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Abstract—The parameter estimation of HMM is critical to all
its applications. The classic B-W algorithm is not flexible with
the initial parameters and is easy to fall into the local optimal
solution. Bayes estimation of it makes posterior risk
minimization, and make full use of the experience, history
information and other information other than samples, is
useful in many cases. Employs the great computational power
of MCMC, the MCMC estimation of HMM parameter can be
mor e effective.
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l. INTRODUCTION

HMM (Hidden Markov Models), which were brought
forward by Baum and others in the late sixties of the
twentieth century, are the most successful statistical
modeling ideas that have came up in the last forty years. It
has been widely used in many different areas such as speech
recognition, anomaly detection and computational biology.
The use of hidden (or unobservable) status makes the model
generic enough to handle a variety of complex real-world
time series, while the relatively simple prior dependence
structure still allows for the use of efficient computational
procedures.

Theoretically speaking, HMM need address three issues:
identification problems, hidden state estimation and
parameter estimation problems. They are issues form the
theoretical basis of HMM, and are often inseparable in
practice. The parameter estimation, that via the statistical
caculations of sample set to adjust the model parameters to
find the most suitable parameters, is the most difficult one
compared to the other two, and generaly, there is no best
way to solve it. Usualy, the structure of HMM is very
complex, this limits the use of the least square method and
moment method which are most commonly used in statistics.
But we can use maximum likelihood method, transforming
parameter estimation into seeking the extreme points of the
Log-likelihood function.

The B-W algorithm using the EM agorithm to seeking
the extreme points of the Log-likelihood function, lies on the
calculation of the posterior distribution of hidden status .The
E steps and M steps of B-W agorithm all have analytical
solutions (standard EM algorithm) for HMMs with simple
structure, but it's difficult and can only be solved by
approximate calculation in general, such as MCEM (E step
using the Monte Carlo method), SAEM (E step stochastic
approximation method), SEM (Stochastic EM).

To treat HMM parameter estimation as a dtatistical
decision problem, maximum likelihood is not the only option;
the posterior risk minimization (often referred to as the
Bayes decision criteria) is also commonly used. Usually,
Bayes estimates can be attributed to integral calculation of
the posterior distribution. The integration can be calculated
directly or using the normal approximation, numerical
integration, static Monte Carlo method if the posterior
distribution is relatively simple. But when posterior
distribution is a complex, high-dimensional, non-standard,
all these methods are difficult to implement. Markov chain
Monte Carlo methods (MCMC) can solve this effectively.

This dissertation discusses the parameter estimation of
HMMs with transition density function from the point of
view of Bayes datistics, using Bayes posterior risk
minimization criterion instead of the maximum likelihood
criteria, make a full use of the priori information, and
employs the great computational power of MCMC,
programming a MCMC agorithm of HMM parameters
estimation.

Let (X,X) and (Y.)) be two measurable spaces. Qis a
Markov kerne on (X,.x) , G is a transition kernel
from(X,X)to(Y.)), Vis a probability measure on(X,X), Tisa
Markov transition kernel contented formula(l). Then The
Markov chain {(X,,Y)},., with transition kernel T and initial
distributionv ® Gis called a hidden Markov model, simply
referred to as HMM.

TI(% ¥),C1 = [, Q. d)G(X, dy) , (x, y) € Xx¥,Ce ¥ @Y

The integration region in formula (1) is:

D=CN{(x y):G(x{y}) =0} .

If there exists a probability measure # on (Y.»), a
probability measure 4 on (X,x) , such that #<4 and
Wxe X,G(x) < 4 ,Q(x) < 4, then the transition kernel T must
have a density function and there must exists transition
density function q(x,) and g(x,-) that VAex , VBe),
QU A) = a(xX)A(aX) , G(x B) = [ g(x y)u(dy) ,and the transition
kernel T can be written as:

TI(x, ),Cl = [[_ a(x X)g(X, ¥)A® u(d(X,y) )

Informula(2) (xy)e XxY,Ce X®Y,D=CN{(xy):9(xy) %0},

t[(x, y), (X, V)12 a(x, X)g(y,y) is cdled the transition
density function of T. If the transition kernel of a HMM has

transition density function, said the HMM has transition
density function. This dissertation only discusses HMMs

HMM WITH TRANSITION DENSITY FUNCTION

)
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which has a transition density function, and will no longer
special instructions below.

