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Abstract

In this paper, we prove some effects concerning a Fuzzy Difference Equation of a
rational form.

1 INTRODUCTION

A Fuzzy Difference Equation is a Difference Equation where the constants and the initial
values are fuzzy numbers (see preliminaries) and it’s solutions are sequences of fuzzy
numbers. In order to study the behavior of a parametric fuzzy Difference Equation,
we prove results for the behavior of a related family of systems of parametric ordinary
Difference Equations and using the fuzzy analog of concepts known by the theory of
ordinary Difference Equations, we extend these results to the Fuzzy Difference Equation.
We note that the behavior of the parametric fuzzy Difference Equation is not always the
same as the behavior of the corresponding parametric ordinary Difference Equation. (Some
results concerning the study of Fuzzy Difference Equations are included in the papers [2],
8], 18], [10], [11], [12], [15], [16]).

In paper [15], we give some results concerning the asymptotic behavior of the positive
solutions of the fuzzy difference equation

k
A+ Z QiTn—i
1=0

k‘ )
B+ Z bimn_i
1=0

where k € {1,2,..}, A, B,a;,b;, i € {0,1,....k}, z;, i € {—k,—k+1,...,0} are positive
fuzzy numbers.

In addition, in paper [16], we studied the trichotomy character, the stability and the
oscillatory behavior of the positive solutions of the fuzzy difference equation
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i=1
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E :djxn*qg'
Jj=1

(1.1)

Tp4+1 =
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where k,m € {1,2,...}, A,¢;,d;, i € {1,2...,k}, j € {1,2...,m} are positive fuzzy numbers,
pi, © € {1,2...,k}, qj, 7 € {1,2...,m} are positive integers such that p; < p» < ... <
Pky 1 < @2 < ... < ¢, and the initial values z;, i € {—m, —7 + 1,...,0}, 7 = maz {pk, gm }
are positive fuzzy numbers.

In this paper, we study the asymptotic behavior, the stability, the oscillation and the
periodicity of the positive solutions of the following fuzzy difference equation

k
A+ Z i Tp—p;
i=1

m 9
B + Z bjmn_qj
j=1

T+l = (12)

where k,m € {1,2,...}, A, B,a;,b;, i € {1,2...,k}, 7 € {1,2...,m} are positive fuzzy
numbers, p;, i € {1,2...,k}, ¢;, j € {1,2...,m} are positive integers such that p; < py <
e <Dky @1 < q2 < ... < @qm and the initial values z;, i € {—m,—7 + 1,...,0}, where

™ = max {pr, gm}

are positive fuzzy numbers.
Obviously, equation (1.1) is a special case of equation (1.2).

2 PRELIMINARIES

We need the following definitions:

e If A is a function from IR* = (0,00) into the interval [0,1], then A is called a fuzzy
set.

e A is convex, if for every t € [0,1] and x1,x9 € IRT we have

A(tzy + (1 — t)xe) > min {A(z), A(x2)}.

e A is normalized, if there exists an x € IR" such that A(z) = 1.
e If A is a fuzzy set by a-cuts, a € [0, 1] we mean the sets

(Al = {z € R" : A(z) > a}.

It is known that the a-cuts determine the fuzzy set A.
e For a set B we denote by B the closure of B. We say that A is a fuzzy number if the
following conditions hold:

i) A is normal,
ii) A is a convex fuzzy set,

iii) A is upper semicontinuous,

(
(
(
(iv) The support of A, suppA = L(J | [A]lg = {z : A(xz) > 0} is compact.
a€(0,1
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Then from Theorems 3.1.5 and 3.1.8 of [9] the a-cuts of A are closed intervals.

e We say that a fuzzy number A is positive if suppA C (0, c0).

e The fuzzy analog of the boundedness and persistence (see [4]) is given as follows: We
say that a sequence of positive fuzzy numbers x,, persists (resp. is bounded) if there exists
a positive number M (resp. N) such that

suppz, C [M,00), (resp. suppz, C (0,N]), n=1,2,..

