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Abstract FAL is complete for any complete residuated lattices with
hedges. This class of structures of truth degrees include,
The paper deals with fuzzy attribute logic (FAL) andmong other structures, residuated lattices on the real unit
shows its completeness over all complete residuated laterval given by left-continuous t-norms. We prove two
tices. FAL is a calculus for reasoning with if-then rulegy/pes of completeness theorems: classical-style complete-
describing particular attribute dependencies in objeefess (provability is a bivalent notion) and graded-style
attribute data. Completeness is proved in two versiom®mpleteness (provability is a matter of degree).
classical-style completeness and graded-style complete-
ness.

2. Preliminaries
Keywords: completeness, residuated lattice, fuzzy logic,
fuzzy attribute, graded completeness, if-then rule Fuzzy attribute logic is developed over complete residu-
ated lattices with truth-stressing hedges (shortly, hedges).
A complete residuated lattice with a hedge, which is
1. Introduction our basic structure of truth degrees, is an algdbra
(L,A,V,®,—,*,0,1) such that(L,A,V,0,1) is a com-
It has been well recognized that extracting of patterptete lattice with 0 and 1 being the least and greatest
from data and further analysis of the obtained patternsiement ofL, respectively; (L,®,1) is a commutative
an important task which may help discover hidden d&onoid (i.e. ® is commutative, associative, aak 1 =
pendencies in data. If-then rules are perhaps the mbsta = a for eacha € L); ® and — satisfy so-called
widely used patterns to be extracted from object-attribuadjointness propertya® b < c iff a < b — c; for each
data. The increasing interest in fuzzy logic in both th&b,c € L; hedge* satisfies (i) 1 = 1, (ii) a" < a, (iii)
narrow and wide sense calls for methods for reasd@&— b)* <a* — b*, (iv) a* = a*, foralla,be L. EI-
ing with if-then rules in fuzzy setting. In our previ-ementsa of L are called truth degrees® and — are
ous papers [2, 3, 4, 5, 6] we introduced fuzzy attribuféruth functions of) “fuzzy conjunction” and “fuzzy impli-
logic which was originally motivated by problems in dataation”. Hedge' is a (truth function of) logical connective
analysis (generating of non-redundant bases from givemry true”, see [8, 9]. Properties (i)—(iv) have natural in-
object-attribute data with fuzzy attributes [2]). Since thetgrpretations, e.g. (iii) can be read: &f— b is very true
fuzzy attribute logic has evolved into a full-fledged logiand ifais very true, therb is very true”, etc.
cal calculus and proved to be useful in various areas (for- A common choice oL is a structure witiL = [0, 1]
mal concept analysis, database systems, etc., see [6](@mit interval),A andV being minimum and maximun
an overview of the recent results). Fuzzy attribute logieing a left-continuous t-norm with the corresponding
(FAL) deals with rules, called fuzzy attribute implicaThree most important pairs of adjoint operations on the
tions, of the form “if A thenB” where A andB are col- unitinterval are: tukasiewicza(® b = maxa+b—1,0),
lections of attributes, with the meaning: if an object has— b = min(1—a+ b, 1)), Gddel: @® b = min(a,b),
all the attributes ofA then it has also all attributes & a—b=1if a<b, a— b= Db else), Goguen (product):
In [3, 5] we showed several axiomatizations of FAL anth@b=a-b,a—b=1ifa<b,a—b= g else). Com-
proved its completeness over finite residuated lattices witlete residuated lattices include also finite structures of
hedges. This seems to be enough when considering ttiiéh degrees. For instance, we can take a finite subset
applications. For instance, finite object-attribute tablésC [0, 1] that is closed under tukasiewicz o@el op-
from which the if-then rules are generated can contanations. If we takd. = {0,1}, we obtain this way the
only finitely many truth degrees which can be capturédo-element Boolean algebra (structure of truth degrees
in a finite structure. On the other hand, axiomatizatiaf classical logic). Two boundary cases of hedges are (i)
of FAL over infinite structures of truth degrees seem tdentity, i.e.a* = a(a € L); (ii) globalization [11]:a* =1
be an interesting problem. The present paper shows tifi@= 1,a* = 0 else.