I11. HMM PARAMETER’ SPRIORI DISTRIBUTION

Assume X is finite and g(xywﬁ):\/glg e><|0{—(yi i) }

g 20}

in mindX={1-sr}, = (4, 5,7, 11,) , 2= (0,0,,++,0,) ,use the
notation 7, to denote the probability density function of the
initial state X, (with respect to V). Then the HMM can be
signified by its parameters 6 =(7,,Q.4,%) . In mind §'s
Vaue space as® .

Given @ ,the density function of (X, Y,,) (respect
tov ® 1°" @ u®™V)is:

(s Yons 6) =7 (%: )90%, Yor O [ A% %:0)9(%.%:60)  (3)

The greatest difference of Bayes statistics to classical
statistical isit treat parameters as random variables, obtained
the posterior distribution by the data and priori knowledge,
and then makes a variety of statistical inference. Set the prior
distribution density of @ as#(9), according to Bayes formula,
the posterior distribution density of € under the condition
that (Xo: Yon)isknowniis:

O1x .y )= 2O fa(Xon: You:6)
@01 %0 Yon) J-¢(9) (Vo1 6)d0

In order to smplify the calculation, assume
70, Q4,0 (Q=(Q,.Q;,,Q")" ) are independent of each
other, and select the prior distribution as its conjugate prior
distribution, that:

Ty = (7[0(1):"'1ﬂ'0(r))
D(b,---,b);

Q =(a(,1,---,q¢,r).i=1---,r obeying Dirichlet distribution
D(gy . 8&);

4 obeying normal distribution N(m,s?);

o’ obeying Inverse gamma distribution!G(u,.w) ,

= P(O)f. (%60 Yors0)  (4)

obeying Dirichlet distribution

IV. HMM PARAMETER'SMCMC ESTIMATION

In the case of known (X, Y;,), we can yields the posterior
distribution of the parametersd by formula (3). (4), and
then obtain its Bayes estimation. But we do not know the
hidden state X, , this is a typical problem of missing data,
and can use augmented sampling methods to solve this kind
of problems. Set the joint conditional density of X,,and @
about {%, =Y s @%.0l%,) , if we can obtan 6 's
conditional density @@]%., Y, and X, 's conditional
density @(Xy, | Yon:6) , then we can estimate 8. Similar to
formula (4), according to Bayes formula:

_ 9(0) £,(%on: Yon: 0)

O(X00:6 | Yon) ZXML)(U(@)fn(><o:nvyo:n3‘9)d‘9 (6)

According to formula (3), (4)

P(0 Xon: Yon)
o< 9(0)7,(%:0) (%, Yo: )] |1, A% 1. X 0) (%, ;3 6) @)
P(%on | Yon0) = Porp %o | Yon: 6)
o< 76(%: 0) 0%, Yo O T, A% 1. %:0)9(X, i3 6) (8)

Use formula (7). (8), obtained the MCMC sampling
process for HMM parameters estimation:

(1) Giveninitid 9@ ,x? andsignt =1;

(2) Sample g from (%, | Yon, 6

(3) Sampleg® fromp(0|x3),Y,,), and then sett =t+1,

return(2).
Obviously

P | Yors 6 ) =006, Yo O I T 006 | X Yo 67 (9)
If we can obtain samples from o(X,_, | X Yon: 6“7,

k=0,--,n-1and @(X,| Yy, 6"") , the problem has been

solved. In formula (9)

P(% | Xy Yo 67

= z&,w-,xk,l P % | Xsyn yo:nia(l_l))

o< ZXO,.A,VXH ¢(X0v"’vxk ' X(k+1):n | YQn’a(l_l))

o< 00X X2 6 ) 9062 Yoo 0V % | Yo 67)

o< ¢k,k+:uk+1(xk’ O 6(1_1))

PO [ Yonn 0 )= (% %, | Yo 87)
= P (% | Y6 6°7)

Employ algorithm A In reference [4],
¢’k,k+ﬂk+1(xkvxk+1 | Yok Q(H)) ’ k=0,- : ':n_land ¢ﬂ|ﬂ()g1 | yon;e(‘il))
can be obtained recursively, and then we can easily get
samples forme(x, | Yo, 6™ and (X, i | Xoicinr Yo s 0“7,
k=0,--,n-1 , that is just the sample X{, from

P(%n | Yon 87) .