In addition, we say that x,, is bounded and persists if there exist numbers M, N € (0, c0)
such that

suppz, C [M,N], n=1,2,..
e We say x,, is a positive solution of (1.2), if x,, is a sequence of positive fuzzy numbers

which satisfies (1.2).
e We say that a positive fuzzy number x is a positive equilibrium for (1.2) if

k
A+ Z a;x
_ i=1
_—
j=1

e Let A, B be fuzzy numbers with

x

[A]a — [Al,aaAr,a]a [B]a = [Bl,aaBr,a], ac (0, 1] (21)
Then we define the following metric (see [5], [14], [17])
D(A,B) = supmax {|A;, — Bial, |Ara — Bral}

where sup is taken for all a € (0, 1].
e Let x, be a sequence of positive fuzzy numbers and z is a positive fuzzy number.
Suppose that

[n]a = [Ln,a, Rnal, a€(0,1], n=0,1,.. (2.2)
and
(2] = Lo Ral, a € (0,1, (2.3)
We say that the sequence z,, converges to x with respect to D as n — oo if
lim D(z,,z) =0, as n — oo.

In addition, we say that z,, nearly converges to x with respect to D as n — oo if for every
d > 0 there exists a measurable set T, T' C (0, 1] of measure less than ¢ such that

lim Dp(x,,2) =0, as n— o0
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where

Drp(zp,x) = sup { max {|Ly o — La|, |Rn,o — Ral} }
a€(0,1]-T
e Let F be the set of positive fuzzy numbers. Suppose that A, B belong to E satisfying
(2.1). From Theorem 2.1 of [17] we have that, A;,, By, (resp. Ay q, B;,) are increasing
(resp. decreasing ) functions on (0,1]. Therefore, using condition (iv) of the definition of
fuzzy number, there exist the Lebesque integrals

/ |Al,a - Bl,a|daa / |Ar,a - Br,a|da
J J

where J = (0,1]. We define the function D; : E x E — R* such that

Di (A, B) :max{/ |Atq — Bialda, /|Am ~ Byalda}.
J J

If D1(A, B) = 0 we have that, there exists a measurable set 7" of measure zero such that
Al,a = Bl,a Ar,a = Br,a for all a € (O, 1] —T. (24)

We consider however, two fuzzy numbers A, B to be equivalent, if there exists a measurable
set T' of measure zero such that (2.4) hold and if we do not distinguish between equivalent
of fuzzy numbers then, ¥ becomes a metric space with metric D;.

e We say that a sequence of positive fuzzy numbers x,, converges to a positive fuzzy
number x with respect to Dy as n — oo if

lim Dy (z,,z) =0, as n — oo.

e Suppose that (1.2) has a unique positive equilibrium z. We say that the positive
equilibrium z of (1.2) is stable if for every e > 0 there exists a 6 = d(e) such that for
every positive solution z,, of (1.2), which satisfies D(z_;,x) < 4, i = 0,1,...,7 we have
D(xy,x) < e€forall n> 0.

Moreover, we say that the positive equilibrium z of (1.2) is nearly asymptotically stable,
if it is stable and every positive solution of (1.2) nearly tends to the positive equilibrium
of (1.2) with respect to D as n — oo.

e We give the fuzzy analog of the concept of oscillation (see [1],[7]). Let x,, be a sequence
of positive fuzzy numbers and let x be a positive fuzzy number. We say that z,, oscillates
about x, if for every ng € IN there exist s, m € IN, s,m > ng such that

MIN {zy,,z} =z and MIN {xs,z} =z or

MIN {xp, 2} =2 and MIN {z5,z} = xs.

e We define the fuzzy analog for periodicity (see [7]) as follows.
A sequence {z,} of positive fuzzy numbers z,, is said to be periodic of period p, if

D(xp4p,xn) =0, n=0,1,... (2.5)
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3 MAIN RESULTS

Arguing as in [15] we can easily prove the following proposition.

Proposition 1. Consider equation (1.2) where k,m € {1,2,...}, A, B, a;,b;, i € {1,2,...,k},
Jj€{1,2,...,m} are positive fuzzy numbers, p;, i € {1,2....k}, q;, j € {1,2...,m} are posi-
tive integers such that p1 < p2 < ... < pg, q1 < q2 < ... < gm-. Then for any positive fuzzy
numbers T_p, T _pi1,...,x0, ™ = max {pk,qm}, there exists a unique positive solution x,
of (1.2) with initial values x_r,T_ry1,...,20.

