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Abstract. In this paper, an efficient multidisciplinary design optimization method based on evidence 
theory is proposed. Evidence theory is used to quantify uncertainty in terms of uncertainty measures 
of belief and plausibility. Since uncertainty measures provided by evidence theory are discontinuous 
functions, the response surface is utilized to obtain smooth functions so that the traditional 
gradient-based algorithms can be used in optimization. 

Introduction 
In general, probability theory is very effective when sufficient data about uncertainty are available 

to precisely construct probability distributions. However, when sufficient data are not available or 
there is lack of information due to ignorance, the classical probability theory may not be suitable. For 
example, the reliability of a complex system is assessed in the presence of incomplete information on 
the variability of certain design variables, parameters, operating conditions, boundary conditions, etc. 
A similar problem is: when quantification of a product’s reliability or compliance to performance 
targets, it is practically very difficult due to insufficient data for modeling uncertainties during the 
early stages of product development.  

Many of these new representations of uncertainty are able to more accurately represent epistemic 
uncertainty than traditional probability theory. Engineering applications of some of these theories can 
be found in recent publications [1, 2]. One of the modern theories of uncertainty representation is 
evidence theory (Dempster-Shafer theory). The advantage of using evidence theory lies in the fact 
that it can be successfully used to quantify the degree of uncertainty when the amount of information 
available is small. Like most modern uncertainty theories, evidence theory also provides two 
uncertain measures known as belief and plausibility. In this paper, a formulation of evidence-based 
multidisciplinary optimization and design (EBMDO) is proposed for engineering design 
optimization. 

Uncertainty in Engineering Systems 

Uncertainty in single-discipline engineering systems. The sources of uncertainty in single 
discipline engineering systems lay the foundation in determining uncertainty of output states of 
multidisciplinary systems (see Fig. 1). There are three ways that uncertainties are introduced to the 
engineering systems because numerical models of engineering systems, such as finite element 
analysis (FEA) or computational fluid dynamics (CFD), are extensively used by the designers [3]. 
First, there is epistemic uncertainty when a physical model is converted into a mathematical model. 
That is because all the nonlinearity of the physical model cannot be exactly transformed into 
mathematical equations. Second, there is uncertainty in the data that are inputs to the system. Third, 
the mathematical equations can be solved using a variety of techniques and these different methods 
usually provide slightly different results. 

Uncertainty in multidisciplinary systems. Multidisciplinary systems are complex engineering 
systems which can be inherently coupled. Under a multidisciplinary design environment, a system is 
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composed of subsystems (disciplines). Each of these multidisciplinary subsystems uses a variety of 
disciplinary models with uncertainties associated with performance predictions. A schematic 
representation of a multidisciplinary system analysis is shown in Fig. 2. The system analysis is 
decomposed into three disciplines or contributing analyses (CAs). Each discipline or CA makes use 
of a simulation based discipline design tool. These disciplines are often highly coupled where the 
performance prediction of one discipline may become the input of another discipline and vice versa. 
The final output from the integrated multidisciplinary system has an accumulated effect of the 
uncertainties from the individual disciplines. 
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Fig. 1 Sources of uncertainty                               Fig. 2 Uncertainty in multidisciplinary system analysis 

Uncertainty in Engineering Systems 
In this section, the fundamentals of evidence theory and its way used in multidisciplinary design 

optimization are given. 
Evidence theory is based on two measures of uncertainty, belief (Bel) and plausibility (Pl). Belief 

and plausibility measures are determined from the known evidence for a proposition and it is not 
necessary to distribute the evidence to subsets of the proposition. So that evidence in the form of 
experimental data or expert opinion can be obtained for a parameter value within an interval. It is not 
necessary to assume a particular value within the interval or the likelihood of any value in the interval. 
The evidential measure for the occurrence of an event and the evidential measure for its negation do 
not have to sum to unity because of the existence of uncertainty. Once a body of evidence is given, 
belief and plausibility measures can be obtained by using the following formulas. 

Sometimes the available evidence can come from different sources, and such bodies of evidences 
must be combined. If the BPAs 1m  and 2m  express evidence from two experts, the combined 
evidence m  can be calculated by the following formula. 
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Evidence Based Multidisciplinary Design Optimization (EBMDO) 
In deterministic Multidisciplinary Design Optimization (MDO), the design variables, parameters 

and responses are dealt with quantities that can be defined precisely. An objective function is 
minimized subject to satisfying each constraint. A conventional deterministic MDO problem is in the 
following form (containing two disciplinary). 