GivenL which serves as a structure of truth degreedegree||A = B||r € L to which A= B semantically fol-
we define usual notions: dnset (fuzzy setp in universe lows from Tis defined by
U is a mappin@A: U — L, A(u) being interpreted as “the
degree to whiclibelongs toA”. Let LY denote the collec- [|A= BT = Amemod(t) ||A = Bl|m- 2
tion of all L-sets inU. The operations with -sets are de-
fined componentwise. For instance, intersectioh skets
ABc LY isanL-setANB in U such thaf ANB)(u) =
A(u) AB(u) for eachu e U, etc. Forac L andAec LY, we
defineL-setsa® A (a-multiple of A) anda — A (a-shift
of A) by (a®A)(u) =a®A(u), (a— A)(u) =a— A(u)
(ueU). GivenAB e LY, we define a subsethood de- - ) ]
gree (A, B) = Aueu (A(U) — B(u)), which generalizes 3.2. Provability and syntactic entailment
the classical subsethood relation Described verbally,
S(A, B) represents the degree to whihs a subset oB.

Described verballyj|/A = B[t is defined as a degree to
which “A=- Bis true in each model of”. Hence,||-- ||t
defined by (2) represents a degree of semantic entailment
from T. In further sections we will be interested in syn-
tactic characterizations of - -||T.

This section introduces a deductive system for fuzzy at-
. : ; tribute logic and a particular notion of provability which

In particular, we writeA C B iff S(A,B) = 1. We have 4on0ra)ize the ones presented in [5]. The generalized no-
AC BIff, for eachu € U, A(u) < B(u). In the following yjons il allow us to prove various completenes theorems

we use weII-known_ properties of re_S|duated lattices a H Section 4.) over each complete residuated lattice with
fuzzy structures which can be found in monographs [1, dge taken as the structure of truth degrees

Deductive systems for FAL presented in [3, 5] are
based ordeduction rule®f the form “froméq, ..., ¢, in-
fer ¢”, wheren is a nonnegative integer ad¢; (i € 1)

31 Validit q i tail t are (schemas for) FAIs. Such deduction rules are to be
= alidity and semantic entalimen understood as usual: having rule “fran, ..., ¢, infer ¢”

In this section we recall basic notions of fuzzy attributdnd FAIs which are of the form of FAls in the input part

logic (FAL). More details can be found in [2, 4, 6]. (the part preceding “infer”) of the rule, the rule allows us
In what follows, we letY be afinite set of attributes, t0 infer (in one step) the corresponding FAl in the output

eachy € Y will be called anattribute. Fuzzy attribute Part (the part following “infer”) of the rule. Each nullary

implication (over attributes Y is an expressior = B, rule, i.e. rule wheren = 0, is considered as an axiom the

whereA,B € LY (A andB are fuzzy sets of attributes).output part of which can be inferred in one step.

Fuzzy attribute implications (FAIs) are the formulas of Deductive system of FAL which has been introduced

fuzzy attribute logic. In order to consider validity (truthjn [5] uses the following rules.

of FAls, we introduce a semantic component in which we(Ax) infer AUB = A,

evaluate FAIs and their formal interpretation. The intu—(Cut) fromA = BandBUC = D infer AUC = D,

itive meaning we wish to give td = Bis: “if it is (very)

true that an object has all attributes froln then it has

also all attributes fronB”. Formally, for anL-setM e LY for eachAB,C,D € L", andc € L. Notice that (Ax) is

of attributes, we define degree||A = B||y € L to which @ nullary rule (axiom) which says that eaéhuB = A

3. Fuzzy attribute implications

(Mul) from A= Binferc*@ A=c*®B

A= Bis true in Mby (A,B e LY)is inferred in one step. The rules are inspired
by Armstrong-like axioms, see [10] for a good overview.
[|[A=B||lm = S(A,M)* — §(B,M), 1) A fuzzy attribute implicatiorA = B is calledprovable