Since A, B, a;,bj, i € {1,2,...,k}, j € {1,2,...,m} are positive fuzzy numbers there
exist positive constants K, L, M, N, P;,Q;, S;,Tj, i € {1,2,...,k}, j € {1,2,...,m}, such
that

[A]a = [Al,a’Ar,a] C U [Al,aaAr,a] C [K, L],

a€(0,1]
[B]a — [Bl,aaBr,a] C U [Bl,aaBr,a] C [M, N],
a€(0,1]
, (3.1)
[ai]a = [ai,l,aa ai,r,a] C U [ai,l,mai,r,a] - [1327 Qz]a (S {17 27 (RS k} )
a€(0,1]
[bj]a = [bj,l,mbj,r,a] C %J | [bj,l,aabj,r,a] C [Sj,Tj], ] S {1,2, ...,m}, a € (O, 1].
a€(0,1

If x,, is the unique positive solution of (1.2) with initial values z_r,x_r41, ..., g, such
that

[Cﬂn]a - [Ln,aaRn,a]a a e (05 1]5 n=-—-m,—m + 17 (32)

then arguing as in Proposition 1 of [15], we get that (L q, Rnq), n = 0,1, ... satisfies the
following family of systems of parametric ordinary difference equations

k k
Al,a + Z ai,l,aLnfpi,a Ar,a + Z ai,r,aRnfpi,a
i=1 i=1
Lni1a= s Rnt1,a = , n=0,1,... (3.3)

m m
Br,a + E bj,r,aRn—qj,a Bl,a + 5 bj,l,aLn—qj,a
7=1 j=1

The following lemma and proposition, are a slight generalization of Lemma 2 and
Proposition 2 of [15].

Lemma 1. Consider the system of difference equations

k k
V+ Z VilYn—p; C+ Z CiZn—p;
i=1 i=1

Yn+1 = , Zn4l = , n=0,1,... (3.4)

m
D+ Z djYn—q,

m
U+ E szn_qj
j=1 j=1
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where k,m € {1,2,..}, V, U, C, D, v;, uj, ¢, dj, i € {1,2,....k}, j € {1,2,...,m} are
positive real constants, p;, i € {1,2...,k}, q;, 7 € {1,2...,m} are positive integers such that
P < P2 < oo < Dy 1 < q2 < ... < qm and the initial values y;, z;, 1 = —mw,—m+1,...,0
are positive real numbers. If

k k
> v > c

=l 1 and EL

<1

then the following statements are true.
(a) Every positive solution of (3.4) is bounded and persists.
(b) System (3.4) has a unique positive equilibrium.

(¢) Every positive solution of (3.4) tends to the unique positive equilibrium of (3.4).

Proposition 2. Consider equation (1.2) where k,m € {1,2,...}, A, B, a;,b;, i € {1,2,...,k},
Jj € {1,2,..,m} are positive fuzzy numbers, p;, i € {1,2,....k}, q;, j € {1,2,...,m} are
positive integers such that p1 < ps < ... <pg, @1 < q2 < ... < qm. If (3.1) and

k
> Qi
% <1 (3.5)
hold, then the following statements are true.
(a) Every positive solution of (1.2) is bounded and persists.
(b) Equation (1.2) has a unique positive equilibrium.

(¢) Every positive solution of (1.2) nearly converges to the unique positive equilibrium x
with respect to D as n — 0o and converges to x with respect to D1 as n — oo.

If for the unique positive equilibrium x of (1.2), relation (2.3) holds, then arguing as in
the proof of Proposition 2 of [15], we have the following relations:

k k
Al,a + Z ai,l,aLa Ar,a + Z ai,r,aRa
L, = =1 , R, = =1 : (3.6)
Br,a + Z bj,r,aRa Bl,a + Z bj,l,aLa
j=1 j=1

and

A< Ly <R, <upu, ac(0,1], (3.7)
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where
k
K L @
_ _ i=1
A = M =0) 6 . (3.8)

- k m !
N =3 Ptpy T
i=1 j=1

In the next proposition, we study the asymptotic stability of the unique positive equi-
librium of (1.2).

Proposition 3. Consider the fuzzy difference equation (1.2) where k,m € {1,2,...},
A, B,a;,bj, i€ {1,2,....k}, j € {1,2,...,m} are positive fuzzy numbers, p;, i € {1,2,...,k},
¢, j € {1,2,...,m} are positive integers such that p1 < p2 < ... <pr, q1 <q2 < ... < qm-
If relation

k m
M>Y Qi+ (LY 1) (3.9)
i=1

j=1

where L, M, Q;, T;, i =1,2,...k, j = 1,2,...m are defined in (3.1), holds, then the unique
positive equilibrium z of (1.2) is nearly asymptotically stable.

