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Abstract

We introduce perturbative Feynman integrals in the context of g-calculus generalizing
the Gaussian g-integrals introduced by Diaz and Teruel. We provide analytic as well
as combinatorial interpretations for the Feynman-Jackson integrals.

1 Introduction

Feynman integrals are a main tool in high energy physics since they provide a universal
integral representation for the correlation functions of any Lagrangian quantum field the-
ory whose associated quadratic form is non-degenerated. In some cases the degenerated
situation may be approached as well by including odd variables as is usually done in the
BRST-BV procedure. Despite its power Feynman integrals still await a proper defini-
tion from a rigorous mathematical point of view. The main difficulties in understanding
Feynman integrals are the following

1. The output of a perturbative Feynman integral is a formal power series in infinitely
many variables, i.e., an element of C[[g1, ..., gn, ..|]. This fact goes against our strongly
held believe that the output of an integral should be a number.

2. There is no guarantee that the formal series mentioned above will be convergent,
not even in an asymptotic sense. General statements in this matter are missing.

3. Feynman integrals of greatest interest are performed over spaces of infinite dimen-
sion. In this situation the coefficients of the series in variables C[[g1, ..., gn, ..]] referred
above are given by finite dimensional integrals which might be divergent. In this case
additional care must be taken in order to renormalize the values of these integrals.
The renormalization procedure, when applies, is done in two steps one of analytic
nature called regularization, and a further step of algebraic nature which may be
regarded as a fairly general form of the inclusion-exclusion principle of combinatorics.

4. In process 1 to 3 above a number of choices must be made. No general statements
showing the unicity of the result are known.
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Finite dimensional Feynman integrals are also of interest for example in Matrix theory.
They still present difficulties 1 and 2 above but issues 3 and 4 become null. The goal of this
paper is to construct a g-analogue of Feynman integrals which we call Feynman-Jackson
integrals. We consider only the simplest case of 1-dimensional integrals. Our approach
is to use the g, k-generalized gamma function and the ¢, k-generalized Pochhamer symbol
introduced in [6] and [5].

The computation of a 1- dlmensmn Feynman integrals, for example an integral of the form
2

/e @) dz where h(z) = — + Z h;— is done in four steps
74!

1. The integral is obtain perturbatlvely, meanlng that the integrand h(z) should be

replaced by a formal power series —— + Z gihj—= € Cllg1, ..., gn, ..]] where {g;}32;
J
7=1
is a countable set of independent variables.
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2. One uses the key identity e =N
oo g al
3. e 9T g expanded as a formal power series in C[[g1, ..., gn, .|| using the series
expansion of e*. This step reduces the computation of the Feynman integrals to
computing a countable number of Gaussian integrals.

4. Compute the Gaussian integrals obtained in step 3 which yield as output an element
in C[[gla < 9n; ]]

Steps 1,3 and 4 can be carried out in g¢-calculus without much difficulty . The subtle
issue to be tackled is the unpleasant fact that the identity e*™¥ = e®e¥ does not hold in
g-calculus.

This paper is organized as follows: in Section 2 after a quick review of g-calculus we
introduce Gauss-Jackson integrals based on the definition of the function I'y » introduced
in [5]. In Section 3 we introduce the combinatorial tools that shall be needed to formulate
our main theorem. In Section 4 we introduce the algebraic properties of the g-exponential
that will allow us to overcome the fact that Fj ¥ # E?FE{. In Section 5 we shall enunciate
and prove our main result Theorem 16

2
: /V .o - QTR g J[JJ wq(A)
E | “dyx E hg(A)——=
q72 q
Ly2(1) /-, A€Ob(Graph,)/~ auty(A)

which gives a g-analogue of 1-dimensional Feynman integrals.

