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Abstract—In order to overcome the issues that Support Vector
Machine is sensitive to the outlier and noise points, Fuzzy
Support Vector Machine (FSVM) is proposed. The key issue to
solve the FSVM is determinate the fuzzy membership. This
paper gives an overview of construction algorithm of the fuzzy
member ship. We also give an algorithm to solve FSVM that is
derived from improved-SMO algorithm.
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I. INTRODUCTION

The theory of support vector machines!'’ (SVMs) is a
new classification technique, which is based on the idea of
VC dimension and structural risk minimization of statistical
learning theory. SVM exhibits many unique advantages in
resolving the small samples, nonlinear and high dimensional
pattern recognition problem. Because the SVM is mainly
dependent on the support vectors, it is very sensitive to noise
points and isolated points of the SVM training samples. Due
to those reasons, SVM is unstable and have a poor tolerance
to noise. To solve the problem, the Fuzzy Support Vector
Machines™™ (FSVM) was proposed in 2002, which have used
in many fields "\, The method of FSVM applies a fuzzy
membership to each input point so that different input points
can make different contribution to the learning of decision
surface. We use the fuzzy membership to measure the
importance of training points, so one of the main problems of
FSVM is how to find the suitable membership. In this paper,
we summarize some main algorithms on membership and we
also give an algorithm to solve FSVM.

I. Fuzzy SUPPORT VECTOR MACHINES THEORY

In order to more clearly understand the FSVM, we
briefly review the basis of the theory of SVM and fuzzy set.

A. Support Vector Machines

Given a training set:

T ={(X, ¥, (X, Y} e (R"XY)' (1)

each training point X, € R" belongs to either of two classes
and is given a label Y, € {1,—1}, for i =1,---,] . We call

the points that Y, =1 as a positive class point and Y, =—1

as a negative class point. According to the statistical learning
theory, SVM finds a suitable hyperplane to make the space
between the positive class and the negative class be the

largest. The SVM can be transformed into solving the
following optimization problem:

|
min Jof +CX4
’ i=1
St. yl((a))(|)+b)21_é:|a|:177|a
&20,i=1,--,1

where &=(&, -, ¢ )T is a slack variable, which reflects

the misclassification scale of the training set. The penalty
parameter C represents the misclassification scale and the
classification margin.

B. Fuzzy Set

Definition 1 (Fuzzy Set): For a fuzzy subset Aon the
domain X , a mapping from X to [0,1] such that

1y X —[0,1] 3)

@

where {4, is the membership function of set A, and the

degree that element X belongs to set A is called the
membership of X.
We use the following method to express fuzzy set:

A={(% 1 (X)) [ xe A “)
where ££,(X) is the membership of element X .

C. Fuzzy Support Vector Machines

For fuzzy support vector machines, we give a set | of
labeled training points with associated fuzzy membership
T:{(Xny1nu1)""a(xiayluu|)}e(RHXY)l )
each training point X € R" is given a fuzzy membership
o<y <1 with Yy, e{l,-1} and sufficient small
0>0. 4 is the fuzzy membership of training point
(X, Y;) . Then the FSVM is transformed into the following

quadratic programming problem :
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Yi((@0-@(x)+b)21-&,i =11,
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From the above equation, we can see that Cf{, represents

St ©

the classification margin and misclassification scale. For
noise and isolated point would be given a small weight, the

coefficient Cft; of & would be also small so that it can be

allowed that é becomes larger. The determination of the

membership is the key to solving FSVM problem. In this
paper, the algorithms are addressed to find the membership.

III. DETERMINATION OF MEMBERSHIP

A. Time Series-Based Membership

FSVM was proposed in 2002 and at the same time the
algorithm was given to determine the membership according
to the order of the sample points’ collection time!?. In the
model of time series-based membership, the data collected
recently would be more important than the previous data, so
they should be given a larger weight. The membership
function is:

lui=f(ti)a i:1927“'>|

This equation
w="=1t)=0,4="=1()=1

lower limit of the membership, and {; <---<t, are time

@)

satisfies that
, where 0 >0 is the

that training point arrival system. f(t)is an increasing
function for t.

B. Srace Measure-Based Membership

1) membership based on the distance of sample points
and the sample center

The basic idea is that, in the feature space, the more

close samples from the class center, the greater membership

is. Let X be the sample center and d()(l)=||)(I —X” ,

then £(X ) is a monotone decreasing function of d(X ).

Here we introduce a typical s-type function!).

