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Abstract—Based on CauChy formula and the basic principles of
space coordinate transformation, investigated arbitrary inclined
borehole, derived borehole coordinate components transform-
ation and stress components transformation between borehole
coordinate system and in-situ stress coordinate system, and the
main conclusions are as follows: (1) Got any inclination of the
wellbore coordinate transformation coefficient matrix [L]; (2)
Got the transformation equation between the stress components
and in-situ stress components; (3) Through research and analysis
the coordinate components transformation and the stress
components transformation applicated in the engineering fields,
aware of their applicated in engineering fields mainly to solve the
basic problems of the mechanics and the kinematics.
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. INTRODUCTION

During mechanical analysis of wellbore stability in
Directional Well, we need to build a mechanical model of the
borehole wall stress distribution, while establishment of the
mechanical model need to convert the three main places stress
of the formation to the wellbore axis coordinates stress.
Currently, scholars still have no introduce detaily the process of
coordinates changes in many monographs and papers about
wellbore stability. Therefore, this paper will be mainly a
detailed derivation of the transformation process of the
coordinate transformation and stress components.
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II.  THE BASIC PRINCIPLES OF COORDINATE AND STRESS
TRANSFORMTIONG

A. CauChy formula (oblique section stress formula)

If O is any point on the stress object, we know a group of
six independent stress components oy, 6y, 63, Ty, Tyz, Tox. 1N OFder
to seek the stress on any oblique section outside the normal n
through the O point, we truncate a small tetrahedral units from
the A point, and establish the coordinate system (x,y,z), its base
vector {ey,ey,e,} as shown in Fig.1.

Assume that regardless of the tetrahedron OABC physical,
the direction cosine of outward normal n of oblique section
were recorded as:

I = cos(nA,x) ,m= cos(nA,y) ,n= cos(nA,z) (1)
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Figure 1. The stress on the oblique section
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If the area of oblique section ABC is dS , the distance from
point O to the ABC is dh, volume force is F. So the area of
three oblique section OBC, OCA, OAB is 1dS, mdS, ndS and the
volume of tetrahedron OABC is dhdS/3, thus according to
tetrahedral equilibrium conditions derived:

T(n)dS + T(~e,)IdS +T(-e,)mdS + T(~e,)ndS + FdhdS /3=0  (2)

Because of T(—n)=—T(n), as the volume force FdhdS/3 is a
smaller amount of high-end than the surface force, so ignored
the volume force available:

)

This is the famous CauChy formula, also known as oblique
section stress formula T(n?, its essence is equilibrium
conditions of a tiny tetrahedral'!l.

T(n)=TE)+T(e,)m+T(e,)n

Making slant stress vector T(n) along the axis direction
decompose that get:

T(n)=Te, +Te, +Te,

“4)

While the three stress component vectors (a total of nine
component) under cartesian coordinate system is:

T(e,) =048, +7,8, +7,8,
T(ey) =78, +0,8, +7,8, (%)
T(e,)=7.8 +7,8,+0,8,

Thus, we can get the component form of oblique section
formula from Eq. (4) and Eq. (5):

T, =0l +7,m+7,n

_ 6
T, =t l+o0,m+z,n (6)
T, =1,l +7,M+0,N
The matrix form of Eq. (6) is:
Tx O-xx z-xy Xz I
T =t o0y 7 |IM (7
TZ TZX sz GZZ n

At this point, the normal stress on the oblique section can
write that:

o, =T(N)-n=Tl+T m+T,n

2 2 2 (8)
=o,l"+to,m +o,n" +7 Im+z,mn+z,nl
Tangential shear stress can write that:
£ =T =2 [T = {T7 477 477 ©)

B. The basic principles of coordinate transformation
If (x,y,z) is a rectangular coordinate, (x'y’z) is a new

coordinates which come form rotating (x,y,z) coordinate system.

So the original coordinate system is (x,y,z), the new coordinate
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system is (x,y’,z"), and the unit base vector of the original
coordinate system (x'y',z") is {e,ey,e,}, the new is {e'x,e',e’}.

If the projection(three direction cosine) of e in the old
coordinates of each axis is I;,my,ny, the projection of e is
I,,my,n,, and the projection of e’, is ls,m3,ns. The unit base
vector of new and old coordinate system has the following
relations®?:

eX Il ml nl eX

’
e, =, m, n,|e, (10)
e, ;o m; njle

z

In Eqg. (10), the matrix compose of I;,m;,ny, I,,myn, and
l3,m3,n5 is coordinate transformation matrix.

Seen the three planes (Oxy,0yz,0xz) in the new coordinate
system as the slope in the original coordinate, then we can
derive the relationship of the stress components between the
original and the new coordinate system by using the CauChy
foumula, in the following article coordinate transform and
stress component transform will be derived according to the
above transformation principles.

