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Unique solution for a fourth-order boundary value problem
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Abstract— This paper mainly concerns the uniqueness of
solutionsfor a fourth order boundary value problem. By virtue
of Browder theorem, the main result is obtained when the
nonlinearity term f satisfies the Lipschitz condition. The result
isnew and complement of some previously known results.

Keywords-boundary value problem; solution; unigueness;
Browder theorem

I INTRODUCTION

In this paper, we shall study the unique solution for the
fourth order boundary value problem

{u“)(t) #un(t) - Su(t) = f(Lu(t),0<t<1, ()
u(0)=u@)=u"(0)=u"(1) =0,
Where f :[01]xR— R is continuous, &,7€ R are
parameters, which satisfy the conditions:
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Recent years, there have been many papers to study the
existence of solutions for some fourth order boundary value
problems, see [1-5]. In [1, 2], for the problems of type (1),
the authors al obtained the existence results of positive
solutions when f is either superlinear or sublinear in U by
employing the cone expansion or compression fixed point
theorem. In [3-5], the authors applied critical point theory to
consider the existence of solutions for a class of fourth order
boundary vaue problems and obtained some excellent
results. In this paper, by virtue of Browder theorem, we shall
discuss the unique solution for the problem (1). It is

interested that we only need the nonlinearity f to satisfy the

Lipschitz condition, it is a natural condition and there are a
large number of continuous functions satisfy the condition.
As is known, C[0,1] is the Banach space with the norm

Il llF max, o, | X(t) | @nd L°[0,1] isareal Hilbert space with
the inner product

(uv) = [ uvO)dt, Yu,ve L[0,1].

<l1¢é>-L-p<2n’

Let
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1 sinhwitsinhw (1-s),0<t<s<1, >0
w sinhw, sinhwissinhwi(l—t),Osss’[S:I.,ﬂi '
t(l-s),0<t<s<],
G (t.s)= {S(l—t),OSSStSl, # =0,
1 snwtsinw (1-s),0st<s<1, |,
: . . —m°< 4 <0.
wsinw (Snwssinw (1-t),0<s<t<],

Then the problem (1) has a solution in C*[0,1] if and only
if the following equation

u(t) = I:j:Gl(t,s)Gz(s,r) f (z,u(r))dzds,te [0,1],(2)
hasasolutionin C[0,1] .

From the expresson of G,(i=1,2), we see
G (t,9) >0, and G (t,5) =G (s,t) for al t,se (0,1).
Let

G(t,s) = j:Gl(t,r)Gz(r, g)dz, vt,se[0,1].

Clearly, from the symmetric property of G, G,, we have
G(t,s) =G(s,t). Therefore, (2) is equivalent to the
following integral equation
u@) = [ G(t,9) f (s u(9))ds te[0.1].
Define the operators T, A: C[0,1] — C[0,1] by
Tu(t) = jole(t,s)u(s)ds,

Au(t) = f (t,u(t)).
Then (2) is aso equivalent to the operator equation
u=TAu,ue[0,]]. Itiswell known that all eigenvalues of
1
T ae {ﬂk}keN = K‘z® —pk’m?2-¢&'
corresponding orthonormal eigenfunctions

{e. oy = {V/2sin k;rt}keN :

which have the

and
A>A,> > 4 >--->0, Vke N.
In what follows, we list the properties of T (see[3-5]):

Published by Atlantis Press, Paris, France.
© the authors

1470



Proceedings of the 2012 2nd International Conference on Computer and Information Application (ICCIA 2012)

@ T:L[01]—C[0] is a linear completely
continuous operator and also a linear completely continuous
operator from L[0,1] to L?[0,1];

(b) T:L%[0,1] = C[0,1] is positive bounded linear and
symmetric, so the sguare root operator of T

T 3 :L?[0,1] —» C[0,1] exists and is unique, and is also
bounded linear and symmetric with || 1 3 =T ||% ;

(© T72:L7[0,1] > c[0,1] is a linear completely
continuous operator and also a linear completely continuous
operator from L*[0,1] to L*[0,1] .

