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Abstract. Two simplified methods are introduced in the paper, in which periods and mode shapes 
are obtained through solving the story lateral stiffness of frame- shear wall structures, the method of 
solving the differential equation and the method of substructure. On the basis of assumption for 
structure, the assembling strategy of mass matrix and stiffness matrix are discussed specially. The 
periods and mode shapes can be acquired through both methods and the results are compared and 
analyzed with PKPM and ANSYS. The computation programs are very convenient and can gain the 
periods and mode shapes quickly. The methods will create some degree of errors, but it is in the 
scope of acceptance. They are of great reference to structural designers and scientific researchers.  

Introduction 
With the rapid development of computation theory, the computation methods for high-rise 

buildings have gained great progress, from the initial vibration analysis of plane frame structure to 
current space finite element analysis[1]，the method of analysis is more and more accurate and 
complex[2,3]. In actual engineering, there is some degree of difficulty to perform a finite element 
analysis (FEA) for the whole structure, and FEA is only carried out for parts where there is complex 
stress distribution. Matrix displacement method is used in the analysis in the high-rise building 
analysis software, but it is improved. Wall element is introduced in many software, the bar element 
is still adopted for frame column and beam, but the shear wall is not modeled by thin-wall column, 
but by shell element which will make the computing results more accurate. The modal reduction is 
used in the Matrix displacement method for the assembling of lateral stiffness matrix, but modal 
reduction is complex when the sum of structural elements is large. In the paper, two simplified 
methods developed based on Fortran are introduced and checked by PKPM and ANSYS, which can 
be used for solving the dynamic characters, guarantee the validity of computing results and obtain 
periods and mode shapes quickly and accurately.  

Basis of structural dynamics 
Finite element analysis (FEA) is the theoretical basis of the two methods, its basic procedure is: 

discretization of structure, determination of displacement pattern, analysis of element characteristics 
and establish and solve equation. Eigen-equation of un-damped free vibration is expressed as[4,5] 

{ }2| [ ] [ ] | 0K Mω δ− =                                                          (1) 

Where, [ ]K  and [ ]M  is stiffness and mass matrix, ω  is circular frequency; { }δ is 

eigenvector. 
Basic assumptions. The stiffness is rigid in the floor plane and the stiffness is ignored outside 

the plane. All lateral structures are connected with the rigid floors and the floors can be seen as a 
horizontal hinged link between the lateral structures. The influence of torsion is not considered and 
the horizontal displacement of lateral structure at the same floor is equal. 
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The plane stiffness of the lateral structure is infinite and its out-of-plane stiffness is very small 
and can be ignored. 

The shear walls can be united into an equivalent shear wall, its synthesized bending stiffness is 
the total of synthesized bending stiffness of each shear wall. All the frames can be united into an 
equivalent frame and its synthesized lateral stiffness is the total of synthesized lateral stiffness of 
each frame. All the coupling beams can be united into a total coupling beam, the restraining 
moment of the total coupling beam is the sum of restraining moment of each coupling beam. 

Method of solving the differential equation. The shear wall and frame are seen as an elastic 
foundation beam and elastic foundation effectively, the deformation of the shear wall and frame are 
compatible along with the height. 

Setup of differential equation. The relation of the shear wall between the load and internal 
force, which is a rigid system, is  
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Where ijm  is the restraining moment of the i-th coupling Beam of j-th floor, m  is the total 

restraining moment of the j-th floor, mP  is the equivalent of coupling beams. 

The relation of the shear wall between the load and internal force is 
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Substituting Equation (5) into Equation (4) and make  
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Equation (6) is the compatible differential equation between the shear wall and frame. 
Solution of stiffness matrix. For the shear frame- shear wall structures, the structure can be 

simplified as a flexural-shear floor model when solving the periods. The mass is concentrate at the 
floor and a unit horizontal force 1jP =  is imposed at every floor, the get the horizontal 

displacement ijδ of i-th floor, which make up the flexibility matrix [ ]δ  
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                                                          (7) 

The lateral stiffness matrix is defined as the inverse of the flexibility matrix as shown in Eq. 8 
1[ ] [ ]K δ −=                                                                  (8) 

Solution of differential equation. The floor displacement when horizontal force is imposed can 
be obtained after differential equation is solved, the solution of Eq. 6 is  

1 2 1y C C Ash Bch yλξ λξ= + + + +                                              (9) 
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Where 1y  is particular solution and it is different when the load is imposed on the top floor or 

not.  
So, when the load is imposed on the top floor, the solution can be written as 

2
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[ ( 1) ]

W

PH sh
y ch sh
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λ λ λ λ

= − − +                                   (10) 

When the load is not imposed on the top floor, the solution can be written as 
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In conclusion, the its basic procedure is: impose unit force 1P =  at j-th floor; determine jλ  

and jH ; solve the displacement ijδ with eq. 6 and assemble flexibility matrix [ ]δ ; obtain the 

lateral matrix through solving the inverse matrix of [ ]δ .  
Error analysis. For the model simplification, the shear wall and frame are linked with coupling 

beams, so there is some error with the actual stressful condition.  
The compatible condition is the displacement of the lateral member at each floor is the same 

when space cooperating analysis is performed, but when the differential equation is set up, it is 
assumed that the displacement of the lateral member at any height is the same. 

