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l. INTRODUCTION

It is well known that Fixed Point Theory has emerged
as an important tool in severa branches of pure and applied
nonlinear sciences to study a wide range of subjects
including computing science, communication engineering,
obstacle, unilatera problems, optimization, theoretical
mechanics, and control theory, in a unified and general
framework. This alternative formulation has been used to
study the existence of a fixed point as well as to develop
some numerical methods. Based on the idea, we can examine
some iterative methods for fixed points and the convergence
of their iterative sequences.

Let K be aclosed convex subset of areal Banach space E.
Recall that a mapping T is called a nonexpansive mapping if

ITX-Ty || x=Yy]|l, ¥X,yeC.
First of al, we note the iterative sequence as follows:

Xy =AY+ (1= 4,)Tx,,n>0, (1.1)
where the sequence{ 4.} chosenin[0,1] andy, X, € K . In

1967, Halpern [1] fist introduced this sequence (1.1) and
pointed out that this sequence converges to the fixed point
of T under the condition

C)lim, . 4, =0, (Cz)z:ﬂ;ih =ce.
Since then, many mathematicians and scientists have
studied the iterative sequence ( 1.1) such as Xu[2], Shigji
and Takahashi [3], Chidume[4] etc. In[5], Xu denoted

T : K — K isanonexpansive mapping with F (T) # & ,
f : K — K isacontractive mapping with the coefficient
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o € [0,1] . Assume that the iterative sequence is generated
by

X, =0, f(x)+1-a,)TX, . 1.2)
Then {X.} converge strongly to a fixed point of T under
certain conditions. If we let f (X ) =ye K in (1.2), then

we can get (1.1).
In the present paper, motivated and inspired by the
methods of Xu [5], we introduce a new iterative sequence

{x,} generated by
Xn=0,f(x)+Q-¢,)S%x,,n20, (13
where T:K — K iS an asymptotically nonexpansive

mapping with K. € [1 o), lim_ K, =1 suchthat
ITX=T"yli<k, IX=yI. VX ye K,

and f:K—K is a contractive mapping, S

S"x=(1-0)x+T"X,Vxe K . Under some sitable

conditions, we prove that the iterative sequence {X.}

converges strongly to a fixed point of the asymptotically
nonexpansive mapping T . Our results improve and extend
some recent results of other authors, such as[2-5].

Il.  PRELIMINARIES
Let K be a nonempty closed convex subset of the real

Banach space E with auniformly cateaux differentiable norm.
and E* be the dual of E. The normalized duality mapping

J:E — 2% isdefined by
IO ={feEL(x f)=lxIll f ILIxI=f I} xe E.
We denote by <,> the duality product and J the normalized

duality mapping with asingle value and F(T) the set of fixed
points of T.

Let S(E) :={xe E;|| x|l=1} denote the unit sphere of

a Banach space E. The space E is said to have G ateau
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differentiable norm (we aso say that E is smooth), if the
limit

. X+ty || — || X

sy l= x|

t—0 t
exits for each X, y€ S(E) ; E is said to have a uniformly

Gatea differentiable norm, if for eachy in S(E) , the limit
isatained uniformly for xe S(E) .
Lemma 2.1([6]) Let E be a rea Banach space, and

J:E — 25 is the normalized duality mapping, then it
holds the inequality

I x+yIP<lIx[I+2(y, i(x+Y)),
Vi(x+y)e J(x+Y),Vx ye E.

Lemma 2.2 ([7]) Let {X } and {y,} be two bonded
sequences in areal Banach space E. We denote sequence
{B.} chosenin[0,1] and

O<liminf_ A <limsup A <1
Assume .

X1 = BoYo + (1= 5,)%,,(n20),
limsup, ... (Il Yois = Yo 1= 11 %,0 =%, ) < O.
Then Iim__|ly,—X%,|I=0.
Lemma 2.3 ([2]) Let {x,} be asequences of non-
negative real satisfying the property
a,,<(1-a,)a,+a,0,+7,n20.
If the sequences {r,} {7}, {0} sttisfie
(i)Y{e,} <[01,lima, »0,) o, =co;
(if) limsupo, <0;

(iii) 7, <O(n=0),0rY %, <eo.
Then a, >0, N — 0.

