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Abstract—Airfoil optimization design has been carried out by 
panel methods for small size aerial vehicle at low Reynolds 
number. The optimization airfoil formulas were expressed by the 
NACA4 digital airfoil analytical expressions with a few 
optimization variables that made the optimizing computation 
quick. A system of n+1 dimensional linear equations have been 
derived from vortex panel and source panel methods to compute 
the vortex and source strengths on the airfoil surface and 
aerodynamic coefficients in airfoil optimization process. The 
airfoil was optimized under the condition of taking the maximum 
lifting coefficient of taking off or landing without stall for 
optimization goal by Matlab optimization toolbox. The 
aerodynamic analysis results of optimized airfoil by XFOIL 
indicate that the lifting coefficients all have some extent increase 
relative to drag coefficients in the range of 0-12 degrees of angle 
of attack respectively. 
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I.  INTRODUCTION  

Aerial vehicle Airfoil has important influence on the wing’s 
aerodynamic characteristics. Therefore, airfoil design is very 
important. Airfoil aerodynamic coefficients are all need to 
calculate in its forward and reverse designs. The main 
computing theories are Thin Airfoil Theory [1], Kuta-
Joukowski theorem [2], Vortex Panel Method [3], Conformal 
Mapping Method [4], etc. 

Hicks [5] thought, from the practical view of consideration, 
aerodynamic optimization design was very attractive, because 
this method could solve a lot of design problems. 

For a plane with wing span of 2.0 meters, preliminary 
design showed that wing root chord is about 0.405m, wing tip 
chord is about 0.22m, and its takeoff speed is about 35km/h, 
the highest cruising speed is about 80m/h. Therefore, its 
average chord Reynolds number from 208000 to 475400 
should be in the range of low Reynolds number. Based on the 
basic airfoil, this paper is to design the airfoil with optimization 

theory, and analyzes its aerodynamic performance at low 
Reynolds number. 

II. AIRFOIL FORMULA 

Good results had been obtained by optimizing airfoils in [6-
9] with airfoil representations by type functions or spline 
curves. However, they usually need more than 20 design 
variables to represent airfoil accurately, and need large amount 
of calculation, and had low optimization efficiency [10]. When 
using analytic function to express airfoil, such as NACA series, 
5 design variables are enough to express airfoil geometry shape, 
and optimization calculation speed is high. 

The normal analytic equation for NACA 4 digits airfoil is 
as follows 
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Airfoil bending analytic equation is as follows 
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where yt is coordinate in airfoil thickness direction; x is 
coordinate in airfoil length direction, from 0 to c; yc is airfoil 
bending coordinate; t is airfoil maximum thickness; m is airfoil 
maximum bending; p is is maximum bending position. t, m, 
and p are all expressed by a percentage of the wing root chord. 

(xu, yu) are the airfoil upper surface coordinates, (xl, yl) are 
lower surface coordinates, the airfoil can be expressed as 
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Equation (1), (2) and (3) substituted to (4), NACA4 series airfoil analytic expressions can get in (5) and (6). 
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III. OPTIMIZATION OBJECTIVE FUNCTION 

According to (5) and (6), NACA4 airfoils are determined 
by variables m, p and t, thus, they can be as optimization 
variables. In order to ensure wing strength, the airfoil 
maximum thickness should not be changed or changed little. 
Therefore, NACA2415 is chosen as the basic airfoil, m and p 
are selected as optimization variables. 

The lifting coefficient of the NACA2415 airfoil is about 
0.18 at zero angle of attack, and the maximum lifting 
coefficient is about 1.0 at 10 degree angle of attack. The 
purpose of the optimization is to increase the maximum lifting 
coefficient to 1.1 to ensure landing and take off speed without 
stall. The optimizing objective function and constraints are as 
follows. 


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Equation (7) can realize by the optimization function fmincon 
in MATLAB Toolbox. 

IV. AERODYNAMICS COMPUTERING BY PANEL METHODS 

Panel methods can deal with the computation of complex 
aerodynamic layout, such as Boeing 747, the computing speed 
and reliability were admired by aircraft designers. So, this 
article uses vortex panel method [11] to calculate pressure 
coefficients to optimize airfoil. 

The vortex sheet is approximated by a series of straight 
panels shown in Fig. 1. Let the vortex strength γ(s) per unit 
length be constant over a given panel, but allow it to vary from 
one panel to the next. That is, for the n panels shown in Fig. 1, 
the vortex panel strength per unit length are γ1, γ2,…, γj,…, γn. 
These panel strengths are unknowns, the main purpose of the 
panel technique is to solve for γj ,  j=1 to n, such that the body 
surface becomes a streamline of the flow and such that the 
Kutta condition is satisfied. The midpoint of each panel is a 
control point at which the boundary condition is applied, that is, 

at each control point, the normal component of the flow 
velocity is zero. 

 

Figure 1.  Vortex distribution over the surface of a body of arbitrary shape 

Let P be a point located at (x, y) in the flow, and let rpj be 
the distance from any point on the jth panel to P, as shown in 
Fig. 1. The radius rpj makes the angle θpj with respect to the x 
axis. 

The normal component of the flow velocity at the ith 
control point is the sum of that due to the freestream and that 
due to the vortex panels. The boundary condition states that 
this sum must be zero: 

, 0n nV V   . 

