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Abstract

1-dimensional polytropic gas dynamics is integrable for trivial reasons, having 2 < 3
components. It is realized as a subsystem of two different integrable systems: an
infinite-component hydrodynamic chain of Lax type, and a 3-component system not
of Lax type.

1 Introduction

The polytropic gas dynamics in 1 4+ 1 dimensions has the form
Up = U, + const PFP;):, (1.1a)
pi = (p)as (1.10)

where z is the space coordinate, ¢ is the (minus physical) time coordinate, subscripts ¢
and x denote partial derivatives, u is the velocity, p is the density,

F=ny-2 (1.2)

and ~y is the polytropic exponent. The constant “const” entering equation (1.1) can be
removed by a rescaling of p.

Being a two-component system, the polytropic gas dynamics (1.1) is integrable by the
general Tsarev theory [9, 10]. Indeed, in the Riemann invariants

ro=ux+ pIH02 g, (1.3)

r'+1

the system (1.1) can be re-written as

3 1
e = [T+ 5 = U+ H)refrie, (1.4a)
1 3
ros = [—(T + 5)@ + (T + 5)742]702@. (1.4b)
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The question is: can the polytropic gas dynamics be regularized, i.e., embedded into
an NN-component integrable system with N > 37 Two such regularizations are described
below. (Integrability here is understood in the sense of Tsarev’s theory.)

First we make the system (1.1) into a quadratic one, by introducing the variables [1, 2]

, O=const, T'# —1. (1.5)
In these variables, the system (1.1) becomes:

Up = Uly + Vg, (1.6a)
vy = (I + Dvuy + uvy,. (1.6b)

Now consider the hydrodynamic chain

Apt = Apt1p + (an+b)ApAg z + cA0Anz, 1 € Z>o, (1.7)
where

a,b,¢ are constants. (1.8)
This hydrodynamic chain is integrable for any a,b,¢ [5,6]. Take

a=T+1, b=0, ¢=1. (1.9)
The hydrodynamic chain (1.7) becomes:

Apt=Ant1o+ T+ 1)nA Aoy + AoAnz, n € Zx. (1.10)

In particular, when

{4, =0, n=>2}, (1.11)
we get:

Aot = A1z + AoAoa, (1.12a)

A= T +1)A140, + AoA1 e, (1.120)

which is the polytropic gas dynamics (1.6) under identification
u:Ao, U:Al. (113)

Thus, the infinite chain (1.10) provides a regularization of the polytropic gas dynamics.
It was shown by Brunelli and Das [1] that the system (1.12) has a Lax representation.
That representation applies also to the full infinite chain (1.10). This is shown in the next
Section.

The minimal regularization of the polytropic gas dynamics in the above form results
when the infinite chain (1.10) is restricted onto the submanifold

{A, =0, n>3} (1.14)
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In the notation

u:Ao, U:Al, ’U):AQ, (115)
we find:

Up = Vg + Uy, (1.16a)

vy = wy + (T + Dvuy, + uvy, (1.16b)

wy = 2(T" + Dwu, + vw,. (1.16¢)

If one twists the RHS of the equation (1.16¢ into

Up = Vg + Uy, (1.17a)
vy = wy + (T + 1)vug + uvy, (1.17b)
1-T

we = (' + Dwuy, + UW, (1.17¢)

the resulting system is no longer of Lax form and it is no longer Galilean invariant.
Nevertheless, for reasons unknown, the twisted system (1.17) is still integrable. This is
proven in Section 3,4.

All this was under assumption

T #—1. (1.18)
when

r=-1, (1.19)
formula (1.5) is replaced by

v =Inp, (1.20)
and the system (1.6) becomes

Up = Uy + Uy, (1.21a)
Vg = Uy + UDy. (1.21b)

This system can be gotten from the system (1.6) via the shift

L]
T+1

V="

(1.22)

and then by letting I' = —1. The corresponding regularizations (1.16, 17) coincide and
take the form:

Up = Uy + Uy, (1.23a)
U = (w4 u)y + uty, (1.23b)

W = UWy. (1.23¢)
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2 The Lax Representation
Set
1
L=p"+u+— vp ¥, (2.1)
o
pu=v—1=T+1. (2.2)
Brunelli and Das [1] found that the Lax equation

__H (n+1)/p
L; = LW , L 2.3
t 1{( )21 } ( )

reproduces the polytropic equations (1.6). Here

0A0B 0AOB
A,y =298 9202 2.4
{4, B} Op Ox  Ox Op (24)

is the symplectic Poisson bracket, and

( Zn: fnp”“”>

is understood as the projection in the space of power series.