Definition 2.4 ([8]) Let K be a closed convex subset of
a read Banach space E, T:K - K . T is sad to be
asymptotically regular, if for all Xe K , we have

lim || T™*x-T"x|[= 0.
N—oo

Theorem 3.1 Let K be a nonempty closed convex
subset of a read Banach space E with a
uniformly cateax differentiable norm. T:K - K is a
asymptotically nonexpansive mapping with K. € [1,e0],
lim .k, =1 and asymptoticaly regular properties
and F(T) # O . For every fixed 0 € (0,1) , we define a self
mapping S: K — K by

S"x=(1-0)x+T"x,Vxe K .

MAIN RESULTS

Lee f:K —K is a contractive mapping with the
contractive constant & € (0,1) . Suppose that

z =tf(z)+(1-1)Sz
is uniqueness in K for each t and when t >0, the
sequence { Z} converges strongly to the fixed point z of T .
Let {¢,} be a real sequence in [0,1] satisfied the follow

conditions:
C:lim,_e,=0, C,: ) a, =0
k,—1
C,:lim,_,_——=0.
a,

For any X, € K, if the sequence { X } is defined by (1.3),
then sequence { X} converges strongly to afixed point of T.
Proof Foral X,ye K, wecanobtan
| S"x=S"y =l 1= 8)(X=y) [+ I T"X=T"y||
|1-5(x=y) [|+3k, I x=y I
=(A-5+8K) [ x- I

Let L,=1-0+0Kk, , obvioudy L, e[le) and
L,—-1
(04

n
asymptotically nonexpansive mapping. What's more, S and
T have the same set of fixed point, marked as F(T)=F(S).

Next, we show that the sequence { X.} is bounded. If we
take ue F(T), then

X~ Il 2, (F (%) =) + (1=, )(S" ) |
<o, [ 100)—ull+e, [ F(u)-ull+@-o,)L, | (%, —u) |
= oo |l % —ull+e, || f(u)-ull+@-e)L, 1%, -ull
=[A- o)L, + o] %, —ull+e, [ F(u)-ull
=[A-a)L, + el %, —ull

lim,,_L,=Llim =0 So S is an

a, || f(u)-ull

H1-A-«,)L, -] I-0-a )L —aa]

Since
o, _ a, _ 1
1—(1-an)|_n—ana_1—|_n-an(|_n-a)_bﬂn_a
an
and
Iimn_m1 I'”=O,
an
we have
im, .. - %n 1
-(l-a)L, -0 1-a

Therefore there exists some constant M, , such that
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| &
1-Q-,)L, —a,«
[l %02 =l max{ [, —ufl, My || f(u)-ufl}.
Therefore{ X } isbounded. So are{y,} {T"x,} { S"X,}.
And
%= S™%, [F 2, [| £(%,) =S, [ 0,(n— <)
3.1)

KM, foral n>0.

Next, let
a, f (%) +(1-2,)T"x,
Yo =
B,
where O<liminf __ S <limsup [ <1
Then
” yn+1_ yn ”_ ” Xn+1_ Xn "
an+lf (Xn+1) +(1 n+1)é‘rn+lxn+1
=l
ﬂml
_ o () +(A-a,)oT"
B,

e £ (x,0) -2 £ (x,) |

ﬂn+1 ﬁn
+ ” (1_ an+1)§ T nJrlXn (1_ O{n)5

ﬂm—l " ﬂn
=% =%l

n+1 f n f
ﬂm Il (%) I|+ﬁ IF Ol

1- ) n+ n+
| 82 2) sy ey
ﬂn+l
+ ” (1_ an+1)5-|-n+lxn (1 (44 )5
:Bn+l an

ol R

n+l f n f
ﬂn+1 Il F (%0 ”+,B IOl

1-«
H—"25K, =D | %,,1 =%, |

n+l

1 a n+
—EOTT N =T, |

ﬂn+l
(1-2,,)8 (1-a,)8

ﬂml ﬁn

X=X, =%,

T

Tl

+|

FIT™ 0

Since T is a asymptoticaly regular mapping and the
sequences { X} ,{ f (X,)} and {T "X} are bounded, so

M SUP(l Yo = Yo 1= 11, = %, 1) <O
=X, [[=> 0(n— <o) .

lim 1%, =%, I=lim 3, Il y, =, = 0.
By (3.1), we obtain that

[ %, = S"%, [|=>0(n — o) .

