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Abstract—Nonsingular H — matrices play a very important
role in matrix analysis and numerical algebra. Based on the
concept and properties of the generalized strictly diagonal
dominance matrices, we partition the row and column index
set of square matrix, construct a positive diagonal matrix
according to the elements and row sum, column sum of the
matrix as well, then obtain several new criteria for the
nonsingular H — matrices, and extend the criteria of
nonsingular H — matrices. Finally, advantages are illustrated
by anumerical example.
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l. INTRODUCTION

Nonsingular H — matrices are very important matrices.
It is widely used in matrix theory, mathematical physics,
control theory, mathematical economies, etc. (e.g., see [1,
2]). Some sufficient conditions for H — matrices are
investigated in some papers, (see [3-10]), but it isdifficult to
determine H — matrices in practice. In this paper, we obtain
a set of practical criteria of H — matrices. In the end, the
advantages of the criteria of nonsingular H — matrices are
illustrated by a numerical example.

It is well known that A is a nonsingular H — matrix if
and only if A is a generalized strictly diagonaly dominant
matrix. In this paper, we aways assume that al diagonal
entries of A are nonzero. Let N={1,2,---,n} and C™ be

the set of al n by n complex matrices. Let A=(g)
eC™andR(A=Y|a|, C(A=Y|a| VijeN.
i) i]

Definition 1. Let A=(a;)e C™". If |[a,|>R(A), Vie N,

then A is said strictly diagonally dominant matrix and
denoted Ae D . If there exists a positive diagonal matrix X
such that AXe D , then A is said a generalized strictly
diagonally dominant matrix (i.e. nonsingular H — matrix)
and denoted Ae D' .

Definition 2. Let A=(a;)e C™ . If Jae[0,]] , such
that |a,|>R“(A)C “(A) , VieN , then A is said a
strictlly a— diagonaly dominant matrix and denoted
Ae D(e) . If there exists a positive diagonal matrix X

such that AXe D(er) , then A is said a generalized
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strictly o — diagonaly dominant matrix and denoted
Ae D (o).

Definition 3. Let A=(g;)e C™". If 3ae[0,1], such that
la;| = R“(AC“(A) , Vie N, at least one strict inequality
holds and for every i with |a,|=R“(A)C “(A) , there

exists a nonzero elements chain a,;a;; ---a, ; #0 such
12 k1)

that |ajkjk|>R“(A)c,1-“(A). Then A is sad an

o— diagonally dominant matrix with nonzero elements
chain.

Definition 4. Let A=(a;)eC™ be irreducible. If
la;| = R“(AC“(A) , Vie N and astrict inequality holds
for a least one ie N, then A is said an irreducibly
o — diagonally dominant matrix.

Lemma 1. Let A=(g;)e C™. Then A is a generalized
strictly a— diagonaly dominant matrix if and only if
Ae D",

Lemma 2. Let A=(g,)e C™. If A is an irreducible

o — diagonally dominant matrix, or A is an o — diagonaly
dominant matrix with nonzero elements chain, then A is a
nonsingular H — matrix.

Fora€[0,], we define

N,={ie N:0<|g|=R“(AC“(A)},
N,={ie N:0<[a,|< R“(AC (A}, (1)
N, ={ie N:|a,|>R*(AC“(A)=20}.
Obviously N =N, ® N, ® N,. Denote
_RU(ACT(A ieN.
|aﬂ|
Il. MAIN RESULTS
Theorem 1. Let A=(g;)e C™". If Jre[0,1], such that

. by
|31i|>[)§_1(g;1|aﬂ|+jggj¢i( X )|a”| o
+ Y x farcreA) e N,

jeNg
then Aisanonsingular H — matrix.
Proof. By (1), we know that
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X1 1ieN, 0<x<LieN,.