Proof From (3.9) it is obvious that (3.5) holds and so, from statement (b) of Propo-
sition 2, equation (1.2) has a unique positive equilibrium z.

Let € be a positive real number. Since (3.9) holds, we consider the positive real number
¢ as follows

M- Q

0 <min < €A, % — 1y, (3.10)
2T

Jj=1

where A\, u was defined in (3.8).
Let x,, be a positive solution of (1.2) such that

D(z_j,x)<d<e i=0,1,..,m. (3.11)
From (3.11) we have

|L_iq—La| <0, |Rja— R4 <6, i=0,1,...,m, ae€(0,1]. (3.12)
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In addition, from (3.1), (3.3), (3.6), (3.10) and (3.12) we get

k k
Al,a + Z ai,l,aL—pi,a Al,a + Z ai,l,a(La + 5)
Ll,a - La - i;l - La < Z'Zl - La -
Br,a + Z bj,r,aquj,a Br,a + Z bj,r,a(Ra - 5)
j=1

k m o k m
Z Qi l.a + Laz bj,r,a Z Qz + Raz bj,r,a
=1 7j=1 i=1 7j=1
m m :
M+ Ro) bjra—» Tjb
j=1 j=1

m
Br,a + Z bj,r,a(Ra - 6)
j=1
From (3.10) and (3.13), it is obvious that

(3.13)

o <4

|L1qg — L) <6 <e (3.14)

Moreover, from (3.1), (3.3), (3.6), (3.7), (3.10), (3.12) and arguing as above we have
that

k m k m
Z Qi ra + Raz bj,l,a Z Qi+ :U’Z TJ
Rig—Ry=6—+ 950 5= =1 (3.15)
Bl,a + Z bj,l,a(La - 6) M - 52 Tj
j=1 J=1

From (3.10) and (3.15) we get that
|R1q,— Ra|l <0 <e (3.16)
From (3.14), (3.16) and working inductively we can easily prove that
|Lpa— Lol <€, |Rpo— Ral<e, ac (0,1, n=0,1,...,
and so
D(xy,xz) <€, n>0.

Therefore, the positive equilibrium x is stable. Moreover, from the statement (c) of Propo-
sition 2 we have that every positive solution of (1.2) nearly tends to = with respect to D
as n — 00. S0, x is nearly asymptotically stable. The proof of Proposition 3 is completed.

Now, we study the oscillatory behavior of the positive solutions of the system

k k
V+ Z ViYn—2i+1 C+ Z CiZn—2i+1
=1 i=1

Ynt1 = y Rndl = , n=01,.. (3.17)

% %
U+ Z Ui Zn—2i42 D+ Z diYn—2i+2
i=1 i=1
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where k € {1,2,...}, V,U,C, D,v;,u;,c;,d;, i € {1,2,...,k} are positive real numbers, in
order to study the oscillatory behavior of the fuzzy difference equation

k
A+ aiwn i
i=1

%
B+ Z biTn_2it2
i=1

Tn4+1 = s (318)

where A, B,a;, b;,i € {1,2,...,k} are positive fuzzy numbers.
Obviously, equation (3.18) is a special case of (1.2).

We give the following definition.

If yy, 2, are sequences of positive numbers, we say that (yp, z,) oscillates about (y, 2),
y,z € IRT, if for every ng € IN there exist s,m € IN, s,m > ng such that

(Ys = ¥)(Ym —y) <0 and (25 — 2)(2m —2) <0
(3.19)
(ys — ) (2zs — 2) >0 and (ym — y)(2m — 2) > 0.

Lemma 2. Consider the system of difference equations (3.17) where V, U,
C,D,v;,u;,ci,d;i, i € {1,2,...,k} are positive real numbers. A positive solution (yn, zn) of
system (3.17) oscillates about the unique positive equilibrium (u1, u2) of system (3.17), if
there exists an m € {0,1,...} such that one of the following conditions is satisfied:

(i) Ym—2i41 < U1, Zm—2i+1 < M2,

. 3.20
Ym—2i+2 > 1, Zm-2it2 > po, 1=1,2,.. k. ( )
(1) Ym-—2i41 > M1, Zm—2it1 > f2,
Ym—2i+2 < P11, Zm-2ite < po, i=1,2,.k.
Proof (i) For any p = 0,1, ..., we prove that
Ym+2p+1 < H1, Zm42p+1 < (2, Ym42p+2 > K1, Zm+2p+2 > [2. (3.21)