Combined with agorithm A in reference [4], given the
Forward-Backward agorithm here:
(i) Forward calculation

G(0?) = L(Ye:0'7) = 20, 7o0%: 0 ) 90%, Yo: 07,
Do (% | Y0:6"7) = 651755 (%,; 6“7 9 (%, ¥o: 0°7™) , % € X

Fork=0,---,n—1, calculated the following expression in
turn

Ga@ ) =2, 2 I X0 )90 Yot o O s 6),
gl i) HGa)” 2, Rk Y6 ) %6 ) i)
RuegesoXaoes ) HG) B8 Y06 NI %56 IR Yer6)
where X, %.,€X,

(ii) Backward sampling
Sample X fromey, (%, | ¥on;6“7) ;
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For k=n-1--0 sample  xV from
(/)k.k+11k+1(xkv Xl(<t+)1 | yo:k+1;6(lil)) inturn.
Note p(6) = p(7,, Q.14 %) = (0| X3 Yon) . Because the

dimensions of @isrelatively high, it's difficult to sampleg®
from p(¢d) directly. As we had assumed 7,,Q,4,0; are
independent of each other, Gibbs sampling can be used:
(i) Sample 7y’ from p(r, |Q"™,u*™, ™),
ii) Fori=1,---,r , SampleQ" from
(i) p
PQ 175, Q% QL QEY - Q7 P X,
(iii) Fori=1---,r , Sample ™ from
p(M |7Z((Jt)'dt),/ét),.__, 1)1, _til)’.n,/ét—l)'z(tfl)).
(iv) Fori=1---,r , Sample ¢ from
PP 10, Q0 a0l ),
As we have chosen conjugate priors, the conditional

distribution of the above is easily obtained, after a simple
calculation we can get the following conclusions:

(i) 7 =Dl +8, by +8, ) 8 = X' =i,
0 xpar x(g‘),r ) %‘),i 0’ X(()t)ii’

n-1
(”) Qu(l) ~D(g+Ny 18 +1,), n; = ;I{i}(xy)lm(xﬁ)l ;
(iii)
S oWy )+ m(a )’

® _ N &2 -
4P ~Nm,5) , m Y1 )+ (o) ,
<2 _ CHCANN _
8oLy &) + ()
(iv)

(@) ~1G(., W) ,

1 n
4 +§Zk=01{i} (XS)) .

Up to now, we have solved the sampling of step (2) and
(3), and are able to get HMM parameter’ s estimates.
HMM parameter’sMCMC estimate;

(i) Given the initias(x?.6), and the length T of the
chain need to generate;

(i) Fort=1,2,--, T, sample x{") frome (%, | Yo, 6“™) and
sampleg® frome(81x), Yon) ;

(iii) Obtan a certtan

S 1 o g
estimationé,, = mzt:mﬂﬁi( )
It's easy to prove that {(2,6V),t=12--,T}yield from

the algorithm above is a Markov chain. From the sampling
process of the algorithm, we know the transition kernel from

(g0, 0 100,04 s

PO 1x52" Yor) OG0 | Yos 67)
As we sdlected 0 's conjugate prior, the agorithm
margind distribution of Y which produced in the iterative
process has afixed form, so

. 1on
W=W +§zkzo()’k —M“’)ZI{.}(XS’) )

g

parameter 6, 's Bayes

3 J 00 D8P Yo )P0 | Yons )P, 6 | Yo, )16
= J‘@ ¢(9(H1) | X‘():rl)’ y&n)¢(x(g:rl) | y():n'a([))¢(9(t) | y()m)da([)

= 00" 156" Yon) 0% | You) = 00350, 0“7 1 Vo) (10)

Formula (10) told us @(X:€1Ye,) is the stationary
distribution of trangition kernel
PO XY Vo) P0G Y6, 8) . which  means
O(%n 61 Yen) is the stationary distribution of Markov
chain{(x{),6"),t=12-T} . It is difficult to consider the
convergence properties of {(x,6"),t=12,--,T} directly.
However, the agorithm uses augmented sampling methods,
so only need to establish the convergence properties of one

of the boundary chains, to obtain convergence properties of
the joint chain. Here consider the convergence properties of

the boundary chain{x§,,t=1,2,--,T}.
The marginal distribution density function of X,,, about
Y% =Y] is:
Py O | You) = [ 905,61 ¥5,)06
9(6) f,(Xon: Yon: 6)

) o@D
° Z Xon I@ ¢(0) f” (Xﬂ:n ! yO:n 1 a)dﬁ
And the transition kernel from (tl)1 to (:rl) -

KO 1X0) = [ 006 X0, Yor) 006 [ Yos 6167 . (12)

According to formula (11). (12)
fogtn) Kx(Xéfﬁl) Xt(ntrz)(ﬂxw(xétr)] [ Yon)
=2 [, 00 1X8), Yo )9O | Vo0, 60O

[,9(0) 1,052, Yo 6)d6
> ), 9(0) £ (%0 Yoni )0
_ [, 90) 1,065, o0 616
Y A0 (X Yo 6)06
= (px|y(xt():l) | Yon) -

S0 @4y (Xon | Yon) is the stationary distribution of transition
kernel K, (x5 [x8) , which means @, (% | Yon) is the
stationary distribution of boundary chain{xg) t=1,2,--+,T}.