When p is a positive integer, the above picture is the quasiclassical limit of the k = 1
nonstandard systems from [4]. Since in our case p is arbitrary, the notion (-)>1 (2.5)
requires a proper definition.

We can argue as follows. Let K be a differential ring with a derivative 0 : K — K
(such as C®°(R!).) Let

> fapttem (2.5)

>1 n>1

K=K(")={) flficK} (2.6)

1=—00

be the ring of the Laurent series in z with coefficients in K. This ring is again a differential
algebra, with the derivation 0 : K — K extended as

d(z) =0. (2.7)
Consider now the objects
Co =p*K((z71), acA, (2.8)

with a new formal parameter p. C, is not itself a ring, but if A is an additive space
containing Z then all C,’s together form a new ring C 4:

P f)®’9) =p**Pfg, fge K((z™h). (2.9)

C 4 is obviously again a differential ring with respect to 9:

a(p™) =0, (2.10)



Extensions of 1-Dimensional Polytropic Gas Dynamics 149
but we can introduce another derivation into C 4,
0
O, = — 2.11
p 8p7 ( )

acting by the rule

() =0, feK, (2.12a)

Bp(p*) = ap™ 1, (2.12b)

Op(2) = up~'z, (2.12¢)

where 1 is a fixed formal parameter. Since the derivations 0 and 9, obviously commute,

we can define the Poisson bracket
{,} : Ca X Clg — CaJrg,l

by the rule

{°f.0°g} = 0,(0")O(’g) — 0" f)0p(p°g), f,9€ K.

The projections (-)>(.) , can now be defined for each individual C, as

P*Y a2 zadn =0 Y fuz", NEZ, a€ A
n

n>N

Now set
Oo .
L = p‘u(l + ZAizilfl),
i=0

so that
LeC,.

Hence

o

/e — p(1+ ZAiz—iq)l/u € Cy,
i=0

LR e Oy, neZ.

Thus, the objects
(LnJrl/,u)Zl, n €7z,
are well-defined, and we can consider the equation

— DA, 1
oty

L
oE = = consty (L"), L} =
=0

= const, {—(L"+1/“)<1,L}, n € Z>o.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21a)

(2.21b)
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The LHS of this equation, 0L /0t,, belongs to C},, while the RHS {, } belongs to C(,,11),-
Thus, this equation makes sense if we impose the constrain

pt =z (2.22)

Formulae (2.12b) and (2.12c¢) show that this constrain is compatible with the derivation
0p. Thus, both sides of the equation (2.21) belong to Cp, with the LHS in

> fiz7'lfi € K}, (2.23)

1>0

and the RHS, by formula (2.210), in the same subspace. Moreover, formula (2.21a) shows
that the ideals

{Al =0, 71> N}, N e Zzo, (224)

are invariant with respect to the dynamics. The usual arguments show that flows (2.21)
commute between themselves and have an infinite set of common conserved densities

Res(LY*=Ym) | n e Zs, (2.25)
where Res singles out the coefficient in front of
p 120 (2.26)

Alternatively, we can use the identification p* = z to set

L=z+ Z Azt (2.27a)
LYW =p(14> Azl (2.27b)
i>0
LV = pa™ (14 Ay (2.27¢)
i>0
(LnJrl/,u)Zl 1 _|_ZA i n+1/ﬂ) >0, (2.27d)
>0
(LY = p("(1 + ZA ZTim k) o (2.27¢)
>0
Res(LY"=Y1y = Res(L*™(LY")™1). (2.27f)
Let us consider the first two flows.
For n =0,
(LMo = (p(1+ Y Az )5y =, (2.28)
and with

consty =1 (2.29)
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the equation (2.21) yields

0A; 04;

= . € Z>p. 2.30
o, ~ on L€ L0 (2.30)
Forn =1,
(L1+1/,u) pz 1+ZA LI 1+1/u) o =
_ +

= pa(14 A1 Aoz = pe 0L A= (2.31)

oL 04; _; p+1 s

5% = ‘ at: v — constl{pz+TpAo,z+ZAjz 7 =

i>0 j=0

1 A . 1 0A

= const1{[(p+ 1)z + s —Ap] 0 P + 3 0z

N 1

j=0
A; A -
= const1(pn+ 1) {Z JH leaa Ly jA; 86 0) =
j>0
0A; . _ .
N = AH_LJC + ZAZ‘AOJ; +u 1140142‘73[;, 1€ ZZQ7
1

with
const; = (p+ 1)1

This is essentially the system (1.10) after rescaling
Aj — pA;, i€ Zso.