Since T islinear completely continuous and symmetric,
the following formulas with T hold:

u=3 (u.g)e,ue L0,

1
Tu=>)" T (u,e)e,ue L?[0,1],

k=1

oo

1
= 1
T2y= Z\/k“zr“—nkzﬁz _g(u,ek)q(,ue L*[0,1].

k=1

- 1
Let A=+2
(; k4ﬂ'4—7]k2ﬂ'2—§
1
1367 of [3], wesee | T2U|< A ||u]|. Then we obtain

1
J
1 1

Next, we shall define J(u) =u—T2AT2u,ue L*[0,1].
Then we easily see that the solution U, of (1) is equivalent
to J(u,) =0, seeLemma 2.7 of [3].

2
J , from the page

1
2 \z 1

1 =
T2u(t)| dt s(j:AZ ulP? dt)ZSA||u||.(3)

II.  MAINRESULTS

We first give our basic definitions and lemmas about
Browder theorem.

Definition 2.1[6, P303] Let E be a reflexive rea
Banach space. We say L: E — E is demicontinuous if
L maps strongly convergent sequences in E to weakly

convergent sequencesin E .
Lemma 2.1[6, Theorem5.3.22] (Browder theorem) Let

E be a reflexive real Banach space. Suppose that
L:E — E  bean operator satisfying the conditions
(i) Lisbounded, demicontinuous;

(L(u),U) _
lull

(iii) L is monotone on the space E , i.e, for all
u,ve E, wehave

(L(u)=L(V),u-v)>0. 4
Then the equation L(u) = f has at least one solution

(i) limy,... ;

ue E for every " € E . If, moreover, the inequality (4)
is strict for al u,ve E, u#v , then the eguation
L(u)y=f" has precisdly one solution ue E for
evary f e E .

Now, we list our assumptions for the nonlinear term f .

HY) feC(0lxRR) and f(t,0)=0.

(H2) Thereisaconstant Ce (O, A"Z) such that

| f(t,u)—f(t,v) Kclu-v|,Yu,ve L7[0,1],
uniformly in te [0,1].
Example2.1 Let
f(t,u)=eAu+7,
wheree € (0,1),0 # 0. Clearly, (H1) and (H2) hold.

Theorem 2.1 If (H1), (H2) hold, then the problem (1)
has only a nontrivial solution.
Proof. We  first define  two

L,,L,: L%[0,1] — L2[0,1] asfollows:
(L(.v) = [ uvD,

operators

1 1

(L,(u),v) = (TZATZU,VJ =[f [t,T;u(t)]T;v(t)dt.

0

Clearly, L, is linearly continuous, so bounded. We shall
show L, is bounded and continuous. By (H2), we find there
existsa €, > 0 such that

| f(t,u)[gclul+c,Vue L*[0,1], (5)
uniformly in te[0,1]. Indeed, in the inequaity of
(H2), letv =0, we have by the triangle inequality
| f(tu) -] f(t0) <] f(t,u)-f(t.0)[<clul,
for dlue L°[0,1]. Let ¢, =] f (t,0) [> 0. Then (5)

holds, as required. Therefore, we have by (5) and
Holder inequality, note that (3),

1
(LWVES|f [t,Tzu(t)]

1
T2v(t)|dt
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|1 1 1 1
< jocT2u(t) T2v(t)|dt + jocl T2v(t)|dt

<o/ [jruo] | Frivo] | o[

1
2 )2
3
<cA®luflivii+cA vl

Thus L, isbounded.

On the other hand, by (H2), we see from Hol
inequality and (3)

(L) - L) E|f [t,Tiul(t)j— f (t,Tiuz(t)]

1
scf
0

<cA” flu—u, fllivIl.

T%u(t) T%v(t) T%v(t)

T%v(t)

1 1 1
T 2u, (t) — T2, (t)|[T 2v(t)| dt

der

dt

Consequently, L, is continuous. So (J(u),V) is bounded

and continuous, so demicontinuous. By (5) again, we get

(3(u),u) = j:uz(t)dt —j: f (t,T;u(t)]T;u(t)dt

1 1
>[lull —j: clT2u(t)|+c, |[T2u(t)|dt

>flulf ~eA? ulf ~cAllull
QWY _
ull

So, limy,..

Finally, we shall prove J is monotone. Indeed,
1
(I(W=I(v),u=-v)=[ Ju®)-v(t) [ dt

- J':{f [t,T;u(t)J— f [t,T;v(t)H(T;u(t)—T;v(t)j it

2 1
2[lu-v]| —cjo

2

1 1
T2u(t) -T2v(t)| dt

>||lu-Vv|F —cA [[u-V|f>0,u=V.
Hence, by Lemma 2.1, we find the problem (1) has only a

solution.
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