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Abstract With the expansion of the resear ch field, the research
object of some original seemingly unrelated properties have
been studied together. At this time, the number of attribute in
formal context has changed. For the increased attributes, we
need to construct a new concept lattice. The existing
incremental building algorithms of concept lattice need the
original formal context as the basis, with single attribute or a
set of attribute of the object to rebuild the concept lattice. They
can't effectively utilize these existing concept lattice that have
not relation in attributes. Here, the paper presents one new
algorithm for incorporating concept lattice based on the
existed concept lattices. We can directly build the “together
lattice” from bottom to top by direct product operation on the
existed concept lattices and the mapping relation between the
direct product lattice of two existed concept lattices and the
“together lattice”. Formal contexts that attribute sets have no
intersection arefit for thisalgorithm.
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l. INTRODUCTION

Since the formal concept analysis theory was put forward
by German Willeg[1] professor in 1982, with 30 years
development, the formal concept analysis and its core data
structure concept lattice was proved to be an effective tool of
knowledge discovery and data analysis .It has been widely
used in the field of knowledge discovery, software
engineering, information retrieval, information filtering
etc[2-6]. How to improve the efficiency of constructing
concept lattice is a hotspot problem. The existing algorithm
to structure concept lattice can be divided into two categories:
batch agorithm [7,8] and incremental agorithm [9-10].
Along with the information storage increase gradually, it
often need a lot of forma context merge together to form
larger formal context. The space and time complexity of
concept lattice grows exponentially with the scale of the
increase of the forma context. If we use the existing
incremental algorithms to reconstruct the concept lattice of
the new formal context, the method consumed a mass of
memory and time. This agorithm directly utilizes two
existing formal context corresponding to the original concept
lattices to construct the total concept lattice that
corresponding to the merged formal context and solves the
problem of low utilization ratio of the original concept lattice.

1. BASIC CONCEPTSAND BASIC THEOREMS[11]

Definition 1 A formal context is composed of two
setsoand Aand a relation | between o and A. The elements
of o are called the objects and the elements of A are called

the attributes. In order to express that object o isinrelation |
with attributea , we write (o0,a)el or ola.

Definition 2 Given a set of objects XcO and a set of
attributes YcA from the formal context (O,Al) , two
operators can be defined as:

f(X)={acAvxe X, xla} g(Y)={oeOlvyeY,oly}

Definition 3 For xcO , ycA, a pair (x,y) such that
f (x)=y,9(y)=x,is caled a (formal) concept. For a concept
(x,y) the set xis caled the extent and the set y the intent of

the concept.
Definition 4 If (xq,y1).(x2,y2) are two concepts of formal

context (O,A, 1) with xcxo, then (xo,y2) is caled the super
concept of (xq,yq) , written as (xq,y1)<(x2,y2) If (3, 1)< (%2,
y2) , (4, ¥1)#(X2,y2) then written as(xq,y1)<(x2,y2) .If there
iS no  (x3,y3) such that (x,y1)<(x3,y3)<(x2,y2) then
(xp,y2) is called as the father concept of (x,y;) and
(x,y1) is called as the child concept of (xp,y2) . With
respect to this partial order, the set of al forma concepts
forms a compl ete lattice written asL(O,A,1) . L(O, A, 1) = (L
(O,Al),5) is called the concept lattice of the formal context
(O,Al).

Definition 5 The direct product of two partial order
sets (M1,<) and (Mo,<) is defined as a partia order set
(M1xM2 <) the” <" meansthat (xq,x2)<(y1,y2):<x<y and
Xo<y2.

Theorem 1 concepts lattice L(O,A,1)isacomplete lattice.
Theinfimum and supremum are defined as;

A (AB)=(n AF(n A) v (AB)=(9( 0 Br). 1 B),
teT teT teT teT teT teT

T isaindex set.