Recall that =TI+ 1 by formula (2.2).

3 The Twisted System

Let us consider the general quadratic system
Ut = AUUy + Vg,
v = vy + cuvy + wy,

Wy = YWy + OUW,,
where

a?ﬁ?’yﬁcﬂé

Z]Azjl

7>0

(2.32)

(2.33)

(2.34)

(2.35)

(3.1a)
(3.1b)
(3.1¢)

(3.2)

are unspecified constants. To determine when the system (3.1) is integrable, we first notice

that it is conservative: it has conserved densities

H():u,
HQ:U—Fﬁ;CU?,
3
H; uv—i—fy 5w+(a;ﬁ—0)?, Y # 9,
Hy=w, ~v=9§

(3.3a)

(3.30)

(3.3¢)

(3.3d)
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Our second step is to calculate the Haantjes tensor [7] for the system (3.1) and equate it
to zero ([3,8].)
Writing the system (3.1) in the hydrodynamic form

u u
v =Al| v , (3.4)
t w T
au 1 0
A= pfv cu 1 , (3.5)
yw 0 du

we first calculate the Nijenhuis tensor of the matrix A:

NAo(X,Y)=N(X,Y) = AQ[X, Y] - A(X,AY] - [Y, AX]) + [AX, AY]. (3.6)
Here
X4 Y;
X = Xy |, Y= Yo |, (3.7)
X3 Y3
and the commutators are understood as between vector fields.
Set
U= UX,Y = X1Y2 — YlXQ, (38(1)
V=Vxy=X1Ys - Y1 X3, (3.8b)
W = WX,Y = X2Y3 — Y2X3. (380)

Since the Nijenhuis tensor is a tensor, we can calculate it for the case when X and Y are
constant (u,v,w-independent) vectors, so that

N(X,Y) = [AX, AY] — A(X(AY) — Y (AX)), (3.9)
where

= 0 0 0

X=X1—+Xo— + X3— .

16u+ 2(9v+ 3 ow (3-10)
Thus,
auXy + Xo auYy + Yo
AX = OBvXy + cuXs + X3 , AY = BvY1 + cuYs + Y3 = (311)
ywXq + duXs ywYi + duYs
—aU
[AX,AY|=| cla—pB)uU—-pV |, (3.12)

O(a —y)uV + oW
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0
X(AY) - Y(4X) = ( (c—BU ) , (3.13)
(6 =7V
_ ~ ( (c—BU )
AXAY)-YAX) = clc=PuU+ (6 —7)V | = (3.14)
56 — y)uV

B—a—c 0 0 U
N(X,Y)(c(ac)u y—0—p 0)<V). (3.15)

0 oa—d)u ¢ w

Next comes the Haantjes tensor:

Hi(X,Y)=H(X,Y) =
= A’N(X,Y) — A(N(X,AY) — N(Y, AX)) + N(AX, AY). (3.16)

We calculate it in the form

U
Hi(X,Y)=H ( 1% ) : (3.17)
W

where the matrix H is
ﬁ:ﬁl—Fﬁg—Fﬁg, (318)

corresponding to the three summands in the RHS of formula (3.16). Denote by N the
matrix in the RHS of (3.15):

U
N(X,Y)=N ( 1% ) . (3.19)
W

Then

R R 2u? + pu (a4 c)u 1 R
H =AN=| Bla+cu+~yw Au>+pv (c+du | N=
ywu(a + 0) yw 52u?

W20?(8 - a) — ) + Bu(f — a — ¢)
w3 (a —c) +wpfla+c)(B—a—c)+cla—c)]+yw(B—-a—c) | ® (3.20.1)
ywul(a +6)(8 —a = ¢)] + c(a —¢)
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uld(a = 6) + (a+c)(y = f = 9)]
@ WPy —B-08)+dc+8)(a—038)]+pv(y—p-9) | & (3.20.2)
5o — 8) + yu(y — - )
1)
® ( du(c+9) ) , (3.20.3)
53>

where formula (3.20.7) gives column #i of the matrix Hy, i=1,2,3.
Next,

Ux,ay — Uy,ax = u(c+a)U +V,

Vx.ay — Vyax = u(d + )V + W, (3.21)
Wx ay — Wy ax = —ywU + oV +u(d + o)W =
R [ ulet+a) 1 0
—Hy = AN 0 u(d + ) 1 —
—yw B u(d + ¢)
u(B - a - c)(c+a) B-a—p 0
A u’c(a? — c) ulele =)+ (y=B=0)(+a)] y=B-0 | =
—dyw u?6(a? — 6%) + 5Bv du(a+ ¢

a? — ) +wp(B —a—c)(c+a) — dyw (3.22.1)

yuw[(B — a — ¢)(c + a) — §?]