0<

Construct a positive diagonal matrix X = diag(d,,d,,
--,d,), where

1 ie N,
d =157t jen,
X, ie N,
LetB= AX =(h)e C™ . Next we will proveBe D(«) .
ForVie N,,
R*(B)C“(B)
|a,|+ (—)|aj|+ X [a, ) C(A)
JeN1 j#i
Ie\1|+ |a,-|+ |aj)“ci1‘“(A)
J Ny, ji jeN;
=RY(AC" ”(A)
=la|=[bi] -
ForVie N,, from (2), we have
R*(B)C™(B)
x. —1
=Xfalr X o
jeN; JEN,, j#i j

DLLIES) (‘—])laj.l)l‘

jeN, j=i

—(Z|a11|+ (J_)|a’l|

jeN; jeN,, ji j

+Exfah T e e

jeN, j=#i

<|aii|(T
:|b|i|'
ForVie N,,

RW=3[al+ 2l T [

>;|ajl+z(—)|a,|+ = xlal
Obviously, for Vie N,
RA=(3[al+ % (—)Ia,|+ X[ay)”
Ny, ji

So, forVie N,, we have

b,|- R*(B)C*(B)

—R(ACH (- (T [a+ T C ]
X [a € > % [ay

jeNg, j#i jeN, j=i
=R (AC (A -x(Y[a|
N Z (_)|a,|+ X ey
>R (A-(3 a1|+ > <—>|f%|
3 xi[ah
JEN3,1¢I
>0.

In aword, we have
lo;|>R*(B)C“(B) ,Vie N .
By Definition 2, B=AXe D(e), i.e. Ae D (o) .

Based on Lemma 1, then Aisanonsingular H — matrix.
Denote

N(A) ={ie N, :|ani|=[i_(zla,-|

+ Y (—)|a1|+

jeN,, j#i

Theorem 2. Let A=(q,)e C”X”, if e (0,1, such that
X =1
(Z|aj| Y, )l
jeNy, j#i i

+Z ,-Iajl)] CHe(A).VieN,,

ieNg
and A satisfies one of the following conditions,
1) A isirreducible,
2) For Vie N(A)#Q , there exists a nonzero elements
chain a;a;; ---a, ; #0where e N,\N(A) =D , then
A isanonsingular H — matrix.
Proof. By (1), we know that
x -1
%

©)
N“C (A}

X [ay

Ia|>[

jkfljk

0<

<1,ieN,, O0<x <lieN,.

Construct a positive diagonal matrix X = diag(d,,d,,
--,d,), where

1, ieN,
d={X71 icn,
X, ie N,

LetB=AX =(b)e C™,
ForVie N,,

then
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R*(B)C™“(B)
X =1
(2l ek
+ Z X, 3, )" C (A)

> [al+ 3

= R (A)Ci1 “(A)

=lay| =0y

ForVie N(A) =, from (3), we have
R*(B)C(B)

= lal+ X

jeNy jeNy,

(X . ])| J.|)1 a

JeNJ¢|
X 1( Dl ¥
jeN,, j=i

|a,|+ Ia, h ce (A

a

(—)|a1|+ Iaj )

X -1
+ Z X, Ia,- h1“cre(A)

jeNg
il
:|Qi|-
ForVie N,\N(A) # &, similar to the above proof, then
R*(B)C™(B)
_5-2 1 X
(
)ﬂ )ﬂ 1Z|a1]| jeN,, j#i
+ 3 xlaprcA

jeNg

X, =1
('X—j)la,-l

% -1
<— ii
x la]

=|b|i|'

For Vie N;, obviously

R(A)>(Z|a,|+ (—>|a,|+N X |ay )

and

lo,|-R*(B)C(B)
- R"(A)Cﬁ’“(A)—(Z al+ > (Xj—__l)|aj|
X[, |)“( Z X EY

]eN3 j#i

=C AR (A -X (X [a]

ieN;

+Z(—)Ia,|+

jeN, jeNg, j#i

X |a; 1
_ x. -1
> G AR A= (X [ay]+ X S )ay]
X a1

jeNg, j=#i
>0.
In aword,
o[> R*(B)C(B), ieN.