I11.  BASICPRINCIPLE OF THE ALGORITHM

In this paper, the origina formal context is(0O,A,l7) -
The concept lattice expressed by Ly .The additiona attribute
set in the formal context is Ay . Its corresponding formal
context is (O,Ap,I2) , the concept lattice expressed
by Ly . Ly=LyxLy is the direct product of LyandLy.Ly is a
complete lattice. (cp,cp) is the element of Ly . is the
concept of 11 as well as cp is the concept of 15. The set
expressed by Cy . The total concept lattice is expressed

by L . C expresses the set of al elements of L .When
AnAp=, this algorithm is applicative.
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Definition 6 ¢: C—Cyis a mapping that associates a
concept of the total lattice L to a concept of the direct
product lattice Ly .

P((X)=((9(yNAD),ynA),(9(YNA2),yNAD))

Proposition 1 The mapping ¢ is an order embedded that
associates L toLyand injective.

Proof: Consider (x,y1),(x2,y2)eC With (x, y1)<(x2,y2) then
(1 YD)=((9(NAD. N AD(I(VNAR), YN AD))
o((x2,y2)=((9(y2nAD, y2nAD(9(Y2nAp), Yo Ap))

For (x.yD<(x2.y2) = y2cwi = Yy2nAcHUNA
y2nAoc yinA = (9(y1NAD). YINADS(9(y2n AL y2nA)
and (g(y1nA2),y1nA2)<(g(y2nAp),y2n Ap) then o((x1,y1))
<gp((x2,y2)) . Obviously, the mapping ¢ is order-preserving .

Consider p((x1, y1))<@((x2,y2)) With (x1,y1),(x2,y2)eC
then (9(y1nA). YINADS(9(y2nAL).y2nA)=y2nAcyinA
and (g(y1nA),y1NA2)<(9(y2nA),y2nAp)=y2nAocyinAy
For (yanA)u(yan)c(mnA)u(nAe)= yarn(Aulp)cun(A
UA)=y2nAcyinA For yicAand yoc A= yac =04, y1)<(x2,
y2) . So, the mapping ¢ is an order embedded .

Next, we proof the mapping @ isinjective.

Consider p((x1, y1))=¢((x2,y2)) With (x1,y1),(x2,y2)eC then

(9(1NAD) N AD)=(9(Y2n A, Y2n A= N AL=Y2N AL

(91N A2). N A2)=(9(y2nA2), y2nAg)=> 1N Ap=yon Ay

For (y1nAD)u(y1nA2)=(y20 A (y2n Ap)= y1n(ALUAp)=Y2n
(AUuM)=yonA=ynA  FOor yicA and yrcA=y=yo=
(%, y1)=(x2,y2) . So, the mapping ¢isinjective.

Proposition 2 The mapping @ is supremum-preserving.

Proof: Let X={(%,%)IT iS an index set, VteT, (x,yt)iS @
concept of total lattice L}cC ,s0 X is a subset of C ,
thenvX=(g( N %), N %) e(vX)=p(a( N W), N n)=((g

teT teT teT teT

(A, N NA)(AC N NAR), N WNAR)) - p(X)= (9N
teT teT teT teT

A NAD)(9(inAp) yenAp) [T isanindex set, VieT (x,

yt) isaconcept of total latticeL } .

ve(X)=((g( n (A, N (AN (HNAR)), N (HNAR))
teT teT teT teT

=(9( N ¥NA), N wNAD(G( A RNAR), N YinA)=p(vX) - SO
teT teT teT teT
mapping ¢ IS supremum-preserving.

Definition 7 v : Cy—C is a mapping that associates a
concept of the direct product lattice Lyto a concept of the
total lattice L.

Y (% 1), (%, ¥2)) = (N X, £ (N X,))

Proposition 3 The mapping  is order-preserving and
infimum-preserving.

Proof: If ((x1,y1).(x2,¥2)).((x3.Y3).(x4.,Y4))eCx and ((xq,
Y).(x2,¥2))=((x3.Y3).(x4.Y4)) then:

w((x1. YD) (x2,¥2))=(xanx2, f (x1nx2)) ,
v ((x3,¥3).(X4,Y4))=(3nx4., f (x3nx4)) .

(O, y1).(x2,Y2))=((X3,Y3).(X4,Y4))= XSX3:X2SX4=>X1NX2
ox3nxg = (Nx2, f (anx2))<(3nx. f (x3nx4)) =
w (0, YD,(x2,Y2))<w ((x3,Y3),(x4.Y4)) - So mapping ¥/ is
order-preserving.

