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Abstract—The coordination of two-echelons supply chain by 
buyback contract under the imperfect product quality and 
fuzzy demand environment is investigated in this paper. The 
mathematical models are built based on credibility theory, and 
the optimal parameters of buyback contract are obtained. In 
addition, the influence of the imperfect product rate on the 
parameters of buyback contract is analyzed. Finally, a 
numerical example is presented to demonstrate the solving 
processes of the models and the different effects of imperfect 
product rate on parameters of buyback contract and the fuzzy 
expected profit value of all members in supply chain. 

Keywords- supply chain; buyback contract; fuzzy demand; 
credibility theory 

I. INTRODUCTION 

In recent years, the practices and research of supply chain 
management widely emerged around the world, and there are 
many useful results arisen from the theoretical and practical 
aspects. For the successful management of supply chain, it 
should be maximizing both the profits of all participants and 
the profits of the entire supply chain. Therefore how to 
establish one mechanism for coordinating the benefit in 
supply chain has become one of the key issues in supply 
chain management. So far, there are a lot of researches and 
practical explorations found that the contract is an effective 
mechanism to achieve coordination in supply chain. 
Generally, supply chain coordination contract includes of 
wholesale price contract, buyback contract, revenue-sharing 
contract, quantity-flexibility contract and others[1]. The so-
called buyback contract, it refers to the supplier sell the unit 
items with a wholesale price to the retailer, but pays the 
retailer a buyback price per unit remaining at the end of the 
season. Under the random market demand, many studies 
have proved that buyback contract is effective for the 
realization of supply chain coordination. For example, 
Emmons and Gilbert[2], Padmanabhan and Png[3], Wang[4], 
Webster[5] and Yao[6] have investigated the problem from a 
different perspective study on the effectiveness of the 
buyback contracts on supply chain coordination. From the 
researches mentioned above, it can be found that the 
uncertainties of the market demand in most cases are 
described as random phenomenon, that is, demand is a 
random variable. However if the demand be taken as a 
random variable, which should be known its probability 
distribution, but it is difficult or impossible in reality to 
obtain the distribution information to the market demand due 
to the rapidly changing market conditions. In most cases, the 
estimation of the demand is depending on the experiences 

and judgment of senior management. From the point of this 
view, the demand is suitable to regard as fuzzy variable 
rather than random variable, and the approach of fuzzy 
information processing should be used for doing some 
researches. In recent years, with the development of fuzzy 
theory, many scholars have begun to focus on research of 
supply chain coordination under uncertainty environment 
based on fuzzy theory. So far, there are few researches about 
supply chain coordination with buyback contract under fuzzy 
demand environment. Zhao et al.[7] treated the market 
demand as random variable firstly, and then considered the 
fuzzy random demand updating; they explored the response 
method for buyback contract in supply chain by applying 
fuzzy set theory and probability theory. But in those study as 
well as most other studies, one of the fundamental 
assumptions is that the products supplied by suppliers are 
defect free. However in reality, due to lack of control over 
the production process, impact of natural disasters, transport 
damage factors in the process, there are some defective 
products often being found in the orders or deliveries, and 
this session has investigated in supply chain coordination 
problem with the consideration of the random demand by 
many scholars. But under the fuzzy demand environment, 
the study was rare. In 2010, Liu and Chen[8] incorporated the 
product defect rate into the buyback contract, and treated the 
product defect rate and coordination parameters as fuzzy 
numbers, and they studied how the defect rate impact the 
parameters in buyback contract based on function principle 
and graded mean integration representation. But in the 
literature [7][8], there are still some problems on the method 
be used to build the model. Therefore, with the consideration 
of product defect rate and fuzzy demand situation, it is 
necessary to explore new theories and methods of supply 
chain coordination with buyback contract validity. 
Credibility theory was proposed in 2004 by Chinese scholars 
Liu Baoding[9] and which has formed a complete axiomatic 
system and also is a new branch of the fuzzy theory. In 
recent years, credibility theory is also applied by some 
scholars to researches of supply chain optimization problems. 
For example, Wang and wang [10] studied buyback contract 
in a supply chain with fuzzy demand, and presented the 
optimal order quantity for total supply chain and analyzed 
how to affect the contract for the variety of cost parameters 
in supply chain circumstances. Sang et al.[11] considered the 
supply chain coordination based on revenue share contract 
and buyback contract under fuzzy demand environment, but 
they did not consider the impact of defective products for 
contract parameters. This article summarizes the research 
results till now and investigates the supply chain 
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coordination problem with buyback contract under 
production defects and fuzzy demand environment based on 
credibility theory. And also we assume that the defective 
product has a certain residual value, then by constructing the 
fuzzy models and solving them, the relationship between the 
parameters of buyback contract and defect rate is discussed 
and the impact of defect rate on the variety of parameters are 
presented by a numerical example.  