I1l.  DERIVATION OF THE COORDINATE AND STRESS
COMPONENT TRANSFOMATION OF DEVIATED BOREHOLE

Select a coordinate system which has the same direction
with the main ground stress oy, oy, oy (Fig.2). For convenience,
we establish a cartesian coordinate system (x,y,z), of which the
Oz axis corresponds the the well shaft, Ox and Oy located in the

plane perpendicular to well axis™*®!.
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Figure 2. Schematic diagram of coordinate transformation

A. The derivation of coordinate transformation

In order to establish the converse relationship between the
coordinates (x,y,z) and the coordinates (1,2,3), We need to
introduce the intermediate coordinates system (X1,Y1,21),
assuming that the unit base vector of coordinate system (1,2,3)
is {e;,e,e3}, the unit base vector of intermediate coordinate
system  (X1,Y1,Z1) iS {€a.6y2€,}, the unit base vector of
coordintae system (x,y,z) is {exeye}. Now rotate the
coordinate (1,2,3) in the following manner (Fig.2):



e Firstly, according to the right-hand rule, coordinate
(1,2,3), rotate angle f based on coordinate axis 3, we can get
the coordinate system of (xy,y1,21). The rotate angle 4 should be
the included angle of hole deviation azimuth and the maximum
principle stress (the drift azimuth), the hole deviation azimuth
is the included angle between north direction and the projection
traces of directional well axis in the horizontal plane. The
orientation of maximum horizontal principle stress is the
included angle between the stress direction and the north. After
rotation, the projection of the intermediate coordinate system
(X1,y1,21) of unit base e, in the coordinate (1,2,3) axis of
coordinate is 1=cosf, m"= sing, n,=0, the projection of ey in
each coordinate axis is |»=—-sinf, m’=cosp, n’,=0, the
projection of e,; in each coordinate axis is 15=0, m’3=0, ns=1,
so the unit base vector of two coordinate system have the
following relationship:

€y cosg sing 0fle
e, |=|-sinB cosp O|le, (11)
e 0 0 1llle,
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e Secondly, according to the right-hand principle rotate
angle o based on coordinate axis y;, we can get the coordinate
system (x,y,z). a is the hole deviation angle, which means the
included angle between the borehole axis of directional well
and the vertical line. After totation, the projection of the unit
base vector e, of coordinate system (x,y,z) in the coordinate
axis of coordinate system (xi,y1,z1) is 11=cose, m"%=0, n"=
—sina. The projection of e, in each coordinate axis is 1%=0,
m"=1, n%=0, the projection of e, in each coordinate axis is
I=sina, m3=0, ns=cosa, so the unit basis vectors of two
coordinate system have the following relationship:

€, cosa 0 —sina|le,

= 12
e, /= 0 1 0 |e, (12)
e, sinad 0 cosa e,

Combining Eq. (11) and Eq. (12) can be obtained:

e, L m n e cosacosf cosasinf —sina | e 13
e, [=[l; m, n,|le,|=| -sinp cos B 0 e, (13)
e, l, my n, e, singcosf sinasing  cosa ||e,

So we can get the coordinate transformation coefficients of
deviate well borehole:

L m n cosacosf cosasinf -sina
[L]1=(l, m, n,|=| -sinp cos 3 0 (14)
l, m n, sinacosf sinasinf  cosa

B. The derivation of stress component transformtion

We can get the far-field stress components of borehole
coordinate oy, Gy, Gu Tays Ty Tl ) @s Fig.3 has shown by
rotating the main stress component from coordinate (1,2,3) to
coordinate (x,y,z), which is shown in Fig.2. When solving the
problem, we can see yOz, xOz, xOy three faces as the inclined
surface of coordinate (1,2,3), then we can deduce the
transformation relationship of stress component in the new
coordinate system.
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Figure 3. The stress components of wellbore coordinates

1) For plane yOz
In the coordinate of the borehole, for the assuming yOz
plane, the outside normal direction unit basis vector e,, the in-
situ stress components in coordinate (1,2,3) is on, on, oy, the
projection of unit basis vector e, in coordinate system (1,2,3) is
I;,my,ns(values in Eq.(14)), since the unit basis vector of
coordinate system (1,2,3) is {e1,e,,e3}, SO we can decompose
the stress vector T(e,) in this cross-section, which is in the
coordinate (1,2,3):
T(e,)=Te +Te,+T/e, (15)
By the application of ChauChy formula, the three
components of stress vector T(e,) in yOz plane, which is in the
si-tu stress coordinate (1,2,3)