2 Gauss-Jackson integrals

In this section we review several definitions in g-calculus. The reader may find more infor-
mation in [5], [3], [12] and [4] . We focus upon the ¢, k-generalizations of the Pochhammer
symbol, the gamma function and its integral representations [5].
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Let us fix 0 < ¢ < 1 and let f : R — R be any map. The g-derivative Jy(f) of f is

given by 0,(f) = Z i %, where I, : R — R is given by I,(f)(z) = f(qx) for

all z € R, and d, (f) I,(f)— f.
The definite Jackson integral (see [10] and [11]) of a map f : [0,b] — R is given by

b o0
/0 F@)dgr = (1 - b S a1 (q").
n=0

The improper Jackson integral of a map f : [0,00) — R is given by

/ e = (1) S i (%) .

ne’l

(1-4q"
(1—q)
is the g-analogue of a real number ¢. The ¢-factorial is an instance of the g, k-generalized
Pochhammer symbol which is given by

For all t € ZT the g¢-factorial is given by [t],! = [t]4[t — 1], - - - [1]4, where [t], =

n—1

[t = [tlglt +Klglt +2K]g... [t + (n—1)k]y = H[t + jklg, forall teR.
§=0
In this paper we shall mainly use the ¢, 2- generalized Pochhamer symbol evaluated at
t =1, namely

n—1

[Un2 = [1g[3]g[5lg - .- [2n — 1]q = H[l + 2jlg- (2.1)
=0

We remark that [1],,41,2 = [2n+41]4[1],2. We shall use the following notation. Let z,y,t €
R and n € Z* we set

(1‘ + y)q,2 T J];Io(x +4q y) an ( + x)q,2 - (1 + q2tx)(37027
[e'¢)
where (1 4+ x H (1+ q

Recall that one can define two g-analogues of the exponential function given as follows

o qn(nfl)xn )
2 = ZW:(“F@—Q )Z) g2
n=0 qa-
0 n
1
L - A- (-
Lo
(1-q%)¢0 1
The ¢,2-gamma function I';2(t) is given by the explicit formula I'yo(t) = 7;1’_1

for a real number ¢ > 0, and has a representation in terms of £y 5 given by the following
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Jackson integral

(S

( [2]q2 ) 2a2

Iz a2

T,a(t) = / R ) (2.2)
0

Similarly one can define 'y(a)

0.2 (t) for a > 0 using €q.2 Dy the following Jackson integral

2

@ ofa(i-g?)? a2
Vg2 () = / r' €2 dgx, t>0. (2.3)
O k)

Both integral representations are related by I';o(t) = c(a,t)v(gfg (t), where the function
c¢(a,t) is given by

t

t
1 2 o\1—-%
(14 ), (Bl )5t for a0 and ve

We proceed to introduce two different g-analogues of the Gaussian integral and give a
Jackson integral representation for each one. The Gaussian integrals are related to each
other by the function c(a,t) in a similar way as the integral representations of the ¢, 2-
generalized gamma functions are related to each other.

1

Definition 1. Letv = <(1[E]qqg)) > and e = oo/a(l—qQ)%, the Gaussian-Jackson integrals

are given by

22 2,2 0 2,2

1 [v — 1 [v —or 1 s
G(t) =5 / 2B, )M dgw = . /O N R 3 / 2B )M dgr, >0,

-V

1 e(a) s 1 e(a) s 1 0 z
G (¢) = = ptte Plag o= = ot le Plag oy = ot le Plag x t>0.
( ) 9 (@) q,2 q 9 0 q,2 q 9 —e(a) q,2 q->

Notice that if ¢t — 1 is an odd integer both integrals in Definition 1 are zero because then
q2x2
[2]q

T
Ty
and e, 5

t—1

't is an odd function while Eq 9 are even functions.
b

3 Combinatorial interpretation of [1], 5

In this section we introduce the combinatorial tools that will be needed in order to describe
g-analogue of 1-dimensional Feynman integrals. The interested reader may consult [1], [2],
[8] for further information.

Definition 2. A partition of a € Z" is a finite sequence of positive integers ai,as, ... ,a,
s
such that Zai =a. For a,d € Z*, py(a) denotes the number of partitions of a into less

i=1
than d parts.
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Definition 3. Let n € Z" and ai,as,...,a, be a partition of a. The q-multinomial
coefficient is given by

a1+a2_|_...+an _[a1+a2—|—...an]q!

a17a27"'7an q [al]q![aﬂq!"'[an]q!.

Denote by [[n]] the set {1,...,n} ordered in the natural way. |X| denotes the cardinality
of set X and Sx denotes the group of permutations on X.