II. PRELIMINARIES  

Credibility measure was used to measure the fuzzy event 
and fuzzy phenomenon, and which is a self-dual measure. 
Let Θ be a nonempty set, ( )ΘP the power set of Θ , for an 

element ( )A ΘP∈ , { }Cr A  expresses the chance that fuzzy 
event A occurs and is called a credibility measure if and only 
if 
（1） ( )Cr Θ 1= . 

（2） { } { }Cr A Cr B≤  whenever A B⊂ . 

（3）Cr  is self-dual, that is, { } { }Cr A Cr A 1C+ =  for 

any ( )ΘA P∈ . 

（4） { } { }Cr A 0.5 sup Cr Ai i ii
∧ =  for any  { }Ai  with 

{ }Cr A 0.5i ≤ . 

Then the triplet ( )( )Θ, Θ , CrP  is called a credibility 

space, and a fuzzy variable is defined as a function from the 

credibility space ( )( )Θ, Θ , CrP to the set of real numbers. 

(see [9]) 
Definition 1: Let ξ  be a fuzzy variable on a credibility 

space ( )( )Θ, Θ , CrP . Then the expected value [ ]E ξ is 

defined as  

[ ] { } { }0

0
Cr d Cr dE ξ ξ r r ξ r r

+∞

−∞
= ≥ − ≤             (1) 

provided that at least one of the two integrals is finite.  
Definition 2[9]: Let ξ be a fuzzy variable on a credibility 

space ( )( )Θ, Θ , CrP . If the credibility distribution 

[ ] [ ]Φ , 0 1- ,∞ + ∞ → satisfied ( ) ( ){ }Φ Cr Θ|x θ ξ θ x= ∈ ≤ , 

then Φ is named the credibility distribution of ξ . 

Definition 3[9]：Let ξ be a fuzzy variable on a credibility 

space ( )( )Θ, Θ , CrP ,Then the credibility density function 

[ )R 0,ϕ → + ∞： of the fuzzy variable ξ is a function such 

that ( ) ( )Φ d , ,
x

-
x y y xϕ

∞
= ∀ ∈ℜ  and ( )d 1,

-
y yϕ

+∞

∞
= where 

Φ is the credibility distribution of the fuzzy variable ξ . 

Lemma 1[9]：Let f be a function on R R→ and ξ a fuzzy 

variable defined on a credibility space ( )( )Θ, Θ , CrP . Then 

the expected value [ ( )]E f ξ  is defined as  

[ ] 0

0
( ) Cr{ ( ) }d Cr{ ( ) }d ,E f ξ f ξ r r f ξ r r

+∞

−∞
= ≥ − ≤       (2) 

provided that at least one of the two integrals is finite. 
Lemma 2[12]：Let ξ be a fuzzy variable with distribution 
function Φ( )⋅  and credibility density function ( )ϕ ⋅ . Assume 

that the credibility distribution’s support is [ ]Θ = u , v . 

Then 

( )[ ]min ( ) ( )d 0
z

u
E z,ξ z z x x x where  u z vϕ= − − ≤ ≤ ≤ ，  (3) 

 and 

( )[ ] ( )d min
1 Φ

d
.

E z, ξ
z

z
= −                                  (4) 

III. PROBLEM DESCRIPTION AND FORMULATION  

Considering a two-echelon supply chain includes one 
supplier and one retailer, and in which the supplier products 
and supplies new products to the retailer, due to lack of 
historical data about demand or some dates are derived from 
the expert’s estimate or judgment. So the demand in the 
market should be characterized as a fuzzy variable. In 
addition, when the new products are brought to the market, 
it’s hard to avoid the occurrence of the defect product. Here, 
we assume that the defect product has a certain residual 
value, but its testing cost is small and can be negligible. For 
the recycling of the defect product, it is full responsibility for 
the supplier. Retailers make the order to the vendor before 
the sales, and if the demand is less than the retailer's order, 
retailers can return the unsold products to the supplier with a 
pre-decided buyback price at the end of the period, also it is 
assumed that the buyback price of the defect product are 
similar with the buyback price of the normal product. 
Parameters mainly used in the study are as follows: SC  unit 

product cost for supplier; RC unit dealing cost for retailer; 
p price of the product; w  Wholesale prices per product 

suppliers to retailers (decision variable); q  order quantity of 
the retailer; b  buy back price ( b w p< < ); D market demand; 
α defect rate; ( )v p  residual value of unit product, 

( ) , (0 1)v p λp b λ= < < < ; , ,R S SCπ π π  express the profit of 
retailer, supplier and the whole supply chain respectively. If 
the defect rate of the product is 0, that means the defect 
product is not exist. Then the profit of the retailer is 
composed of the income from sales, returns and also gets rid 
of the purchase cost and the processing cost, and which can 
be expressed as： 

( ) ( ) ( )min , max , 0 -
RR p q D b q D w C qπ = + − + . 

