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Abstract-In order to solve Black-Scholes equation of basket
option pricing model by numerical method. This paper used
Additive Operator Splitting (AOS) algorithm to split the multi-
dimensional Black-Scholes equation into equivalent one-
dimensional equation set, and constructed 'Explicit-Implicit'
and 'Implicit-Explicit' schemes to solve it. Then compatibility,
stability and convergence of those schemes were analyzed.
Finally, this paper compared computation time and precision
of the schemes through numerical experiments. 'Explicit-
Implicit' and ‘Implicit-Explicit’ schemes of AOS algorithms
have both higher accuracy and faster computing speed and
them have practical significance in solving basket option
pricing model.
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l. INTRODUCTION

Option is significant financial derivatives. Multi-assets
option is the most widely used option in the rea financial
market. Basket option is a kind of multi-asset option, and its
price depends on the average price of two or more assets.
Basket options are widely used in hedging. According to the
portfolio theory, volatility of basket risk asset is relatively
small. Option premium of basket option is less than the sum
of every option. Therefore, it has practical significance to
research the pricing of basket option [1].

Assume that s (i =1,2,---,n) is the exchange rate of
N currency, and they obey geometry Brown motion.
Through ¢ Hedge principle, the Black-Scholes equation of
basket option price f (S, S,,--S,,t) isasfollows|[2]:
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Here, I is risk-free interest rate of our own country, and
o (i =12, n) isrisk-free interest rate of the country using

currency i . If the profit of basket option on the expiry date is
geometrical average of N kind of underlying assets, namely:
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And analytical solution of (1) isthat:
f(S,S,,,S,,t)= e—ﬁ(T»t)Sfa SN (dl)' e TUXN ( 2),
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This paper discussed basket option pricing model, and
committed to find new difference agorithm for multi-asset
option pricing problem. Weickert Joachim (1998) firstly
used the Additive Operator Splitting (AOS) method to solve
the multi-dimensional partial differential equations in image
processing [5]. Yi Zhang and Xiaozhong Yang (2010)
proposed the accelerated AOS schemes for non-linear
diffusion filtering [6], this method reduce the computation
time and storage space. Xiaozhong Yang and Gaoxin Zhou
(2011) have applied AOS agorithm on solving dual currency
option pricing model [8], which has achieved good effect in
the practica application. In this paper, AOS method is
applied into basket option pricing model, and it will get the
same good result as before.

[I. DETERMINE INITIAL-BOUNDARY VALUE FOR BLACK-
SCHOLES EQUATION OF BASKET OPTION PRICING MODEL
In theory, the solving area of this equation is:
{S.1)0< S <+eoi=12-,nt=[0T];

But in actual transaction, the price of the underlying asset
will not always appear to be zero or infinity. Therefore, the

financial ingtitution provides a small enough value
S in (Simn > 0) as the lower bound and a large enough
value S (S, <) as the upper bound. Then the

pricing problem can be solved in a bounded area:

Q:{(S’t)|Smin < S < SmaX’I :1,2,"',n,t = [O!T]}
To construct the difference scheme for Black-Scholes
eguation of basket option pricing, this paper must gain the
boundary condition of (1). Take foreign call option for
example. For the reason that option pricing is a backward
problem, the initial condition is the value at the time:
t =T. Suppose that the profit of basket option on the
expiry date is geometrical average of N kind of the
underlying assets. Then the boundary condition is that:

f(SA’SZ"“’Smin"“Sn’t):Oa
f(81182"“1Smax""’smt)=O,i =12,---,n.

To solve (1), we must replace its variables:

x =In§,i=12,--,n,
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7=T-t.
Then (1) is transformed into initial boundary value problem
of constant coefficient parabolic equation:
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IIl.  CoNSTRUCT AOSALGORITHM FOR BASKET OPTION
PRICING MODEL

Additive Operator Splitting (AOS) algorithm is an
effective method to solve multi-dimensional partia
differential equations. This method firstly split the multi-
dimensional Black-Scholes equation of basket option
pricing model into equivalent one dimensional eguation set.
Then compute value of one dimensional equation set by
‘Explicit-Implicit' and ‘Implicit-Explicit’ scheme. Finaly,
take the arithmetic mean value of one dimensional equation
set asthe final value.

Make use of AOS agorithm to split (2) into equivalent

equation set on the direction of X, X,,--+, X, .
2 2
I no? 2T no? naf -r{r-fa-laz}iaaf =0 O
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Then, 'Explicit-Implicit’ and 'Implicit-Explicit’' scheme is
constructed to solve the one dimensional equation set.
Firstly, we construct ’Explicit-Implicit’ scheme. The
method is to adopt the explicit scheme at the odd number
floor, and implicit scheme at the even number floor. Then,
the | equation of (3) became into:
fiemt- £ 2 f'zg - 2fi2n + fi-zln 2 2n fif; - f\-zln 2n
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Then, solve the above equation and denote the result on the
direction X as f, .
Finally, compute arithmetic mean of N time layers, and
take it as the new time layer result.
(- f+f, +f +f
n

*n1 *n
Similarly, if we adopt the implicit scheme at the odd
number floor, and explicit scheme at the even number floor,
we can construct the ' Implicit-Explicit’ scheme:

2n+1 2n 2n+1 2n+1 2n+1
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Then, take the same method to compute arithmetic mean of
Ntime layers as the new time layer result.