Definition 4. Let aq,...,a, be a partition of a. We denote by S(aq,...,a,) the set of all
maps f : [[a]] — [[n]] such that |f~1(i)| = a; for all i € [[n]]. We set inv(f) := |{(i,j) €
[lal] x [[al] : ¢ < j and f(i) > f(5)}-
The following result is proved using induction.
Theorem 5.
ay+az+---+ap o inv(f)
|: a1,a2,...,0n :| N Z 1 ’
4 feS(ar,..an)
Notice that this result implies that
e inv(f) _ inv(f)
["]q!_[ 11,...,1 ] = 2 "=
q fes@,....1) FES|n))

Definition 6. A paring o on a totally ordered set R of cardinality 2n is a sequence
o= { (ai7bi) ?:1 S (R2)n such that

1. ag <as < - <ap.

2. a;<b;, 1=1,...,n.

=1

We denote by P(R) the set of pairings on R.
Definition 7. For a € P([[2n]]) we set
1. ((ai, b)) ={j7 €[2n]] : a; < j < b;} for all (a;,b;) € .
2. P(o) ={bj : 1 < j <i}.
i=1

Example 8. Let o be the pairing on [[12]] shown in Figure 1. The weight w(a) can be
computed as follows

g (@IDNPL@] = 8 glazb)\Pe(@] = g5 gl((asba)\Ps(@)| — 0

gl (@b)\Pa@)] = g6-2 l(@sbs)\Ps(@)] — g4-2 gl((asbe)\Ps(@)] — g1-1,

Hence w(a) = ¢*°.
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W/ NN

a, a, a; by a; a5 ag by bg by bs by

Figure 1. Example of a pairing « on [[12]]

Theorem 9. Given n € N the following identity holds

Mn2= Y. wle). (3.1)

acP([[2n]])

Proof. We use induction on n. For n = 1, we have [1];2 = 1. Suppose identity (3.1)
holds for n, we prove it for n + 1 as follows

Sl =Y wla (b b

acP([[2n+2])) a€P([[2n+2]])
= Z g2 Z w()
2<b1 <2n+2 BeP([[2n+2]\{(a1,b1)})
= > "D wp)
2<by <2n+2 BeP([[2n]])
= Z qer [1]7172
2<by <2n+2

= [2n+ 1]q[1]n,2 = [1]n+1,2-

Notices that as ¢ — 1 we recover the well known identity
(2n —1)(2n — 3)...1 = |{pairings on [[2n]]}|.

Example 10. By definition [1]22 = [1]4[3]; = [3]4. Consider the pairings of a four ele-
ments ordered set. Figure 2 shows that there are 3 such pairings and that the sum of their
weights is 1 + q + ¢* as it should.

4 Algebraic properties of the ¢g-exponentials

The g-exponential maps ey and Ej are good g-analogues of the exponential map e* since

they satisfy 9,e? = €% , ed=1and qliin1 e =€, and O,FEY = E{", E) = 1 and qliin1 Ej =e¢".

From a differential point of view eg is the right g-analogue of e”. However both e7 and Ej
lack the fundamental algebraic property of the exponential, namely that e* : (R, +) —
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a; b1 a, b2 aj;a;b; b, a; a2 by by

Figure 2. Combinatorial meaning of [1]2 2

(R,-) is a group homomorphism. Indeed one checks that eq+y # €5 ¢ and also that

Eg™Y +# EEY. Nevertheless we still have the remarkable identity (e q) =E;”.

A possible algebraic solution to this problem is to assume that yxr = gxy. Using this
Tty _

relation one verifies that eg ¥ = elef and EJY = E7E{. However we still have to deal

with the fact that e ¥ # e® veq and EJY 4 ETE] for commuting variables z,y € R.
Theorems 11 and 12 below prov1de tools that allow us to overcome this obstacle in the
process of computing Feynman integrals, as discussed in the Introduction.

- ) c (_1)c—k(d-lig—k)q(d—l—k)(d—i—k—l)
Theorem 11. E =FE, E Ae,axy” |, where Ae g = g
4,2 a, 45 ¢ ‘ Pt [d 4 K] g2!c — k] 2!