Note @) (Xon | Yon) & X) ’s margina distribution, if
ont=12--T} s
@5 (Xon | Yon) will convergence to stationary distributions at

Geometric rate in variation distance. That means, there exist
O<r <landc>0, cause

[0 C1¥00) =By 1Yo 2 2 180 Ot Yan) =By O | Vo)

So it is only need to prove the boundary chain
{xéfg,t=12,~-~,T} is irreducible and aperiodic, to prove the
convergence of the algorithm.

irreducible and  aperiodic,

<o,
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For any given X2, x% e X™ | According to formula

(7). (8
dgl) |)€r)\' an)ﬂ)éI;l) | y(ln'dt))

o< 96w, 08 00908, Yo O T, X X0 6) g0, y:6) |

X7 (50906, Yo 0O T, a0 X ;600) g (X, y:6)

Obvious, Vol e© and 9(6")>0 :
[T, 9. %:6°)90¢™, v,:6)>0. So the measure of the
collection® ={6: (6" X2, Yor) 20 | Yo, 6°) > O} must be
greater than 0, and then K, X)) >0. Therefore, any
two state of x™ is one step reachable, <o
{x§),t=1,2,---,T} must beirreducible and aperiodic.

The above described boundary chain {X{),t=12,-,T} is

convergence, so the join chain {(x.6).t=12--T} is

convergence. Thus prove the reasonabl eness of the algorithm.

V. SIMULATION TESTSAND CONCLUSIONS

Now we test the algorithm proposed in the previous
section. Generate a group of hidden status and corresponding
observations with a length of 500 (n=499) from a HMM

where X={123 , 7z,=(0.1 0.8 0.3 u=(-303)
$=(2 1+2),0=((0.2 01 0.1) (0.7 08 0.7) (0.1 0.1 0.2) ).

Assume the hidden status and parameters are unknown,
we need to obtain an estimate of the parameters. However, it
is difficult to measure the gap between the estimated
parameters and real parameters, as it is relatively complex.
Therefore, we first obtain parameter estimation and then
substituted into the Viterbi algorithm to get hidden status's
estimation, and then make a proper evaluation.

First, we get HMM parameters estimates by B-W
algorithm, and then substituted it into the Viterbi algorithm;
we get the estimates of X,(k=0,---,n), as shown in the
following figure.
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Figerl Hidden status estimates of “B-W agorithm +Viterbi
algorithm”

There are 44 error estimates In figerl, where“ o " signify
the rea hidden status, “ - "signify the Hidden status
estimates of “B-W agorithm +Viterbi algorithm”.

Although section 4 had described theoretically the
convergence of the agorithm, however, the speed of

convergence and the time needed to reach equilibrium is still
unknown. A variety of methods has been proposed in
Literatures. Here we avoid the theoretical discussion, just
generate several chains from different initia points to
determine the time needed to reach equilibrium by observing
the trgectory of these chains. Finally get the MCMC
estimation of our HMM parameters, substituted it into the
Viterbi agorithm, we get the estimates of X,(k=0,---,n), as
shown in the following figure.

e
3 ToR—e-@

e &
TOERe—De@ @ @@ soT—@ DG

25 B

Figer2 Hidden status estimates of “HMM parameter’s
MCMC estimate +Viterbi algorithm”

There are 40 error estimates in figer2, where“ o ” signify
the rea hidden status, “ - "signify the Hidden status
estimates of “HMM parameter’'s MCMC estimate +Viterbi
agorithm”.

From the simulation results of the above, we could see
thaa “HMM parameter’'s MCMC estimate +Viterbi
algorithm” is effective than “B-W algorithm +Viterbi
algorithm”. However, due to the use of MCMC, the time cost
of the former is higher. The HMM of the present example is
relatively simple, the B-W algorithm will be able to achieve
good results, but in many cases B-W agorithms reach such
good effects. When the data dimension is high, even be able
to perform the B-W agorithm, the time cost is quite high,
while the MCMC estimates has advantages, because of the
MCMC method's strengths is dealing high-dimensional
problems.
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