Next we will prove

limsup, ... (f(2) -z, j(x,,—2))<0.

For every positiveintegern 2 0, let t, € (0,1), such that

2 n
tﬁo,Lnt 1o lx, thqu

By Lemma2.2, wehave || y,

—0(n—>). (32

n n
Then we can obtain

z =% =t,(f(x)=%)+@-t,)(S"z —X,).
lz —x, IP<@-t,)*IS"z, —x, IF +2t, < f(x) =% (7, —><n)>
<(1-t,)%(1S"z, - S"%, I+ 11S"%, = x, I)?

20, (%) =%,.1(z, ~x))
<@-t)%(L N1z, =%, 1+ 11S™%, =%, [)*
20, (T (%) =%, 1(, =)
<@-t) LNz, =%,
+[1S™%, =%, 12-1,)*(2L, Iz, =, |
#187% =% D+ 24, (F00) =%, iz, —%,)).
So,
(1060)=%,.i(z,—%)<

2 n
L@t 1S"% %,

(1_tn)2 Lr21 -1
2t

n

Iz, —xIF

CL Iz, =% 1+11S"%, =%, D) -

2tn
Because
(1t )2L2—1 o L2—1-2t L2 +t212
||m n n :“m n n—n n—n
N—oo 2tn N—oo 2tn
2_
L=l o2
=|lim—=_ <0,
N—oo 2

and {x} ,{z }and {S"x,} are bounded, from (3.2), we
can obtain

limsup( (z,)~7,i(x,~2,))<0

N—oco
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Since z, — z(t — 0),{z — X, } is bounded, as we know,

the normalized duality mapping J is single valued and J is
strong-weak* uniformly continuous on the bounded set in
Banach space E, then we can obtain

1{f(D)-zj(x,-2D)-1{f(z)-2.i(%-2))]
={f(2-2i(X-2-(X—-2))I
+[(F(@-z-(f(2)-2),i(x,—2))|
L F@D-2zi(%-2-i(%-2))

+ (D -z-(f(z)-2) X,z | 0.
Hence, for Ve > 0,if 30 >0, we can get Vte (0,0),
thenfor al N, we can obtain

(f@D-2zi(x-2)<(f(2)-2,i(x,~2))+e
<eg.
For any € > 0, we can get

limsup( f(2)-z, j(X,,—2))<0. (33
By (1.3), v;; can obtain

X~ 2= 0, (F(%) -2+ (1~ )(S'%, - 2).
By Lemma 2.1, it follows that
%1 = 2IF< @-2,)* 1S%, = zIF +20;, ( T (X)) = 2, [ (X,..~ 2)

<(l-a,)’L5 1%~ 2l
+20, (£(x)- (D + F(D-2 (%~ 2)

= (1=, )L |1 %, = ZIP +20, ( £ (%) = F(2), | (X1 = D))
+201, ((2)-2,) (X%, —2)

<(-a,)’ L5 1%~ zIF +2a,e [ %, = |+ 1 %0 — 2
+20, ((2)- 2, ) (X1 - 2))

< (-, 1|1 %, = 2| +o, (@]l %, = zIF + 11 %, — zIFF)
+20,,(f(2)- 2, (X, — 2)).

So,
L2 -2l +0’L +aa,
| %, — Z|P< I x, - z|F
l-«,
+20 (§(2)-2, (%1~ 2)
1-a, o
2 -1-a-o |2 L2-1
=(l-o,— 1 . ")||xn—z||2+1“—||xn—z||2
WY -,
20,

S (1@)-2i(6,,-2).

n

Let
g 2L -1-a-o 2 _Lﬁ—lII 2
yﬂ n 1_an ! n 1_an Xn
20 .
+ D (f(2)-2z -2)).
{122 i(%.4-2)

n

Wecanhave lim__7,=0, D 7, =e,and
n=1
lim,

o
. Sup—<0.Bylemma2.3, wecangetX — Z.

n

IV. CONCLUSION

Through our resultsin Theorem 3.1 with comparison in
the reference [2-5], it is not difficult to see that, if T isa
nonexpansive mapping, then we can get the results in

Chidume[4] and Xu[5]. Further more, If f(X)=U and T is

a nonexpansive, then we can obtain the conclusion in Xu[2],
Shioji and Takahashi [3]. So our results improve and extend
some recent results of other authors, such as[2-5].
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