T, o, 0 O
T/ =0 o, 0fm (16)
T |0 0 ofn

T(e,) has the normal stress component a,, and shear stress
component 7y, 7, in the cross section of new coordinate and the
normal line of the new coordinate is ey:

o, =T(e,)-e, =(Te, +Tje, +Tle,)-e, =T/ +Tym +T/n,
7, =T(e,)-e, = (Tx'e1 +Ty’e2 +Tz'e3)~ey =T, +Ty’m2 +Tn, a7
7, =Te,) e, =(Tl, +Tje, +Tje,)-e, =T/l + Tym, +T/n,

The Eq. (17) can be explained with matrix:

XX Il ml nl T): Tx,
Ty =1L my o, (| T | =[L]| T, (18)
T L my n || T, T,

So we can get the conclusion from Eq. (16) and Eq. (18):

TT LT[e, 0 0T
(00 7y 7e)=| Ty | L' =|m | | O o, 0| (19
T, n 0 0 o

= (I1 m ni)[o-Hhv][L]T
In the same way, we can deduce to plane xOy and xOz.



2) For plane xOz
Under the coordinate of wellbore, for the assuming plane
xOz, the outer normal unit basis vector is e,, with the applying
of CauChy formula, we can get the normal direct stress
component gy, and tangential shear stress component zy, z,, of
plane xOz.

(Tyx o-yy z-yz):(lz mZ nz)[O-Hhv][L]T (20)
3) For plane xOy
Under the coordinate of wellbore,for the assuming surface
of xQOy, the outer normal unit basis vector is e, with the
applying of CauChy formula, we can get the normal direct
stress component a,, and tangential shear stress component z,,
7,y Of XOy surface.

(sz sz O-zz):(ls m3 n3)[O-Hhv][L]T (21)

4) The transformation relationship formula of stress
component

We can get the transformtion relationship formula between
situ coordinates and the stress component of borehole
coordinate when we combine Eq. (19) and Eq. (20):

On Ty Tu o, 0 0
[ol=| 7, o, 7,|=IL[ 0 o, 0[] =[Ll[ow,]IL]" (22)
T Ty Op 0 0 o

We can rewrite the Eq. (22) to the following form of stress
component based on the theorem that their tangentials are
reciprocal equal.

0, =0y Cos’ acos’ B+, cos’ asin® f+o,sin’ a
o, =0y sin’ B+o, cos’ B

o, =0, sin’ acos’ f+a, sin” asin’ B+ o, cos’ a (23)
7,, =—0,, COSa COS Bsin B + o, COS 2 COS Fsin 3

7, =0, Cosasinacos’ f+o, Cosacosasin® f+o, sina cosa
=—0,, sinacos #sin B+ o, sina cos Ssin

Ty

IV.  APPLICATIONS OF COORDINATE AND STRESS
COMPONENTS TRANSFORMATION IN OTHER ENGINEERING
FIELDS

Applications in Engineering Mechanics of the oil and
gas wells. For example, in the analysis of the directional
wellbore stability mechanics. In the design of the research
borehole trajectory (especially 3D borehole trajectory) need
coordinate conversion, coordinate transformation and stress
components transform is also used in research borehole
trajectory control.

e Applications in finite element analysis. We often use
the local coordinate system of the same direction of the unit,
but local coordinate of the units is different, in order to study,
we need to take the same coordinate system, the global
coordinate system, so if you want apply each component of the
unit in the local coordinate system to the global coordinate

system, you must need the coordinate conversion®.
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e Applications in mechanical engineering. Such as the
space complex surface modeling, spatial kinematic relations,
need coordinate transformation?l. It is necessary to examine
component changes in the coordinates and vector of points in
different coordinate systems, examining mutual sports relations
between two coordinate systems, coordinate transformation is

frequently used in practical engineering.

e Applications in trajectory analysis. Due to the
movement between the various parts of the bodies are often
very complex, in order to accurately and precisely describe the
law of motion of the bodies, we often employ the global
coordinate system and the local coordinate system, a part of the
bodies (local coordinate system) under the law of motion used
in global coordinate system, you need to first convert it to a

global coordinate system.

The main purpose that the coordinate transformation is
widely used in these areas is to solve the basic problem on the
mechanics, kinematics. Stress component transform mainly
solve mechanics transformation relationship in the coordinate
system.

V. CONCLUSIONS

This paper based on CauChy formula and the basic
principles of space coordinate transformation, investigated
arbitrary inclined borehole, derived borehole coordinate
components  transformation and  stress  components
transformation between borehole coordinate system and in-situ
stress coordinate system, and the main conclusions are as
follows:

Got any inclination of the
transformation coefficient matrix [L].

° wellbore  coordinate

Got the transformation equation [o]=[L][cun][L]" between
the stress components (ow, 0y, 0w Txys Tyz Tx) and in-situ
stress components (on, oy, 6y).

Through research and analysis the coordinate components
transformation and the stress components transformation
applicated in the engineering fields, aware of their
applicated in engineering fields mainly to solve the basic
problems of the mechanics and the kinematics.
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