where ( )1,2iD i =  is the vector of deterministic design variables, sD  is the vector of deterministic 

sharing design variables, ( )1,2iP i =  is the vector of deterministic parameters, ( )1,2iZ i =  is the vector 
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of output of discipline i , ( )1, 2c
iZ i =  is the vector of coupling variables. f  is the objective function, 

and g  is the constraint. 
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In EBMDO, design variables are associated with uncertainty. The objective function is usually 
minimized subject to constraints that the required value of uncertain measure of satisfying each 
constraint is greater than a specified level. An EBMDO problem can be formulated as 

( )
1 2 1 2

1 2 1 2 1 2 1 2 1 2

1 2 1 2

1 2 1 2 1 2

1 1 1, 1 1 1

Find            , , , , ,

To minimize , , , , , , , , , , ,

, , , , ,
Subject to  0 0

, , , , , ,

                 Z , , , ,

s s

U U
s s

s sM M
reqd U U

U
s s

D D D X X X

f D D D X X X P P P P Z Z

D D D X X X
U U g

P P P P Z Z

h D D X X P P

  
− ≤ ≤     

= ( )
( )

2

2 2 2 2 2 2 1

,

                 Z , , , , , ,

c

U c
s s

Z

h D D X X P P Z=

                                                                              (3) 

 
where ( )1,2iD i =  is the vector of deterministic design variables, and sD  is the vector of 

deterministic design variables. ( )1,2iX i =  is the vector of design variables with uncertainty, and sX  

is the vector of sharing design variables with uncertainty. ( )1,2iP i =  is the vector of deterministic 

design parameters, ( )1,2U
iP i =  is the vector of design parameters with uncertainty. ( )1,2iZ i =  is the 

vector of output of discipline i , c
iZ  is the vector of coupling variables. f  is the objective function. 

MU  is the uncertain measure of constraint 0g ≤  that can be Bel or Pl, and M
reqdU  is the minimum 

required value of the uncertain measure. 
Since constraints in Eq. (3) are discontinuous, in this paper the response surface approximations of 

each active constraint are used to obtain smooth functions. For establishing the response surface, the 
cross-validated moving least squares method is used based on an optimum symmetric latin hypercube 
space-filling sampling [4-5]. To calculate the uncertain measure of each active constraint, the focal 
elements partitioning method is used [6]. 

Mathematical Example 
There are two design variables and two output states in the system analysis, the deterministic form 

of the optimization problem is as follows. 
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where the states 1y  and 2y  are calculated by CA1 and CA2 respectively, as 
2

1 1 1 2 2: 0.2CA y x x y= + −                                                                                                                     (5) 
2

2 2 1 2 1:CA y x x y= − +                                                                                                                                     (6) 
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The deterministic form of the mathematical example is modified to fit the optimization under 
uncertainty using evidence theory. The uncertainty is denoted by 1δ  and 2δ  in CA1 and CA2 
respectively. The information on the values of the epistemic uncertainty for 1δ  and 2δ  is obtained 
through expert opinion. Intervals for the uncertainty and the corresponding BPA are provided in 
Table 1. When the uncertainty is considered, the EBMDO problem is formulated as 
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The meaning of MU  and M
reqdU  has been mentioned above and here the uncertain measure used is 

Bel. The minimum required value of belief is taken to be 0.99. Table 2 summarizes and compares 
results of deterministic MDO and EBMDO. As expected, the deterministic optimum of 15.98 is less 
than the EBMDO optimum of 17.64. The EBMDO design is more conservative compared with the 
deterministic MDO for a more reliable design. 

Table 1. BPA structure for  1δ  and  2δ                                      Table 2. Comparison of design results of mathematical example 

Summary 
In this paper, an approach for performing optimization under uncertainty is presented. Evidence 

theory was used to assess design reliability with incomplete information. Uncertainties of constraints 
posed in the design optimization problem are quantified using expert opinions. The belief measure is 
used in this paper to evaluate non-deterministic constraints. Since the belief functions are 
discontinuous, a local response surface is generated. Examples are used to demonstrate the proposed 
EBMDO method. It was shown that the EBMDO design is more conservative than the deterministic 
MDO. 
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1δ  2δ  

expert 1 expert 2 expert 1 expert 2 
Interval BPA Interval BPA Interval BPA Interval BPA
[-1 -0.5] 0.2 [-0.8 -0.5] 0.1 [-0.75 -0.25] 0.2 [-0.7 0.1] 0.6
[-0.5 0.5] 0.5 [-0.5 0.5] 0.7 [-0.25 0.5] 0.5 [0.1 0.75] 0.4

[0.5 1] 0.3 [0.5 0.6] 0.2 [0.5 0.7] 0.3 - -

 Starting point MDO EBMDO 

x1 -5 -2.82 -2.96 

x2 3 0.05 0.06 

f 94.7 15.98 17.64 

y1 29.7 8 8.8 
y2 -8.5 0.006 0.019 
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