Next, we proof the mapping i isinfimum-preserving.

LetY={(x,y)[T is an index set, VteT,(x,yt) iS a pair of
conceptsin direct product lattice Ly. %=(pt,0), Vi=(%,5)} »
S0 Y isasubset of Cy, thenAY=( N %,f( N %)).

teT teT

w(AY)=p( 0 % fFCn x)=(n (0 ). f(n per( 0 /)))
teT teT teT teT teT teT
w (V)= (%, y)={ (Pt f (pror )T isanindex set, VieT,

(%,yt) isapair of conceptsin direct product latticeLy .}
Ay (Y)=(n (ptnr). FCn (prore))=( 2 pen(nor).f(n pn
teT teT teT teT teT

(A )=w(aY)-S0, Mapping @ isinfimum-preserving.
teT

According to the above definition, theorem and
proposition, may safely draw the following conclusion.The
total lattice L and the image on Ly that are produced by

mapping ¢ are isomorphic. With this conclusion, to

produce the total lattice L by one sublattice of the direct
product lattice Ly whom satisfied some condition become

possible.
Properties1 VceC , p(c)=min(y1(c))
Proof: Let ((x1,y1).(x2.y2))=min(yX(c)).c=(p.qleC .For

any ((s1.t1).(s2.t 2))e(w2(0)) such that (g, y1).(x2,y2))<((s1.
t1).(s2,12)) -

if \w‘l(c)\ﬂ then (0. y0).02.y)=(e ) (2.12) -So
properties 1 is tenable.
@if \w‘l(c)\ﬂ then (04,1, (2, ¥2) (1. 10).5212) -

Due to the” < "relation in Ly=y1otq,yooto . The mapping
@ is injective=qgnA1=gny;,gnA2=gny> . SO properties 1 is
tenable.

Definition 8 ¢’ :

VeeC, ¢'(0)={(g .Cj )|Extent(c )nExtent (cj )=Extent(c)}

Extent(c) expresses the extent of concept C .The
concepts of the total lattice L can be computed easily by the
image of the mapping ¢ .

Properties 2 For any concept c=(x,y)eC ,if o(c)=((x,
y1).(x2,y2)) then x=xinxp and y=yj Uy .

Proof : Due to the define of ¢(c) , yi=ynA1,y2=ynA2
AINA =0, AJUAR=A , my=y1UY2 . 9(Y1)=X1.9(y2)=X2
then g(y) = 9(y1uy2)=9(y1)ng(y2)=x1nx2 .So properties 2
istenable.

children(c) expresses the set of the child concepts of
concept c .It's elements are determined by the child
concepts of ¢(c) whom is the image of concept Cin direct
product lattice Ly .We get the images of ¢(c) 's child
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concepts by mapping w . The maximum of them form the
set children(c) .

Definition 9 children(c)=max({ (C)[cechildren(¢(c))})

If we want to build the total concept lattice with the
origina lattice and the additional lattice there are three
questions need process.

(1) To find the update concepts from the direct product
| attice that can produce new concepts.

(2)To compute the extent and the intent of these
concepts.

(3)To define the father-son relation between these
concepts.

(D(2)(3) are the main steps of this algorithm and the
above properties form the theory foundation. This algorithm
can produce the total concept lattice only through the direct
product operation on the original lattice and the additional
|attice.

Input: direct product lattice Ly ,the result of direct
product operation on The origina lattice Ly and the
additional latticeLy .

Output: L, thetotal concept lattice L
Procedure Constrct—lattice (Input ; Ly ,Output : L)
Begin
LD ;
For each (g cj) in CixC do
E<«Extent (g )mExtent(cJ- )
Judgevalue«— (children(g ,c j )
/'1f this concept is an update concept
If Findnew(E,Judgevalue) then
/lproduce a new concept C . Its extent is E and intent is
theunionof G ‘sintentand C; ‘sintent.
c—(E,Intent(g )ulntent(Cj )

For each © in max(Judgevalue) do
Link(c,C) //T is ¢’schild concept. Link Tto ¢
L«L{c} //Add the new concept c tothe L

End
/ITo judge whether (g cj) isupdated concept. If the return

valueistruethen (g cj) isupdated concept.

