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Abstract—The initial boundary value problem for parabolic
equation with Neumann boundary condition is a kind of classical
problem in partial differential equations. In this paper,we
consider a heat inverse problem with moving boundary. By
introducing a density function for potential method, thisproblem
is essentially converted into solving an integral equation of the
first kind with respect to the density function,which can be solved
by the Tikhonov regularizing method. Model function method is
used to determine the regularizing parameter. Numerical results
are presented to support our inversion schemes.
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l. INTRODUCTION

The initial boundary value problem for parabolic equation
with  Neumann boundary condition is a kind of classical
problem in partial differential equations. The direct problem is
to solve the temperature field from given initial and boundary
conditions. If the boundary conditions are not specified
completely, but with some additional condition given at the
interior point of the domain, then it formulates an inverse
problem for reconstructing the boundary heat flux, which is ill-
posed. In general, the classical solution to this problem may not
exist, also the solution may not depend continuously on the
input data. So some regularizing method should be applied to
get a stable approximate solution.

The study of system with moving boundary is extensively

used in conservancy[2],numerical analysis[4,6],
physics[7],water  biology[10], construction in national
defence[3,5],etc.
Il.  THE QUESTION
on Q=1 xe (X (1),0),t>0} .consider the

following heat conduction problem with Neumann boundary
condition and the initial temperature field
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3-as; 0<X(t)<x<+oqte(Ot)

ﬂU%L:xa) +q0) :O'%L:m =0 te0t]
u(x,0)=¢(x) X(0) <x<40

a 62u:O

(1)

Where % are known and q(t) means heat flux.From the
Physical point of view,the boundary movement can be
conditioned by ablation,thermal shrinkage or linear expansion
of the body material.

About the problem described by (1),it is a direct problem to
get temperature u(xt) Jif X() , ¢(X) are known

already.However,in fact,the heat flux q(t) is not easy to
get,but the temperature on somewhere can be abtained

easily.So it is feasible to get q(t) using the metrical data

u(xt) .Then it is an inverse problem.Once the q(t) is

available the temperature u(x,t)

direct problem.

can also be confirmed by

The inverse problem is to identify q(t) in [0,T] from the
following additional condition

ud,t) = £(t), te[01]

2
with d> MaXgory X(1) .However,the real f(t) is difficult to

5
get,the geodesic o) is more reasonable,with condition of

oo

<
L2011
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So the inverse problem is convertd to identify q() from the

5
geodesic 0 It will be a Volterra integral equation of the
first kind,which is seriously ill-posed,and regularizing scheme
iS necessary.

Here,potential method was used to solve the inverse
problem,decribed by (1)-(2).So the initial condition

u(x,0)=0 is necessary.Assume that the initial condition
satisfied the following condition:

@(x) € C([X(0),+)) ¢(X(0))=0

p(x) xe[X(0),:)
0 xe(=0,X(0)

CONVERTION OF THE INITIAL CONDITION

lim p(x)=0

X—>+00
'

w(X) ={
Let

(x-1)?

e_

+oo 4at
Z(xt)=[ " wn) T O

And define

Z(X’t) is the solution of heat
the initial  condition

It is easy to prove that
problem of  Cauchy

Z(40) =y ().

,with

v(x,t)

lemma 2.1. The new function satisfies

2
%a—va%zo Oéa)z((t)<x<oo,te(O,T)
%&'x:xa) +q(t)+/10&|x:xa): 0,
Y0 e
v(x,0)=0 X(0)<x<w )
Where v(x,t) = u(x,t)—Z(x,t)_ Now
v(d,t)= f(t)-Z(d,t):= f(t),t [0, T] 5)

Then the inverse problem convert to reconstructq(t) from the

information about v(d.t) ,where Z(x.1) , X(t) and (1) are

o

x x=x(t)

all known.Notice that the should be taken

o
for & *=x®+ Introduce the density function representation

forV(X't) :
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(d-X(&))?
t ae 4a(t_§)

Py D o(&)dE, X(t)<x<oo,

v(x,t) = I

0

te[0,T]
(6)

a(t)

with o(t) € C[0,T] Using(4), we get that meets

_(d=X(&)?
ae 4a(t7§)

2\ ma(t—E&)

v,y =[ o&dE= 171, te[0,T]

()

*5

also considering the geodesic data ,with

17~ £ gy <6 o

The (7) is an integral equation of the first kind with respect

to the density function o(t) .Regularizing scheme should be
applied to solve this equation to get the approximate

6}
solution (t)

Theorem 2.2. If () is the exact number,then the expression
(7) has the unique solution o(t) lying in C[0,T].