From (3.17) and (3.20) we have:

k k
V+ Z ViYm-2041  V + Z Vi
Ym+1 = Z? < Z? = H1. (3:22)
U+ Z Uizm—2i+2 U+ Z Ui 12
i—1 i—1
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Similarly, we can prove that

Zm+1 < U2, Ym+2 > M1, Zmt2 > H2. (3.23)

Using relations (3.20), (3.22), (3.23) and working inductively we can prove that (3.21)
hold for any p = 0, 1, ..., which means that the solution (y,, z,,) of system (3.17) oscillates
about (p1, pe), if there exists an m € {0, 1, ...} such that (3.20) hold.

(ii) The proof is similar to the proof of (i).

In what follows we need the following lemma, which has been proved in [6].

Lemma 3. Let X,Y be fuzzy numbers and
(X]a = [Xias Xy [V]a = Vi Yoy a € (0,1]
be the a-cuts of X,Y respectively. Let Z be a fuzzy number such that
(Z)a = Z1,0, Zr.a),a € (0,1].
Then
MIN{X,Y} =2 (resp. MAX{X,Y}=2)
if and only if
min{ Xy o, Yia} = Ziay min{ Xy, Yeal = Zra, a€(0,1]

(Tesp- mazxr {Xl,aa Yi,a} = Zl,aa max {Xr,aa Y;’,a} = Zr,aa a € (0, 1])

Now, we study the oscillatory behavior of the fuzzy difference equation (3.18).

Proposition 4. Consider equation (3.18) where k € {1,2,...}, A, B,a;,b;, i € {1,2,....k}
are positive fuzzy numbers. Then a positive solution x, of (3.18) oscillates about the
positive equilibrium x of (3.18) which satisfies (2.3) , if there exists m € {0,1,...} such
that one of the following conditions is satisfied:

(Z) Lm—2i+1,a < LmRm—Zi—l—l,a < Ra7
(3.24)
me2i+2,a > La,Rm72i+2,a > Ra,i S {1, 2, ey k‘} .

(“) me2i+1,a > La, Rmf2i+1,a > Raa
(3.25)
Lm—2i+2,a < La7 Rm—2i+2,a < Raai € {17 27 ey k} .

Proof Let z,, be a positive solution of (3.18). From (3.19), (3.24) (resp. (3.25)),
statement (i) (resp. statement (ii)) of Lemma 2, Lemma 3 and arguing as in Proposition
2.4 of [11] we can easily prove that the solution z, of (3.18) oscillates about x.

In the following proposition we study the periodicity of the positive solutions of system

(3.4).
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Lemma 4. Consider system (3.4) where V,U,C, D are positive constants such that

k k m m

U= ZUZ‘, D= ZCZ" VZ dj == CZ uj. (326)
i=1 i=1 j=1 j=1

Then the following statements are true.

L. Every positive solution of (3.4) is bounded and persists.

II. Let r be a common divisor of the integers p; +1, ¢; +1,1=1,2,....k, j =1,2,...,m
such that

pitl=rry, i=12..k qg+1=rs;, j=12..,m, (3.27)

then system (3.4) has periodic solutions of prime period r. Moreover, if all r;,
i =1,2,..,k (resp. sj, j = 1,2,...,m) are even (resp. odd) positive integers then
system (3.4) has periodic solutions of prime period 2r.

III. Let v be the greatest common divisor of the integers p; +1, q¢j + 1, i = 1,2,...,k,
J = 1,2,...,m such that (3.27) hold, then if all r;, i = 1,2,....k (resp. s;, j =
1,2,...,m) are even (resp. odd) positive integers every positive solution of (3.4)
tends to periodic solution of period 2r, otherwise every positive solution of (3.4)
tends to periodic solution of period r.