Produce Findnew(E,Judgevalug)
Begin
flagefalse // signa variable
For each € in Judgevalue do
If Extent(C)#E then
flag«true
Else begin
flag« false
/lif Extent(CT)=E then break the circulation and
return the flag’svalue.
return flag
end
return flag

End
/I the algorithm get the child concepts of (C;, C;)
Procedure children(g j)
Begin
child«g
For each (cm,cn) in CGixCo do
If (cm.cn)<(qcj) and hasno (cx,cr ) such that

(cm.cn)<(ck.cr)<(q.cj) then
I (emcn) is child concept of (g cj)

child«child{ (cm.cn)}
children<child
End

IV. EXAMPLE

Here, we use a specific example to demonstrate the
algorithm. The origina forma context (O,A,l1) .The
additional formal context (O,Ap,17) .Let O={1,2} , A={a,b,c},
Ao={d,e} .These formal contexts and their concept lattices
are shown as Figure 1.The total formal context (O,A|l)is
shown as Figure 2.

The lattice generated by direct product operation on two
of the original formal context concept lattice is shown on
the left in Figure 3.

Using the above algorithm on this lattice, firstly find the
update concepts, secondly according to the properties 2
caculated the concept C of the combined total lattice.
Finally, according to the definition 9 found child nodes of
concept ¢ and connecting them. It constructed a combined
total concept lattice (such as the right side of Figure 3
shows).

abcC *2 @ ac
1] X X
2 X
*4 (@, abc)

(a) Theoriginal formal context and its concept lattice

*112,9)

*3 (2,b)

d e @azd) [#
1] X
2 | X

X

(2.de) | #2
(b) The additonal formal context and its concept lattice

Figure 1.The original formal context, the additional formal context
and their corresponding concept lattice
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X X X

Figure 2.The incorporative formal context

‘2 (12, &

*2 T,acd) (2,bde)

¢
(9,abcde)
Figure 3 Thedirect product lattice | N mapping i/ and the
incorporative concept lattice L

In order to verify the correctness of the algorithm, we
compared this algorithm and the algorithm that produces
concept lattice by formal context with experiments. The
latter’sinput is the total formal context and the output is the
total concept lattice. The program use VB6.0 as
programming language. Experiment data use random data.

The number of objects is set to 30. The number of
atributes is changing, from the beginning of 20,
incrementing by 20 until 200. Each object has the same
number of attributes. Context concentration is 40%. The
experimental results prove the validity of the algorithm.

Algorithm features: Some of the existing incremental
construction algorithms of concept lattice, their core ideais
with a concept lattice as the basis, then every increase a
attribute to traverse the concept lattice one time[12,13].

According to the additional attributes to determine
concept category, and carries on the corresponding
operation to form the new concept lattice until you add all
attributes to generate the final result.

This algorithm provides a new method with the direct
product for constructing concept lattice. Firstly, we produce
the direct product lattice. Using the original concept lattice
and direct product lattice isomorphic relation, can easily
determine the father-son relationship of concepts in the
direct product concept lattice. Concepts are only divided
into two categories. update and non-update. The operation is
simple.

The method only needs to traverse the direct product
lattice one time. In the traverse, it adds all additional
atributes and generates the concept lattice from the bottom
to the top. It does not traverse and operate the concept lattice

when there is a new attribute is added like the existing
incremental algorithms. So, it is more efficient than the
incremental algorithm.

V. CONCLUSION

Concept lattice generation problem is the key steps of
knowledge extracting from database. To overcome the
shortcomings of the present incrementa building agorithms
of concept lattice, we propose a new method based on direct
product. It is applicable nicely when a large number
attributes were added to database or more than two database
were merged. The experiment proved that the agorithm is
correct, but the application scope is limited. The next
improvements include reducing the limitations of the
algorithm, and to expand the scope of application of the
algorithm, to reduce the search range of the update concept,
as wel as to improve the association rules extraction
algorithm in data mining.
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