When the traditiona AOS scheme is adopted to
caculate, it needs to solve an equation set that contains a
triple diagonal matrix every step. Generaly, we use the
thomas method to solve it, and the computation is
O(Mx XM, XM, ><N) However, if we use AOS
algorithm to construct the ’Explicit-Implicit’ and ' Implicit-
Explicit’ scheme, it only needs to solve the triple diagonal
matrix every two step in the X axis direction. Therefore, the
total computation of the accelerated AOS scheme can be
reduced greatly.

IV. ANALYSISOF COMPATIBILITY AND ACCURACY OF

AOSALGORITHM FOR BASKET OPTION PRICING MODEL
Firstly, "Explicit-Implicit’ and *Implicit-Explicit’ scheme
of AOS agorithm is to be considered. Take 'Explicit-
Implicit’ scheme for example. Add up the two equations of

equation set (4) to eliminate fi 21 on the direction of X .

2n+2 2n

k
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wo R (6)
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Substitute f(x,%,,--+,%,,t) by f" in (6), then make

difference between the two side of the equation, and we will
get the truncation error T(x,x,,---,x,,t) . And expand

T(%, %y, X,,t) @ the Taylor series a the point

(Xl,---,)g,---,xj,---,xn,t), and take the arithmetic mean

of x (i =1,2,-++,n)direction:
T=%(TX1+TXZ+-~-+Tx")=0(h2+k2)

Similarly, 'Implicit-Explicit’ scheme will get the same
result. Then we can get that:

Theorem 1. 'Explicit-Implicit’ and 'Implicit-Explicit’
scheme of AOS algorithm of basket option pricing model (4)
and (5) has two-order space and time accuracy. And they are
compatible with Black-Scholes equation (3) unconditionally.

V. ANALYSISOF STABILITY AND CONVERGENCE OF AOS
ALGORITHM FOR BASKET OPTION PRICING MODEL

Take the Fourier transformation on the two sides of the
equation (4), and simplify it to get:

nk(r -q-%&zj

20,

nké2

2|2
207 h

1-rk- (€ -2+e")+ (€4 -e*)|f2m2(g)=

Published by Atlantis Press, Paris, France.
© the authors

0434



Proceedings of the 2012 2nd International Conference on Computer and Information Application (ICCIA 2012)

nk 62 i nk(r d_%&z) i\ 7
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Therefore, the growth factor is:
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Because that:

2 2
oo = s
@+P)+Q
By the Von Neumann Theorem, we can get that
the "Explicit-Implicit’ scheme of AOS agorithm of basket
option pricing model is stable unconditionally. In addition,
due to the Lax Theorem, we can get that the scheme is
convergent. Therefore we can get the following theorems.
Theorem 2. ’Explicit-Implicit scheme of AOS
agorithm of basket option pricing model (4) is stable and
convergent unconditionally.
Similarly, "Implicit-Explicit’ scheme of AOS agorithm
will get the same result. Then we can get that:
Theorem 3. ’'Implicit-Explicit scheme of AOS
agorithm of basket option pricing model (5) is stable and
convergent unconditionally.

V1. NUMERICAL EXAMPLE

Here, we consider one American basket Option, take the
option is call option for example. The dividend rate is 0.03,
the volatility is 0.2, the risk-free interest rate of American is
0.08, the strike price of option is 30000$. Consider the
deadline of the option is 3, 6, 9 and 12 months, and the final
exchange rate is the spot exchange rate.

The numerical experiment is done in MATLAB 2008
environment. The comparison among analytical solution and
numerical solution is as follows:

TABLEI. THE COMPASION OF ANALYTICAL AND NUMERICAL
SOLUTION TABLE

Time relative
(month) 3 6 9 12 error
Analytical | ) 7913 | 450203 | 487165 | 495046 0

solution

"Explicit-

Implicit’ 42.5428 | 45.6596 | 48.4428 | 49.5929 | 0.00288
scheme

"Implicit-

Explicit’ 42.5428 | 45.6596 | 48.4428 | 49.5929 | 0.00288
scheme

— — - Analytical solution
48 —— 'Explicit-Implicit’ scheme
4 Implicit-Explicit' scheme /
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Figure1l. Thecompasion of analytical and numerical solution table.

From table 1 and figure 1, we can see that ’'Explicit-
Implicit’ and ’Implicit-Explicit’ scheme of AOS algorithm
has higher calculation accuracy. With a longer deadline of
the option, the advantage of the scheme is more obvious. The
numerical result demonstrates the theoretic analysis
that ’Explicit-Implicit’ and ’Implicit-Explicit’ scheme of
AOS agorithm is effective.

VIlI. CONCLUSION

In order to solve Black-Scholes equation of basket
option pricing model by numerical method, we construct
the "Explicit-Implicit’ and ’Implicit-Explicit’ scheme of
additive operator splitting algorithm. The main idea of the
scheme is to split the multi-dimensional Black-Scholes
equation into one-dimensional equation set, and this method
can avoid the complexity of using difference method directly
on high dimensional equation. Then construct the ‘explicit-
implicit' and the 'implicit-explicit' schemes. Classical implicit
scheme hides the potential stability, which is no use in the
calculation, but when it is applied in the alternate scheme,
this potential stability just cover the stability shortage of
explicit scheme. Therefore those schemes are second-order
accuracy, stable and convergent unconditionally. Finally, the
total computation of these schemes is only a quarter of the
traditional additive operator splitting scheme. Because the
implicit scheme calculates the approximate value of the
analytical solution from above, and the explicit scheme
calculates it from below. Every two steps produce errors with
the opposite symbol, which can counteract with each other,
and then obtain the more accurate result.

From the theory analysis and numerical experiment, it
can be seen that the 'explicit-implicit’ and the 'implicit-
explicit' schemes of additive operator splitting algorithm
have practical significance in solving basket option pricing
model.
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