1 d(x)<a

1—2‘[M} , a<d(x)<b
c—a

2{M} , b<d(x)<c
c—-a
0, c<d(x)

Hg(%) = ®)

o a+b
a, Care parameters given in advance andb=—— .

2) Membership based on the distance of sample points
and the class hyperplane
In this method, the class hyperplane is used instead of
sample center and the membership is a function about class
hyperplane. The only difference from the above method is
the determination of d(X). To obtain d(X), we just
need to find class hyperplane!.
Let X and X~ be the center of the positive and negative

sample points respectively and @ = X" — X be the class
hyperplane’s normal vector, so class hyperplanes are

@ (Xx=x)=0, @ (x=x)=0 )

and the distances of the positive and negative
respectively to their sample center is:

~ ‘E)T(x—x+)

d,="—75— d_=
|

so we can use d., and d;_ to define the memberships.

C. Spatial distribution-based membership

1) Density-Based Membership
In this method, the point’s positive and negative density
is used to determinate the training point’s membership"’. The
number of similar points in one point’s neighborhood is
defined as the point’s positive density, and the number of
different points is defines as negative density. When a point
is outlier, its positive and negative density is small. When the
positive density is large and the negative density is small, the
positively that this point is noise is very large. If a point is
normal sample, its positive density is large and negative
density is small.
the density of point is defined:

PX) =M (x%)<T}) ()
where X and X are sample point, P(X) is the density of
X, M (X) is the number of set X , f (X, X )is the function

of similarity measure of X, and X, and T is a given threshold.

In the same way, we can get the membership according the
actual needs.
2) Tightness-Based Membership

The tightness of sample set is measured by the smallest
hypersphere that surround the sample set. In this method,
the membership can be defined through the smallest
hypersphere of the sample set. When there are some outlier
points in the sample set, a small part of the sample points is
allow to locate at the outside of the hypersphere. The follow

formula is used to get the smallest hypersphere!®:

n
. 2
min R +D2.4
st. [x-X <R +¢& (12)

£>0, xeX
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where R is radius and X is the center of hypersphere.
Let(R", X") be a solution of the optimization equation and
we can get it by solving the dual program of this

optimization equation, then we use R and X" to make every
point’s membership.

IV. A SOLVING ALGORITHM OF FSVM

FSVM can be transformed into the following quadratic
programming problem:

1 | |
min d(a)=522yiyj(<b(>ﬁ)-¢(xj))0fi%

i=l j=1

= (13)

|
st. Dy =0,
i=1

0<a <uC, i=L--l.

Let be the solution of this quadratic programming, then

we can get FSVM according to o
In this paper, to solve FSVM, we remake SMOUI®]
algorithm to Algorithm 1.
Algorithm 1:
Step 1: Given the initial vector

o’ =(0(10,-~,0(|0)T =0and accuracy £ . Letk =0 ;
Step 2

seti and ] according to &/ o

I = arg maX{_yt[Vd (ak )]t | tel up(ak)}

Solving the subscript of the working

j= argtmin{—yt[Vd(Otk)]t te 1, (@)}
|Up(05):{t|05t <uC,y =lore >0,y =-1}
low(@)={t|la, <uC,y,=-1or o, >0,y, =1}

new,unc
j

E::Bi_ﬁj"'aikM(ﬁii_ﬂij)
+a;(yj(ﬂji_ﬁjj)_yi+yj

K =8 +p; 25

B = 2 K% %), B = D Yo K (%, X))

ki, j k=i, j
ﬂii = K(XI:X|): ﬂjj = K(Xjaxj)aﬂij = K(Xiaxj)
Step 4:

Step 3: We get o =0(;( +yj?,where

V. if aeesy
o =1, i U < o <V
U, if e <y

we can getU andV by the following formula:
ify; # Y;, then

U =max(0, o — o)

V =min(x,C, 4,C— o + )
ify, =Y,, then

U = max(0,&; + o — 4,C)

. k k
V =min(y,C, o5 + ;)

new k k new
then o4 =0 + VY, (] —a;)
Step 5: We getor kel by update &¢ k.
6¥ik+1 — O{ik;arﬂ — 04(

af =af, m=1,---,landm=i, j

V. SUMMARY

FSVM has better results in solving problems
containing the outlier points and noise points. The
determination of the membership is one of the two main
issues in FSVM. There are different methods to calculate
the membership, so we should choose the best membership
function of the actual sample distribution To solve FSVM
needs a large of time and memory, so one of the important
issues in the study of FSVM is how to reduce the time spent
in solving problems.
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