Proof.

oty —s nl)x_|_ n o —1)mgpm
Bt = <Zq o y))(g:%)

m=0 -

—1)m n(n—1)
_ Z (=)™ (R)a gk

[n] 2! [m] 2!

nm,k<n q

Making the change c=m + k and d = n — k, we get

) e (—1)e* (d—i—k) (@R (dk=1)
Ej3Ve s = - ey, 4.1
s =2 (Z [+ kl2[c — K]2! oy (4-1)

c,d>0 \k=0

k (d+kY  (c—k)(c—k—
Theorem 12. 6:z:er - qu Z fic,dxcyd , where Ked = i (_1)0 k( —]’g— ?q(c k)(c 'k 1)
¢,d>0 = dF Hetle = Elg!

Proof.

T4y p—a = (z+y)" X (—1)mgm(m=1) m
B = <Z ([“Tz:')> (Z (1) [fn]q,Q! )

—1)m (™) gm(m—1)
= Z (=1) (k)q merkynfk

T [n]g2![m]g2!
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Fixing c =m + k and d = n — k, we have

¢ (_1\c—k(dt+kY (c—k)(c—k—1)
Tty p—a ()" (" )a c d)
g2 Egy = E zy* | . (4.2)
q q C%O (kO [d 4 K] 2![c — k] 2!
|
. 1
Lemma 13. Forc,d € N, lim Aoy = —0.0.
g—1 7 d
Proof.
c d+k c
1 c 1
Lim \. ; = 1 c—k ( k ) — -1 c—k = —6.0.
gt e > (-1 d+k)l(c—k)!  de Z::( k) = @deo

k=0

5 Feynman-Jackson integrals

We denote by Graph the category whose objects Ob(Graph) are graphs. Recall that
a graph A is triple (V, E,b) where V and E are finite sets, called the set of vertices and
the set of edges respectively, and b is a map that assigns to each edge e € E a subset of
V' a cardinality one or two. To each graph we associate a map val : V — N defined by
val(s) = |[{e : s € b(e)}|. All graphs considered in this paper are such that val(s) > 1 for
all s € V. Morphisms in Graph from A; to Ay are pairs (¢v, pg) such that

1. (Y22 VAo V(Al) — V(Ag)
3. b(A2)(pEr(e)) = pv(b(A1)(e)), for all e € E(Ay).

The essence of 1-dimensional Feynman integrals, see [7], may be summarized in the fol-
lowing identity

a2 ooy @ A

+Z ':193}11,-7 — w( )

5 t+; 3 3 h(A)aut(A). (5.1)
A€Ob(Graph)/~

1
— [e
=
In identity (5.1) the following notation is used
1. Ob(Graph)/ ~ denotes the set of isomorphisms classes of graphs.
2. h(A) = Hse\/ hval(s)'
3. w(A) = ILev Yval(s)-

4. aut(A) = |Aut(A)| where Aut(A) denotes the set of isomorphisms from graph A into
itself, for all A € Ob(Graph).

Theorem 16 below provides a g-analogue of identity (5.1). We first prove the following
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Theorem 14.

1 v —q a2 Y% by [J] (3] .
o) "y = 3 xmd
q, m:0

-V

where

B (=) gihy d+k
=) [2];[2j1q![d+k]qz![c—k1q2!< K >

a,c,d, gkl f

The sum above runs over all c,d, j, k € Z*, such that k < c, | € pg(27), f € S(l,...,1q),

c+j
o € P([[2¢ + 25]]) (de| ((ai, b))\ Po(@)| +inv(f) + (d+ k) (d+k—1)+2c=m
— g2 © g hizd
Proof. Making the changes x — W and y — Z ][ ]j ' in Theorem 11, we get
q » Jlg*
J oo oo y d
2?5 gihy i ’q e Aed(—1)¢q*a* xl
[2lq G=19i"% It c,d .
Fa2 PPN R el O
C,dio q j:1
_ 222 ‘ ;
_ g i Aca(=1)°q* x> i 3 Ulelon - gighuy - Py | 2
92 — [2]¢ — - Ulg!l2lg! - - Tlalg! 714!
¢,d=0 a J=1 \l€pa(j)
252 .
_ 5 e Z Aed(—1)°q* g - gy -, J 20+
4,2 ‘ 2]¢ l1, L .
c7d7.]7l q q