Proof I. Let (yn, z,) be a positive solution of (3.4).
There exist positive numbers L1, Lo such that

C

Li<y; < 1=0,1,...,7. (3.28)

)

o L2 <z <

m
S usLy > dila
j=1 =1

Then in view of (3.4), (3.26) and (3.28) we take

k
VD vy
i=1

V+UL -
Rk > d;jLi = Ly,

yl = m m
Ut ujzg, VY di+UL Y d;i=!
j=1 j=1 j=1
. (3.29)
V> ujLy+VU
j=1 1 %
Y1 < m m ~ m :
ZUjLQ +U ZUjLQ ZUjLQ
j=1 j=1 j=1
Similarly, we take
C
z1 > L2, 21 < (3.30)

Z d;iLy
j=1
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Then using (3.4), (3.26), (3.28), (3.29), (3.30) and arguing as above we take

1% C
Yn € [Lla mi]a Zn € [L25 mi], n= 1)25"'

ZUjLQ Zdle
=1 i=1

and so (Yn, zn,) is bounded and persists, if (3.26) holds.
II. From (3.27), if ¢ = max {rg, s, } we get

T+1=r1¢
Let (yn, zn) be a positive solution of (3.4) with initial values satisfying
YrgbrAdd = Y—rt0s Z—rdirritd = 2—rp0, A=0,1,...,¢ —1,

B \%4
= —00,
Yw E uj
=1

Using (3.4), (3.27), (3.31) and arguing as in Proposition 2 of [13] we can easily prove that

0=1,2,...,1, zy w=-r+1,-r+2,..,0. (3.31)

Yora0 = Y—ri0, Zorig=72_r10, v=0,1,..., 6=1,2,...7

and so (yn, zn,) is periodic of period r.

Now, we prove that system (3.4) has periodic solutions of prime period 2r, if all r;,
i=1,2,...,k (resp. sj, j =1,2,...,m) are even (resp. odd) positive integers.

Firstly, suppose that pr < ¢m. Let (yn,2,) be a positive solution of (3.4) with initial
values satisfying

Yrsm+2rA+¢ = Y—r+¢>  Z—rsm+2rA+¢ = Z—r+()

Yrsmt2rv+r+¢ = Y-2r4¢y  RF—rsm+2rvtr+ = Z—2r+(s (332)
1 _
A=01,. m0 y—0 1, e
2 2
and in addition for ( =1,2,...,7
\%4 V
Z—T’-}—C = s Z—2T+C == (333)

m m :
y72r+CZ Uj yfrJrCZ Uy
j=1 i=1

Using (3.4), (3.26), (3.27), (3.32), (3.33) and arguing as in Lemma 2 of [16] we can prove
that system (3.4) has periodic solutions of prime period 2r.
Now, suppose that ¢, < px. Let (yn, z,) be a positive solution of (3.4) such that the

initial values satisfy relations (3.33) and for w = 0,1, ..., Ek —-1,0=1,2,....2r

Yorrp+2rwt+0 = Y—2r40, F—rrp42ro+0 — Z—2r40- (334)
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Arguing as in Lemma 2 of [16], we can similarly prove that, system (3.4) has periodic
solutions of prime period 2r, if ¢, < pr. This completes the proof of the statement II.

III. Now, we prove that every positive solution of system (3.4) tends to a periodic
solution of period kr, where

o { 2, ifr;,i=1,2..,k are even, s;,7 =1,2...,m are odd (3.35)

1, otherwise
Let (yn, zn) be an arbitrary positive solution of (3.4). We prove that there exist the
m Yunrts = €, 1M zgpeys =&, 1=0,1,...,670 — 1. (3.36)
n—oo n—oo

We fix a7 € {0,1,...,kr — 1}. Since from statement I the solution (y,, z,) is bounded and
persists, we have

liminfyenrer =1 >0, liminfzeuprer = m: > 0,
n—oo n—oo

(3.37)
lim supyxnrir = Ly < 00, limsupzepryr = My < oo.
n—oo n—oo
Therefore, from relations (3.4), (3.26) and (3.37) we take

C

meLy =1, M; = ——. (3.38)

24

j=1

Using (3.4), (3.26), (3.38), Lemma 1 of [16] and arguing as in Lemma 2 of [16], we can
prove (3.36). This completes the proof of the lemma.

In the next proposition we study the periodicity of the positive solutions of (1.2).

Proposition 5. Consider equation (1.2) where k,m € {1,2,...}, A, B,a;,b;, i € {1,2...,k},
Jj €{1,2...,m} are positive real numbers, such that

k
B = Z a;, (3.39)
1=1

and p;, i € {1,2....,k}, q;, j € {1,2...,m} are positive integers. Then the following state-
ments are true.