By the velocity potential and vortex panels, we obtain 
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Equation (8) is the key of the vortex panel method. The 
values of the integrals in (8) depend simply on the panel 
geometry, they are not properties of the flow. Let Ji,j be the 
value of this integral when the control point is on the ith panel. 
(8) could be written as 
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Equation (9) is a linear algebraic equation with n unknowns, 
γ1, γ2, … , γn. It represents the flow boundary condition 
evaluated at the control point of the ith panel. If (9) is applied 
to the control points of all the panels, we obtain a system of n 
linear equations with n unknowns. 

Because Kutta condition (γi=-γi-1) eliminates a equation at 
the trailing edge, when (9) applied to the control points of all 
the panels, we can constitute one underdetermined system of n 
unknowns with n-1 equations. There are several ways to solve 
this problem, what is more common usually is to use a 
combination of the vortex panels and source panels [12] in a 
panel solution, the source panels are used to simulate the airfoil 
thickness, and the vortex panels are used to cause circulation. 
When this combination is adopted, we get a system of n linear 
algebraic equations with n+1 unknowns, γ1, γ2, ..., γn and λ 
(source strength per unit length). We obtain 
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The total tangential velocity is 
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The panels on the airfoil are configured as described in Fig. 

2, the tangential velocity of the control point on the first panel 
which can be deduced from (11) is 
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The tangential velocity of the control point on the nth panel 

which can be deduced from (11) is 
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Figure 2.  Panels configuration of the airfoil 

 Now, Kutta condition can be converted to 1 0nV V  , and 
substituting  (12) and (13) into this condition, Kutta condition 
can also be expressed as 
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By (10) and (14), we obtain a determined system of n+1 

linear algebraic equations with n+1 unknowns, γ1, γ2, …, γn and 
λ. 
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Now, for a solution of the given airfoil geometry, that is, 
angle of attack α and freestream velocity V∞ and panels 
configuration, then βi can be computed out by Fig. 1, 
consequently we solve (15) to get γ1, γ2, …, γn and λ, and finally 
the pressure coefficient at the ith control point is obtained from 
(16) 
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Through the integral of the pressure coefficients of upper 
and lower airfoil surfaces, we can get airfoil normal force 
coefficient cn, tangential force coefficient cα and moment 
coefficient cm, and then the lifting and drag coefficients can be 
calculate out by (17). 
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V. OPTIMIZATION RESULTS, ANALYSIS AND VERIFICATION 

In this paper, MATLAB 6.5 is used to program 
optimization algorithm and aerodynamic coefficient calculation 
of panel methods. 

 

Figure 3.  Optimized airfoil 

 

Figure 4.  Surface pressure distributions of optimized airfoil 
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Fig. 3 is the optimized airfoil, Fig. 4 is the pressure 
distribution of the optimized airfoil. The optimized design 
variables, m, p are 0.0401, 0.3991 respectively. 

The optimized airfoil can satisfy the take-off and landing, 
and the pressure distribution on the upper and lower airfoil 
surfaces is reasonable. Moreover, from the point of view of 
manufacturing technology, there does not exist concave on the 
airfoil. 

XFOIL [13] is one application software for airfoil analysis 
and reverse design written by Harold Youngren, Aerocraft, Inc., 
MIT Aero & Astro based on the panel methods. In the 
condition of 60 km/h velocity, XFOIL analysis results for 
NACA2415 and the optimized airfoil are shown in table I, we 
can see that lifting coefficients are added from 0 to 12 degree 
of angle of attack with respect to the drag coefficients. 

TABLE I.  RESULTS COMPARISON FOR NACA2415 AND THE OPTIMIZED AIRFOIL BY XFOIL 

NACA2415 Optimized airfoil 
α(°) Cl Cd Cm Cl Cd Cm 

ΔCl% ΔCd% 

0 0.233 0.0082 -0.049 0.429 0.0089 -0.088 84.1 8.53 
2 0.456 0.0089 -0.046 0.811 0.0101 -0.119 77.9 13.5 
4 0.763 0.0102 -0.064 0.942 0.0111 -0.101 23.5 8.82 
6 0.921 0.0116 -0.051 1.083 0.0124 -0.084 17.6 6.90 
8 1.072 0.0143 -0.038 1.191 0.0139 -0.062 11.1 -2.80 
10 1.189 0.0189 -0.022 1.277 0.0177 -0.040 7.40 -6.35 
12 1.281 0.0259 -0.008 1.328 0.0259 -0.021 3.67 0.00 

 

VI. CONCLUSIONS 

First of all, this paper analyzed the representations of airfoil 
and its optimization methods, and put forward the airfoil 
optimization variables m, p, and established the objective 
function and constraints. 

Then, according to the theory and method of the Vortex 
panel and Source panel, calculation method of the airfoil 
aerodynamic coefficients was established. 

Furthermore, according to optimization function and 
aerodynamic coefficient calculation method, the airfoil has 
been optimized, the optimized airfoil not only meet the take-off 
and landing requirements, but also is suitable for 
manufacturing. 

Finally, the aerodynamic coefficient comparison between 
NACA2415 airfoil and the optimized airfoil showed that the 
optimized airfoil aerodynamic performance is improved. 
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