Using the expression given in Theorem 11 for A. 4 and using the convention that g, =
Giy - g1, and hy = hy, ... hy, for 1 € pa(j) we get

e s o, & —ETIQ]Z Z (—1)26F gy gk (d+h—1)+2 <d+k> [ J } 2ot
lla ld ‘

E [2]q
" cdojkl 2]5[7]¢![d + E]g2!c — k] g2! k

(5.2)

Multiply by ﬁ and integrate both sides of the equation (5.2) from —v to v (which
cancels out all terms with j odd), one gets for I € py(25)

/ E_q TR dgw (5.3)
q2

Z 1)2- kglhlq(d+k)(d+k—1)+zc(d;:k) 9 1 /u E—[qQL]qaﬂ 20”{&
=y [d+k] Mo Hpl | hoeda | T ), Far @ 1A
s oty |y o
cd gkl [2] 2 ] [d+k] 2'[C—k3]q2! l1,...,1q . s
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Notice that equation (5.5) is obtained from equation (5.4) using Definition 1. Using
Theorem 9 and (4) in the right-hand side of (5.5) one obtains

2c—k d+k )
) CO* b (7)ot et P @R @R 42 (5.6)

- q
okl f [2]5[23](1![(1 + k]q2![c — k]q2!

Which yields the desired result. |

Using Lemma 13 one notices that the limit as g goes to 1 of (5.6) is

> (29;% ! ( 2j ld> [pairings on [[2]

Ih,. ..,

which is well known to be equivalent to formula (5.1)

Definition 15. We denote by Graph, the category whose objects Ob(Graphq) are planar
q-graphs (V, E,b, ) such that

1.V ={e} UV LUV? where VI ={®1,...,@p,} and V? = {o1,... opy}.
2. E=FE'UE?UE3.

o

b is a map that assigns to each edge e € E a subset of V' a cardinality two.

Set Fy = {(o;,¢€) : i € [[|[V?|]] and e & b(e)}. We require that |F,| be even. f: F, —
[[IV2]] is any map.

~_R

5. b7 ({®:,e})| € {0,1} for all i € [[|V]]] and |b~1(os,0)| = 1 for all i € [[|V?]]. If
671 ({®s,0})| =1 then [b~1({®;,e})| =1 for alli > j; and e € b(e) for any e € E3.

6. val(®;) € {2,3}. Ifval(®;) = 3 then val(®;) =3 for all i > j, and |E?| < |V!].

Morphisms in Graph, are defined in the obvious way. Figure 3 shows an example of a

planar g-graph with n = 4 and m = 5. Edges in E' (E?, E3) are depicted by dark (dotted,
regular) lines, respectively. The map f can be read off the numbering of half-edges in E?
attached to vertices {o1,...,0.,}.
Notice that associated to any graph A € Ob(Graphq) there exists a pairing a on the
naturally ordered set {(v,e) : v € VIUV? and e ¢ b(e)}. Similarly, associated to any
graph there is a map f : [[|F,]]] — [[|V?|]] which is constructed from f and the natural
ordering on F;,. For A € Ob(Graph,) we set

V2|
L. hq - H hval(oi)—l-
i=1

V2

\
)QJ(O[) an(f) H gval(oi)—l'
=1

2 2
2. wy = (_1)\E2|q2|vl\+(\v 4127

3. autg(A) = 217 [[Follg! [IV2] + [E2[l2! [IV'] — [E2[] 2!
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Figure 3. Feynman ¢-diagram

Using the notion of planar g-graphs introduced above Theorem 14 may be rewritten as
follows

Theorem 16.
242 j
1 Vo Tl 521 9ih wq(A)
[ R
@205 — A€Ob(Graph,,)/~ a
Setting h; = 1 in Theorem 16 one gets
Corolary 17.
V2|

)w(a) IDV(J/C\) H gval(oi)—l
=1

—q%22 oo ]
1 /V éi]q‘f‘zj_lgjqugdxzz
Loa(1) /-, ! 215 [1Eollg! (V2] + [E2 (g2t [V — [E2]]g2!

where the sum runs over all A € Ob(Graph,)/ ~.

Acknowledgments. Many thanks to Carolina Teruel.
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