(1) If v is a common divisor of the integers p;+1, ¢j+1,i=1,2,....k, j =1,2,...,m then
equation (1.2) has periodic solutions of prime period r. Moreover, if r;, i = 1,2....k
(resp. sj, j = 1,2..,m), 15, s; are defined in (3.27) are even (resp. odd) integers
then equation (1.2) has periodic solutions of prime period 2r.

(11) If v is the greatest common divisor of the integers p; + 1, q¢; + 1, i = 1,2,...,k,
j = 1,2,...,m such that (3.27) hold, then every positive solution of (1.2) nearly
converges to a period kr solution of (1.2) with respect to D as n — oo and converges
to a period kr solution of (1.2) with respect to Dy as n — oo, K is defined in (3.35).



A fuzzy difference equation of a rational form 313

Proof (i) Since A, B, a;,b;,i € {1,2...,k}, j € {1,2...,m} are positive real numbers we
have that

A= Al,a = Ahm B = Bl,a - Brva’
(3.40)

A = Qjl.a = Gira, i=1,2,..,k, b] = bj,l,a = bj,r,a, J=12...,m.

We consider functions L; 4, R; 4, @ = —7,—7m + 1,...,0 such that for A = 0,1,...,¢ — 1,
0=1,2,...,r and a € (0,1]

Lfr¢+r)\+€,a = L7r+o9,a7 Rfr¢+r)\+€,a = Rfr+€,a7 (341)

the functions Ly 4, w = —r 4+ 1,—r + 2,...,0 are increasing, left continuous and for all
w=—-r+1,—r+2,..,0 we have

A
’YSLw@S"Y-FE, Rw,azia v=10—F¢,

LuaY b

Jj=1

(3.42)

where € is a positive number such that € < . Using (3.42) and since the functions L, 4,

w=—r+1,-r+2,...,0 are increasing and A, b;, j = 1,2,...,m, are positive real numbers,
we get that Ry 4, w = —r+1,—r+2,...,0 are decreasing functions. Moreover, from (3.42)
we get
A
Lw,a < Rw,a, v < Lw,a,Rw,a < m
Y b
j=1

and so from Theorem 2.1 of [17] Ly g, Ry, w = —r + 1,—1 + 2,...,0 determine fuzzy
numbers x,,, w = —r + 1, —r +2,...,0 such that [zy], = [Lya, Rwa, w=—-r+1,—r+
2,...,0. Let x, be a positive solution of (1.2) with initial values x_,,z_r41,..., 2o, such
that (3.2) hold and the functions L; 4, Rj g, = —m,—7 +1,...,0, a € (0,1] are defined in
(3.41), (3.42) and L; 4, i = —m,—m +1,...,0, a € (0,1] are increasing and left continuous.
Then from statement II of Lemma 4 we have that for any a € (0, 1], the system (3.3),
where (3.39) and (3.40) holds, has periodic solutions of prime period r, which means that
there exists solution (L, q, Rpq), a € (0,1] of the system (3.3) such that

Ln+r,a = Ln,a and Rn+r,a = Rn,aa a € (0, 1] (343)

Therefore, from (2.5) and (3.43) we have that equation (1.2) has periodic solutions of
prime period r.

Now, suppose that r;, i = 1,2..., k (resp. s;, j = 1,2...,m) are even (resp. odd) integers.
We consider functions L; , R; o, ¢ = —m,—7 +1, ..., 0 such that analogous relations (3.32),
(3.33), (3.34) hold, Ly 4, w = —2r+1,—2r+2, ..., 0 are increasing, left continuous functions
and the first relation of (3.42) holds. Arguing as above, the solution z,, of (1.2) with initial
values z;, i = —m, —m + 1,...,0 satisfying (3.2), where L; 4, Rjq, i = —m,—m + 1,...,0 are
defined above, is a periodic solution of prime period 2r.
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(ii) Suppose that (3.40) holds. Let z, be a positive solution of (1.2) such that (2.2)
holds. Since (Lyq,Rn,q) is a positive solution of system which is defined by (3.3) and
(3.39), (3.40), from Lemma 4 we have that

lim Lypriia = €a, nlirrgo Rinrtta =84, a€(0,1], 1=0,1,...,kr—1, (3.44)

n—oo

where « is defined in (3.35). Using (3.44) and arguing as in Proposition 2 of [12], we can
prove that every positive solution of (1.2) nearly converges to a period xr solution of (1.2)
with respect to D as n — oo and converges to a period kr solution of (1.2) with respect
to Dy as n — oo. Thus, the proof of the proposition is completed.
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