The profit of the supplier is composed of the income 
from wholesales, residual value of the returns and also gets 
rid of the production cost and the buyback cost, and which 
can be expressed as：  

( ) ( )( ) ( )max , 0 max , 0SS C q v p q D b q Dwπ = + − − −− . 

The profit of supply chain is： 
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( ) ( )min , ( ) max - , 0 - ( )R SSC p q D v p q D qC Cπ = + + . 

For the whole supply chain system, the decision is to find 
the optimal order quantity *q , and which should be the 
optimal solution of the following programming problem 

max [ ]

. . 0
SCE

s t q
π
>

                                (5) 

The Programming problem (5) is a typical nonlinear 
programming problem, and applying the solving method of 
the nonlinear programming, its optimal solution should be： 

1Φ
(1 )

- R Sp C C
q

λ p
− −

=
−

 
 
 

.                              (6) 

If the defect rate is not zero, that is, when there are some 
defective products, according to the previous assumption 
that after the recovery of the residual value per 

product ( ) ( ), 0 1v p λp λ= < < ；In addition, since the defect 

rate is α ， so the perfect product in each order 

is ( )1q' α q= − , In the fuzzy demand environment, the 

retailer, supplier and the whole supply chain system’s profit 
expressed as: 

( ) ( )
( )

/
D D

D

min max 0

( ) min 1 ,{ }
R

R

R C

C

π p q', b q' , b q q wq
p b q, bq q wq

α
α

+ − + − −
= − − + − −
=

 

( ) ( )

/ max( ' ,0) ( )max( ' ,0) ( )

     ( )min 1 ,

( )

{ } S

S Sπ C q b q D v p q D b q v p q

b λp q, D w C λp b q

w α α
α

− − − − +

= − − − + −

= − +
+

and 

( ) ( )
( )

/ min ( ) max , 0 ( )

       (1 ) min 1 ( ) .{ }
R S

R S

SCπ p q', D v p q' D C q C q v p q

p λ q, D λpq C C q

α

α

= + − − − +

= − − − ++
 

Since the demand D  is a fuzzy variable, and its credibility 
distribution is ( )Φ ⋅ ， credibility density function ( )ϕ ⋅ ，

following from the (3), (4)  in Lemma 2 that we have 
( )[ ]
( )[ ]

/[ ] ( ) min 1 ,

( ) min 1 , ( ) .

{ }

{ }
R R

R

E E p b q D bq C q wq

p b E q D b C w q

π α

α

= − − + − −

= − − + − −
 

In order to obtain the optimal order quantity, with the 
similar method to solve the programming problem; Take the 
first and second derivatives of /[ ]RE π  with respect to q , then 
we have 

( )( )
/[ ]d

(1 )( ) 1 Φ 1
d

( )R
R

E p b q b C w
q
π α α= − − − − − −+    (7) 

and 

( ) ( ) ( )( )
/2

2

2

[ ]d
1- 1- 0

d
R

E
b p q

q
π

α ϕ α= − ≤ . 

Let (7)=0 and then we can obtain the optimal order quantity 
of the retailer is 

1 (1 )

(1 )( )
* .

1

Rp b w C
p bq

α α
α

α

− − + − −
Φ

− −
=

−

 
 
 

                    (8) 

And also the expected total profit of supply chain is 

( ){ }[ ]/[ ] (1 ) min 1 , ( )SC R SE p E q D pq C C qπ λ α λ− − − += + . 

Similarly, we can obtain that the optimal order quantity for 
the supply chain is 

1Φ
(1 )(1 )

1

- R Sp αp αλp C C
λ pq**
α

α
− + − −

− −
=

−

 
 
 

.                   (9) 

From (9), we know that when 0α = , the value of q** is 

equal to the value of q in (6). 
Since the expected profit of the supplier 

is ( ) ( )/[ ] ( ) min 1 ,{ }S SE b p E q D w C p b qπ λ α λ= − − − + −  + , 

similarly, we can obtain the optimal supply quantity of the 
supplier as, 

-1

(1 )( )
*** .

