There are 3 

parameters whose truth values are [ ]TX 61510= . Design 
matrix is that: 

T

A















 −
=

29.11.41.1629.331.24

1125.03125.112

341515.314.26.31

. 
Weighting matrix of observed values, P, is unit matrix. Δ～N

（0，
2σ

I），σ =1. Δ is obtained by random number 
generator.  

For analyzing the charateristics of multi-step method, 
examine as many computation steps as possible. Here set a 
very little threshold, 00001.0=a , and choose front eight 
computed results(see Tab.1). 
Analyzing those computed results, get some characteristics: 
 The No.3 value of 

2

ˆ XX i −  is obviously less than 

the No.2 one. Starting with the No.3 step, the value 
of 

2

ˆ XX i − holds the line basically. 

 Starting with the No.2 step, the variation of 
regularization parameter is very little. 

 The value of )1()( ˆˆ −−= kk XXb  decreases gradually 

as computation steps increase to the general trend, 
and this variation tends towards stability. 
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 If a=0.01, when the computation is in the No.4 step, 
b<a; If a=0.002, the computation would come to an 
end in the No.8 step. 

Therefore, there are these following conclusions that 
 After multi-step computation, parameter estimation 

whose variation is relatively steady is optimal 
approximate solution.  

 The accuracy of parameter estimation of multi-step 
method is higher than two-step method’s. 

 The computation steps have business with the 
threshold. The less the threshold is, the more the 
computation steps are.  

V. CONCLUSION 

      There are many methods of solving the illness of Gauss-
Markov model. Some methods are used to change the normal 
matrix to weaken or eliminate the model’s illness. Tow-step 
method is the newer one that is based on regularization 
theory and whose accuracy is higher than ridge estimation by 
two steps of computations. This paper puts forwards a new 
method, multi-step method that borrows ideas from two-step, 
improves the accuracy of parameter estimation by more steps 
of computations, and is the extension of two-step method. 
This paper researches on multi-step method’s characteristics, 

based on a lot of analog computations. By example analysis, 
it can be known that multi-step method has better estimation 
characteristics and is worth going to deeply. 
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TABLE I.  TAB.1 THE RESULTS OF CALCULATIONS FOR MULTI-STEP METHOD 

project No.1 No.2 No.3 No.4 No.5 No.6 No.7 No.8 

iX̂  

10.0260 10.0379 10.0383 10.0377 10.0380 10.0378 10.0380 10.0379 

6.0511 13.7100 13.7419 13.7356 13.7392 13.7365 13.7392 13.7374 

10.4504 6.6165 6.6007 6.6036 6.6019 6.6032 6.6019 6.60279 

 0.16470 0.00305 0.00301 0.00308 0.00304 0.00307 0.00304 0.00306 

)1()( ˆˆ −− kk XX
  7.65886 0.03194 0.00636 0.00364 0.00274 0.00274 0.00183 

2

)(ˆ XX k −
 9.99445 1.43025 1.39463 1.40163 1.39763 1.40064 1.39763 1.39964 
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