When A sdatisfies condition 1), we know A is an
irreducible matrix and soisB = AX , then B isan irreducible
o— diagonal matrix. When A sdtisfies condition 2),
B= AX is a o— diagonal matrix with nonzero elements
chain. Based on Lemma 1 and Lemma 2, we obtain that B
is a nonsingular H — matrix, then A is a nonsingular
H — matrix.

I11. AN EXAMPLE
Let
101 0 1 O
1 4 1 6 O
A=l0 1 4 5 0|,
0 0 05 25 35
0 2 0 4 8

Takinga:g , then

R(A) =2,R,(A) =8 R,(A) =6,R,(A) =4,R(A) =6,
C.(A) =1C,(A) =4,C,(A) =1.5,C,(A) =16,C,(A) = 3.5,
N1=®' Nz ={2,3, N3 ={14,9,

x, =0.17411, x, =1.74122, X, =1.136788,

X, =0.211122, x, = 0.673356.

Since
|a22| =4
o % <X3 L+ %] 2
+ x.—,lagsl)]”ci‘
=[2.349127x (0.120329x1+ 0.17411x1
+0.211122x 6+ 0.673356x 0)]° x 4°
~3.9013,

we know that A satisfies the conditions of the Theorem 1, so
Ais a nonsingular H —matrix. But A does not satisfy the
corresponding conditions of the theoremin [4].

Published by Atlantis Press, Paris, France.
© the authors



Proceedings of the 2nd International Conference on Computer Science and Electronics Engineering (ICCSEE 2013)

ACKNOWLEDGMENT

The authors are very grateful to the reviewers for their
valuable comments and suggestions. The work was
supported by the National Science Foundation of China
under grant 11171103 and the Scientific Research Fund of
Jilin Provincial Education Department of China (2012-152).
Corresponding author: Min Li, Department of Mathematics,
Beihua University, Jilin, 132013, China.

REFERENCES

[1] A Berman and R.J. Plemmons, “Nonnegative Matrices in the
Mathematical Sciences,” SIAM Press, Philadelphia, 1994.

[2] R.S.Varga “On recurring theorems on diagona dominance,” Linear
AlgebraAppl., pp. 1-9, 1976.

[3] J Wang, Z. Xu and Q. Lu, “A set of new criteria conditions for
generalized strictly diagonally dominany matrices,” Mathematica
numericasinica, vol. 33, pp. 225-232, August 2011.

(4
(5]
(6l

(8l

(9

[10]

R. Jiang, “New criteria for nonsingular H — matrix,” Chinese journal
of engineering mathematics, vol. 28, pp.393-400, June 2011.

CY. Leng, “Criteria for nonsingular H - matrix,” Acta
Mathematicae Applicatae Sinica, vol. 34, pp.50-56, January 2011.

M. Li and Y.X. Sun, “Discussion for o — diagonaly Dominant
Matrices and its Applications,” Chinese journal of engineering
mathematics, vol. 26, pp.941-945, October 2009.

T.B. Gan and T.Z. Huang, “Simple criteria for nonsingular
H — matrix,” Linear Algebra Appl, pp.317-326, May 2003.

M. Li and Y.X. Sun, “Practica criteria for H — matrices,” Applied
Mathematics and Computation, vol. 211, pp.427-433, May 2009.

X.F. Fang and T.Z. Huang, “ a— Connective diagonally dominant
matrices and M — matrices,” Chinese journal of engineering
mathematics, vol. 22, pp.123-127, February 2005.

M. Li and Q.C. Li, “New Criteria for Nonsingular H — matrices,”

Chinese journa of engineering mathematics, vol. 29, pp.715-719,
October 2012.

Published by Atlantis Press, Paris, France.
© the authors

0585