1

Sw C p b
b pq

αλ α
α λ

α

− + −
Φ

− −
=

−

 
 
 

 

If buyback contract can coordinate the supply chain, which 
should satisfy *,q* q** q**= = from that we have 

.
(1 ) 1

R S S Rp C C C λC λpw b
p λλ

− − + −= +
− −

            (10) 

From (10) we know that when p , RC , SC and λ are 
determinate, there has a line relationship between w  and b . 
By the way, the equation (10) is independent toα . From the 
point of this view, we introduce a parameter η (0<η <1), 
and also suppose that w  and b are the function ofη , then 

w  and b  can be expressed as： 
( ) ( )
( ) ( )1 .

R S Sw p C C C

b p p

η η

η η λ λ

= − − +

= − +




                  (11) 

In fact, from (11) and Sw C> we know that 

if 0R Sp C C− − >  then η >0. Since R Sp C C> + and 

b w< is obvious in real supply chain, instituting the value 
in (11) into it and we can obtain the value of parameter η  

satisfied the expression as follows. 
( )R S SC C p C pλ η λ+ − < − ,                    (12) 

If SC pλ> , then the parameter η  satisfied 

0 1S

R S

C p
C C p

λη
λ

−< < <
+ −

                            (13) 

Hence, the parameter η  introduced above satisfied the 

assumptions 0< η <1 if R SC C p+ <  and Sp Cλ < . From 

(11) we have ( )R S Sw b p C C C pη λ λ− = − − + − , so when 

p , RC , SC and λ are fixed, ifη increase, then w b−  tend to 

decrease. This means, with the bargaining power of supplier 
enhancing, it is benefit for supplier to provide the buyback 
price being close to the wholesale. But in order to enable the 
retailer to accept buyback contract for achieving supply 

chain coordination, we should have 
( )S R

R S

p C λC λpb
C C pλ

+ −<
+ −
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with the conditions that (10) and w b>  holds. From (10) 
and (11), we know that the values of w and b are 
independent toα , but from (8) and (9), we know that the 
values of q* , q** and *q** are dependent on the vary of α . 

However, the trends of the change about values of q* , 

q** and *q** do not have clear analysis result. Only if 

*,q* q** q**= = then the supply chain can be coordinated. 
In the next section, a numerical example will be presented to 
analyze the impact of α  on the varieties of q* , 

q** and *q** . 

IV. NUMERICAL EXAMPLES  

In order to illustrate the effectiveness of the models in 
coordinating the supply chain, a numerical example is 
presented in the following. Suppose that the demand of 
market D  is a triangle fuzzy variable, and D =(1000, 1100, 
1200), η is 0.6, and α take values of 0, 0.02, 0.03 and 0.045 
in different cases, respectively, other parameters and their 
values are p =40, SC =10, 

RC =2 and λ =0.1, calculation 
result is listed in Table 1 when applying the models to deal 
with this problem. 
TABLE 1：THE RESULT OF COORDINATION WITH GIVEN ( ),η α  

  ( )η α，            b             w              *q                  /[ ]RE π  
(0.60,  0)          25.6        26.8          1155.6                12071.1  
(0.60, 0.02)      25.6        26.8          1178.2                11995.7 
(0.60, 0.03)      25.6        26.8          1189.9                11956.8  
(0.60, 0.045)    25.6        26.8          1207.8                11897     
(0.60, 0.05)      25.6        26.8          1213.9                11876.7  
(0.60, 0.06)      25.6        26.8          1226.3                11835.4  
(0.60, 0.075)    25.6        26.8          1245.4                11771.7  
(0.60, 0.09)      25.6        26.8          1265.0                11706.1  
From the results in Table 1, we know that product defect 

rate has no effect on the wholesale and the buyback, but it 
has an impact on retailer’s optimal order quantity and 
expected profit. Also it can be seen that if η  is a fixed value 
0.6 then with the increase ofα , the optimal order quantity is 
increased for retailer but the expected profit of the retailer is 
reduced. 

V. CONCLUSIONS 

In this paper, we have investigated the fuzzy decision 
making problem when the real market demand couldn’t have 
certain probability distribution or is not a crisp value and 
need to be estimated as fuzzy variable. And also we have 
considered the defect rate of the production to investigate 
buyback contract on the effectiveness of coordinating results. 
We have explored the optimal decision of supply chain 
system as well as suppliers and retailers in both defect free 
and defect. The model has been formulated based on 
credibility theory and also the optimal parameters of buyback 
contract are obtained through solving the presented model. 

The numerical example shows that the defect rate has no 
effect on the wholesale and buyback price in the buyback 
contract, but for optimal ordering lots, retailer’s expected 
profit and the profit of supply chain, the defect rate has 
different effects on them. The shortage of this study is that 
we have not taken into account the influence of vendor 
preferences on supply chain coordination, and also we have 
not do some comparison with buy back contract and other 
contracts in the coordination level. These are the issues to be 
addressed in the future. 
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