When the concentrated force is not imposed top floor, but on any floor, the influence of the 
structure above the floor on the structure below the floor is ignored, so there is also certain error. 

The actual floor is not ideal rigid slab, so there is some error when the model parameters are 
solved, such as WI , FC  and m . 

The moment stiffness of shear wall and lateral stiffness of frame is the weighted average of the 
floor height, so the method is only suitable for the building whose stiffness is uniform along height. 

Method of substructure. When horizontal force is imposed and there is no rotation at floor, the 
lateral structure at the direction can be divided into several substructures, the displacement jy  of 

each substructure at the same floor is equal. 
Matrix theory. For substructure m, the load vector is expressed as 

1 2{ } ([ ])m m m m T
nP P P P=                                                        (12) 

Because of displacement compatibility, the floor displacement is 

1 2 1 2{ } ([ ]) ([ ]) { }m m m m T T
n ny y y y y y y y= = =                                           (13) 

The total load vector is  
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The relation of load and displacement is 
{ } [ ]{ }P K y=                                                                (15) 
Comparing Eq. 14 into Eq. 15 yields the total stiffness matrix as 

 
1
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m
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=                                                              (16) 

From the Eq. 16, it can be seen that the total stiffness matrix of structure is the sum of each 
stiffness matrix.  

For the frame-shear wall structure, the shear wall and frame can be seen as two substructures 
(Fig.1). After the superposition of lateral stiffness matrix of shear wall and frame, the total lateral 
stiffness matrix of frame-shear wall structure can be obtained. 
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(a) substructure 1 - shear wall     (b) substructure 2 - frame 

Fig.1 Two substructures of frame-shear wall 
Lateral stiffness matrix of frame. The frame is simplified as layer model. Because the 

deformation of frame structure is mainly shear, the deformation curve, layer model and ijk  are 

shown as Fig.2. 

  

(a) deformation curve (b) layer model (c) ijk  

Fig.2 Frame structure 
To sum up, the total stiffness matrix for shear model can be expressed as Eq. 17, for the frame 

structure, ik  can be replaced by the value D  of every floor. 
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Lateral stiffness matrix of shear wall. The deformation of shear wall structure is mainly 
flexural, the deformation curve, layer model and ijk  are shown as Fig.3. 

  

(a) deformation curve (b) layer model (c) ijk  

Fig.2 Shear wall structure 
For shear wall, the stiffness matrix can be derived with method of energy, after iEI  and iGA  

of each floor is determined. A unit force is imposed at j-th floor, and the nodal displacement can be 
derived with the Eq.18 or Eq. 19 

___ ___

p pM M k Q Q
ds ds

EI GA
Δ = +                                                              (18) 

___

p

eq

M M
ds
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Δ =                                                                        (19) 

Where eqI  is the equivalent moment of inertia of shear wall. 
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Error analysis. The layer model is a simplified model, especially for high-rise building, the 
linear stiffness ratio of beam to column is minor and can be seen as strong column and weak beam, 
the flexural deformation of frame will relatively large. The deformation of shear model is flexural, 
but there is also some constituent of shear one, so there is some error unavoidably when it is seen as 
a flexural model. In addition, the floors are not ideal rigid slabs. 

Computational example 
Engineering description. The building is a frame-shear wall structure with 17 storey, the height 

of major structure is 62m and the seismic fortification intensity is 7 degree. The column section is 
600mm×600mm, the thickness of shear wall is 250mmm, there are three types of beam section, 
250mm×600mm, 250mm×500mm and 250mm×400mm. The building structure system is 
Cast-in-situ, the strength grade of concrete from storey 1 to storey 6 is C50 and it is C45 above 
storey 6, the plane arrangement chart of the building is shown as Fig.3. 

 
Fig.3 Plane arrangement chart of the building 

Analysis results. The first three natural frequencies is shown as Table1, it can be seen that the 
frequencies calculated with method of solving the differential equation and method of substructure 
are close to those calculated with commercial software PKPM and ANSYS. The first three mode 
shapes are shown as Table 2, their shapes are very similar. 

Table 1 The first three natural frequencies 

Method 
Period (s) 

1 2 3 
Method of solving the 
differential equation 

1.333 0.350 0.184 

Method of 
substructure 

1.339 0.310 0.116 

PKPM 1.346 0.340 0.153 
ANSYS 1.335 0.315 0.161 

Summary 
An effort has been made to calculate the periods and mode shapes of frame-shear wall structure, 

which is based on Fortran, the following conclusions can be drawn. 
1) From the calculation results, the first natural frequency is very close each other, there are 

some errors between the second and third frequency, but it is in an acceptable range. 
2) From the mode shapes, it can be seen that the mode shape is correct. 
3) The two methods is very convenient even though there are some errors, they are of great 

reference to structural designers and scientific researchers. 
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Table 2 The first three natural frequencies 

Mode 
shape 

Method of solving 
the differential 

equation 

Method of 
substructure 

PKPM ETABS 

1 

   

2 

 
  

3 
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