( wa(B — a—c)(a+c) +c(a? — c?)] )
u3c? ©®

ula(f — a— ) + cla — &) + (v — B — 6)(6 +a)
@ | pv(B—a—c+8) +u?6(a® -3 +cF(a—c)+ec(y—B-68)(0 +a) | ® (3.22.2)
yw(f — a —c) + u36?(a? — 6%) + uwvd’s
Yy—p—06
& ue(y-p—-90)+da+c)] |. (3.22.3)
u?6%(a + c)
Finally,

Uax ay = (acu2 — pu)U + auV + W,
Vax,ay = —ywV + adu’V + sul, (3.23)
Wax ay = —cyuwU + (Béuv —yw)V + oUW =
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R R acu® — Bu au 1
Hs =N —yw adu? ou =

—cyuw  Bouv —yw  cdu?

(8 — a — e)(acu® — o)
= | cla—culacu® — Bv) —yw(y—B-96) | @ (3.24.1)
—dyuw(a — 0 + ¢)
( au(B —a—rc) )
®| av’lcla—c)+d6(y—B-96)] | (3.24.2)
S[ad(a — &)u? + Bouv — yw]
8—a—c
@ | ulcla—c)+o(y—8-0)] |. (3.24.3)

8?u? (o — 0 + )

Collecting together formulae (3.20%, 22*, 24*), we obtain:

0
H=| yw@i+28—a—-c—7) | (3.25.1)
ywu(d — ¢)(20 + [ — 2a)

u(y+c - a— B - d)

| v¥lc—a)c=8)(y+c—a—-B)+Bv(y+a+c—23-25) |& (3.25.2)
yw(y+a+c— 28 — 20)
20+28—y—a—c
@ ( u(d—c)(v+c—a—p) ) . (3.25.3)
0

The vanishing of the matrix H (3.25%) amounts to a system of linear and quadratic
relations on the coefficients a;, 3,7, ¢,d. We examine these relations in the next Section.

4 The Relations
The first entry of the vector (3.25.3) yields

264+20—y—a—c=0. (4.1)
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With this relation satisfied, the remaining entries of the matrix (3.25) yield:

Y0 —¢)(20 + B — 2a) = 0, (4.2a)

0—c)(y+ec—a—p)=0. (4.2b)
If

d=c (4.3)

then both equations (4.2) are satisfied. The relations (4.1,3) can be rewritten as

c =29, (4.4a)
y=6+28—a. (4.4b)

This is exactly the untwisted 3-component subsystem of the general (a,b,¢) chain (1.7),
with

a=pf+0—a, b=a—-90 <c=.. (4.5)
If the relation § = ¢ is not assumed, then the system (4.2) reduces to the system

v(26 + 5 —2a) =0, (4.6a)
vte—a—B=0. (4.6b)

Adding up equations (4.1) and (4.6b) we find:
20+ —-2a=0, (4.7)

which implies the relation (4.6a). Thus, we obtain the second, twisted solution, {(4.1) & (4.6b)}:

Yy=a+f—c, (4.8a)

0=oa— %ﬁ. (4.8b)
For

a=1, pg=I+1 c=1, (4.9)

formulae (4.8) give

1-T
y=T+1L o=——, (4.10)

and we recover the mysterious system (1.17).
In terms of the hydrodynamic chain (1.7), its regular 3-component reduction

U = vy + (b + ¢)uuy, (4.11a)
v = Wy + (@ + b)vug + cuvy, (4.11b)
wr = (2a + b)wuy + Cuws, (4.11¢)
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has, by formulae (4.8), the twisted form

up = vy + (b + ¢)uuy, (4.12a)
vy = wy + (a + b)vuy + cuvy, (4.120)

wy = (a + 2b)wu, + (¢ + a)uww. (4.12¢)

For a = b both forms coincide.
It seems likely that all the other finite-component reductions of the infinite hydrody-
namic chain (1.7),

{A;=0, i>N}, N=23. (4.13)
possess a twist of the (N + 1)%¢ equation

ANﬂg = (CLN + b)ANAO,x + EA(]AN7$. (4.14)
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