from a set T of FAIs using a s& of deduction rulesf
where S(---) denote subsethood degrees, see Sectiorthizre is a sequendg, ..., dn of fuzzy attribute implica-
The degree|A = B||m can be understood as follows: iftions such thap, is A= B and for eachp; we either have
M (semantic component) represents presence of attribufies T or ¢; is inferred (in one step) from some of the pre-
of some object, i.eM(y) is truth degree to which “the ob-ceding formulas using some deduction rule fré&(i.e.,
ject has the attributg € Y”, then ||A = B||m is the truth K contains a rule “fromy, . .., Yk infer ¢;” where each of
degree to which “if the object has all attributes frén g, ..., Pk is amongdy,...,di_1). If R consists of (Ax)—
then it has all attributes fror8”, which corresponds to (Mul), we say just A= B is provable fromT” instead of

the desired interpretation & = B. Note also that the “A =- Bis provable fronil using ...” and denote this fact
hedge* servers as a modifier of interpretationAdt=- B, byTH+HA=B.
see [2, 4, 6] for detalils. A deduction rule “from¢q,..., ¢, infer ¢” is said to

Let T be a set of fuzzy attribute implicationsl € LY  be soundif Mod ({¢1,...,¢n}) € Mod({¢}). A deduc-
is called anodel of Tif ||[A=- B||y = 1 foreachA=-B < tion rule “from ¢1,...,¢n infer §” (¢i,$ are FAIs) is said
T. The set of all models of is denoted by Mo(l'). A to bederivable(from a set® of deduction rulesif ¢ is



provable from{¢1,...,¢n} (usingR). The following ob- The following assertion shows that, considering only

servation will be used in the sequel. (AX), (Cut), and (Mul), provability coincides withw-
provability.
Lemma 1 (see [5]) The following deduction rules are
derivable from(Ax) and (Cut): Theorem 2 T - A= B iff A= B is w-provable from T
(Add) from A= B and A= C infer A= BUC, usmg(f\x)’,’ (Cut), and (Mul). ]
(Pro) from A= BUC infer A= B, Proof.“=": Let T - A= B. Thus, there is a sequence of

_ FAIS ¢1,...,¢n which is a proof ofA=- B from T. By in-
(Tra) from A=-B and B= C infer A= C, duction, we can check that for eaph(i = 1,...,n) there
for each AB,C,D e L. O is anw-proof of ;.
“<" Let A= B is w-provable fromT using (AXx),
~ In[3, 5], we showed that given a finite residuated lafcyt), and (Mul). Thus, there is an-proof 7" using (Ax),
tice with a hedge, we have that- A= Biff ||A=B||lr = (cut), and (Mul) which is finite. Now, one can construct
1. Described verbally, FAls which are semantically er;sequence of FAIs by depth-first traversifigand listing

FAls which are provable fronT using (Ax), (Cut), and from T (easy to check). O

(Mul). We now extend the deductive system of FAL so

that we will be able to prove this claim (and much more) The following assertion shows that if we use finite

for anycomplete residuated lattice with a hedge. structures of truth degreesy-provability yields exactly
The present deductive system will be extended by ttiee same as (the usual) provability. In this sense, our ex-

following infinitary deduction rule which can have intension of the deductive system of FAL is conservative

finitely many FAls in the input part (part preceding “inwith respect to the previous results.

fer'): _ ) Theorem 3 Let L be a finite residuated lattice with
(Addy) fromA=-B; (i €1) infer A= Uic, B, hedge. Then, for each set T of FAIs and for each /8,
Where{A:> Biliel}is anl-indexed set of FAIs. Thus, FoA= B iff THA= B iff ||[A= B|jt = L.

(Add,,) is of the form “from@; (i € I) infer ¢”. Rules ' .

of this form will be calledw-deduction rulegshortly, w- Proof. It _sufnces to showT o A= Biff TA=B.
rules. Clearly, (Ax), (Cut), and (Mul) can also be SeeH’h_e rest is a consequence of the completeness of FAL for
aswrrules, wherd is finite. Note that infinitary rules are!"Mit€ structures of truth degrees, see [3].

widely used in logic and computer science. For instance
they are used in universal algebra [12] as well as fuz
logic in narrow sense (e.g., in 7T see [8]). From now
our, assume that we use a deductive system which cépdd,) fromA = By,...,A= ByinferA= ByU---UBj,

sists of (Ax), (Cut), (Mul), and (Adg). ~ for eachn being a nonnegative integer. Each (A5
In order to useo-rules we switch from proofs consid-gerivable from (Ax), (Cut), and (Mul), see Lemma 1.
ered as finite sequences of FAlsueproofs which willbe pence ifT -, A= B, then there is a finites-proof 7

defined as certain labeled infinitely branching rooted (it A = B from T which uses only (Ax), (Cut), and (Mul).
rected) trees with finite depth [7, 12]. Each tree will bow apply Theorem 2.