Proof: The expression(7) is a linear about o(t) ,S0 itis only to

prove that o) =0 e T (=0
Let (=0 ,50 the expression (7) converts to
_(CL*)(((s;)))2
a(t—
2 (E)dE=0,te[0,T]
02ma(t—¢)
Define
_(d=X (&)’
ae 4= 0<e T
_ A —— <é<t<L
K-8 =12 /ra(t-2)
0 & et,+0) U (—x,0)

[ KE-9a($)ds =0

The left of the equation above is just the convolution of
K() and o() .Use Fourier Transform on both side of the

F (K)OF (0)()=0

that K(t-¢)#0
F(@)()=0= a(t)=0

So

equation above

Because

F(K)() =0

,S0

,then ,proof over.



When use regularization method on expression(7),the
approximate solution " (1) of o(t) can be get.Then the
jump relationship of the potential theory on on boundary
X(0):te[0,T] can be used to get q(t) .The jump
relationship[1] is described as below

lemma 2.3. On X(0):te[0,T] ,V(X’t) has the following
jump relation

ov
OX

ov
OX

X=X (t)+ — X=X (t) _%W(t)

)

Using this Lemma and the boundary condition in (4),

q(t) can be solved from

wxm vt 2 = > [w(t) +

OI()——/%

_(X(t)- ><(f))

X(t) - X(S)
2

e w(E)dé]
J- T az -&)? (10)

where o(t) has been determined approximately from (7) by
regularizing scheme.

IV. NUMERICAL EXAMPLE

In this section,we will present a numerical example to show
the validity of our algorithm.Consider the following heat
problem

2
@—aa—\zlzo 0<X(t)<x<owo,te(0,T)
0 5 OX o7
v
%&lx:t +q(t)+}'0&|x:x(t): 0,
N =0 te[oT]
v(x,0)=0 X(0)<x<ow

an

sinx xe[0,27]
@(X) =
Where

0 else X(t)=t
s
Kat) = j;;‘eﬁ o(&)ds

So
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(x-t)?
T4a(t-2)
ae
K'p(&) =] PN aeeiath
and 98)
‘(X4_'7t)2 ‘(X4_'7t)2
¢ —dy = J. S|n77e dn
Let drat drat

v(x,f)=u(x,)-Z(x1) ,the inverse problem is just
converted to get o(t) from the equation below

d2
e 4D

N o(§)dS=17(t)

f @=10 d=20 7=314159 T =10 g

v(d,t) = f(t)—Z(d,t):_[O

O, o) and q() can be given by the artificial
boundary.Just shown as Figurel

the true o the true 1

: \\\ ocn|
\\ oc.ozs |
a.7 ‘\\ )
Figure 1. the real “(and f'(®
5_ * - _ *
Lot 7= £ O+ Fxunifrnd (-LLND ) oo
unifrnd(-1,1, N,1) [-1,1]

can give the rand array between
of N _dimension .Here N =100

Fig2 is the figure of o(t) used by the prior selection of
regularization parameter.We can see that when regularization

parameter &
real is alike.
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We can see from Fig. 2that whent =T ,the geodesic and
the real is unlikely seriously.It just because the self bug of the
Tikhonov regularization method.

In fact,the consided problem (1) is converted to the problem
described by (4) .The inverse problem is to get o(t) through
v(d,1) by the first Volteral equation

(d-X ()

4a(t-2)
Kao(t) = [ 28

Nt A A COL QLR

12)
From the equation above,easy to know that ,to confirm
o(t) on [0.1) only need F( on [0.1) ,which just reflect

the causality of the problem.that is,the knowledge of N0 on
[t,T]

[t,T]

the past [0.,9) already reflects the value of o(t) on ,and

have nothing to do with the knowledge of N0 on
However.,when used the Tiknonov regularization method

on equation (12) to get o(t) it is converted to the equation
shown as (13).

[ e[ et Hat ok +aoft) - j;G'(t,;)fﬁ(odt(m

It is a posed second Fredholm equation,which is valid to get
w5 (t)

But,notice that the causality reflected by equation(12) is

,the steady approximate solution of o(t) .

changed.seeing form (13),it converts to get o(t) on [0.1) by
F on [t.T] ,that is,when to get o(t) ,the future value is
used to get now value,which is out of reason.lt is obvious that

when t =T ,consider both sides of equation(13),the right is
tended to zero,and the first part of the left is tended to

aw(t) >0 that is w(t) >0

of expressly glide when t—>T on Figure2.

zero.Then .That is the reason

It is the self-bug of Tikhonov regularization method on
special case.The Landweber method or the ductibility
continuously method can be used to treate the case.Here we
will use method of ductibility continuously to avoid the
complexion.The result is shown in Figure3.
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Figure 3. figure of o(t) treated

Then using the (10),we can get q() At's figure is as
following Figure4

= alo.s)
aity ||

1.5

0.5

af

ol

Figure 4. figure of 4(t)
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