denoted byZ = (I, St, wherel is a label in the root of, “ = Follows from Theorem 2. O
andStis a set of subtrees of: St={7,|7, is a subtree
atv, andv is a direct descendant of the rootD}, see [7]. Remark 4 For general, (Add,) is notw-derivable from
Leaf nodes are thus denot&d= (|, 0). (AX)—(Mul). Indeed, let. = [0,1] andY = {y}. It suffices
Given a sefl of fuzzy attribute implications, we de-to show that FAI{} = {y} is notw-provable from a set
fine anw-proof from T (using deductive systeR) as fol- T = {{} = {¥/y}|a < 1} using (Ax)—(Mul). By contra-
lows: (i) foreachA= B e T, tuple7 = (A=-B,0) is an diction, let7 be anw-proof of {} = {y} from T which
w-proof fromT (usingR); (i) if % = (¢i,...) (i €1) are uses only rules (Ax), (Cut), and (Mul). By Theorem 2,
w-proofs fromT (using®R) and “from¢; (i € ) infer$” T+ {} = {y}. By a standard argument, there is a fi-
isarule in® thenT = (¢,{Z|i € 1}) is anw-proof from nite subsefl’ of T such thatT’ - {} = {y}. Now, for
T (using®R). A= Bis calledw-provable fromT (using b= \{aeL|{} = {¥y} € T’} we haveb < 1. Since
R), written T F, A= B (T -, A= B), if there is an L = [0,1], one can take a mod&l LY of T/ such that
w-proof 7 from T (usingR) such thatT = (A=-B,...) b <M(y) < 1. ForM, we have||[{} = {y}|Im = M(y).
(i.e., if A= B is the label in the root node df). One The latter observation yield${} = {y}||+» < 1. Since
can introduce notions of soundness amderivability of (Ax)—(Mul) are sound [5], we obtai’ t/ {} = {y}, a
w-rules as in the previous setting. contradiction.

=": The crucial observation here is that since bbth
idY are finite, we can equivalently replace (Agdy a
collection of rules



4. Soundness and completeness  FAls and forA = B we define adegree/A = B|r € L to
which A= B is provable from Toy

We now prove completeness of FAL in two versions. ©

First, we show that FAls which ar@-provable fromT A= B[f =V{ceL[TFoA=caB}. ®3)

are those which semantically follow frof to degree 1 Now, we have the following

(full truth). Recall that we assume thhtis a complete
residuated lattice with a hedge. Theorem 8 (graded completenessfor each set T of

_ FAls and each A= B, we havéA=- B|¥ = ||A= B||T.
Theorem 5 (soundness)Add,,) is sound. Moreover, for proof. The claim follows by Theorem 7 and usifigh =
each set T of FAls and each=A B we have: if T-, A= Bllr = V{ceL|||[A= c®B||r = 1}, see [3]. O
B, then||A=B|lt = 1.
Proof. Let T = {A= Bi|i € 1} be a set of FAls, and We can go even farther: we can consider inference
ot € Mod(T). Thenl for eachi ¢ 1, |[A Billn;| _ from fuzzy sets of FAland still be able to have a graded

1, which is equivalent t&S(A,M)* < S(B;,M). Thus, completeness for anly. Due to the lack of space, this

S(AM)* < Aies S(Bi,M), which further givesS(A, M)* < and related results are postponed to the full version of the

S(Uici Bi:M), i.e. [JA = Ujc Billu = 1, showing that PaPer-
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Lemma6 Let T be a set of FAls. If T4, A= B, then 6198959214

there is a model M Mod(T) such that|A = B||m # 1.

Proof. Let T I/fy A= B. PutM = |J{C € LY|T I
A= C}. We have thafl -, A= M. Indeed, for each References
T ko A= C, there is anw-proof 7c of A= C from T.
Hence, using (Adg), 7 = (A= M {%c|T F,A=C})
is anw-proof of A= M from T, showingT ¢, A= M.
Now, it suffices to check that (Y € Mod(T) and (ii)
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