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Abstract—The last decade have seen tremendous improvement
in the development of new image information processing and
computational tools based on sparse representation. Today, in
the information sciences, computer vision and image process-
ing, the development of sparse representation algorithmsled to
convenient tools to transient compressed image (data) rapidly,
to remove noise from image, and to get the super-resolution
image. In the study of sparse representation of images,
overcomplete dictionary is used. It contains prototype image-
atoms. In this way, the images are described by sparse linear
combinations of theses atoms. In this field has concentrated
mainly on the design of a better dictionary. The generalized K-
Means algorithm (K-SVD) [1] taught us a very good case. This
paper has proposed an optimization algorithm adopting the
Bayesian tracking and K-SVD analysis method. We analyze
thisalgorithm and demonstrateitsresults on image data.

Keywords-Sparese Repressentation; Bayesina Prior; K-SVD;
Atom decomposition, Dictionaty.

l. INTRODUCTION

A. Sparse Representation Modeling

Consider a matrix De R™ withn< K , and define
the underdetermined linear system of equations DX=1y .

This system has more unknowns than equations, and thus it
has either no solution, if b is not in the span of the matrix A,
or infinitely many solutions.

In order to solve a problem that has an infinite number of
solutions, we shall hereafter assume that D is a full-rank
matrix, implying that its columns span the entire R" .

Defining the general optimization problem (P, ):
(P):minJ(x) st y=Dx. (1)
A signa Ye R" can be represented as a sparse linear
combination of atomsdj eD,j=12,..,K. The vector

xe R containsthe representation coefficients of the signal

y.
In engineering, this sparsest representation is the solution
of either [2]:

Prof S.Kamata

Graduate Schol of Information, Produvtion and systems
Waseda Univercity
Kitakyushu-shi, Japan
kam@waseda.jp

2

3

(PO):mXin||x||0 st. y=DXx.
Or, we can rewrite the relaxed equality:
(R.):minfd, st |y-Dxf<e.

From alinear combination angle, the optimization model:

(Fg‘,o):mxin”y— Dx||§ st. X, <% @

In this paper, we use (4) to analyze optimization problem.

B. Overcomplete Dictionary

A traditional overcomplete dictionary (choosing pre-
constructed dictionaries, such as DCT, Wavelets [3],
contourlets, curvelets [4], and more) are typicaly limited in
their ability to handle the signals. Furthermore, most of those
dictionaries are restricted to signals of a certain type
(particular to stylized ‘cartoon-like image content, clear
edge and texture structure). Therefore we need an approach
to optimize a dictionary that overcomes these limitations.
Normally, we use sparse solution to update the overcomplete
dictionary.

In this paper, we consider a overcomplete dictionary that
each atom is updated individually based on Bayesian prior.
The proposed agorithm can converge faster than the K-SvD
algorithm.

Il.  GENERALIZING THE K-MEANS (K-SVD)
ALOGONITHM

A. TheK-Means Algorithm
K-Means is an agorithm of cluster analysis. We defined

N numbers of signalez{yi}Zl,N>>K , a code-
boosz{dj}K

=1
In vector quantization (VQ) [5], if D is preset, then, for
each signal
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Vk;tj,Hyi—Deszsnyi—DeK”z. ©)

If only one atom is alowed in the signal decomposition
and furthermore, the coefficient multiplying it must be one.
Thereisavariant of the VQ coding method.

In this case, the overall MSE of the Y can be written as

E2=|Y-DX|.. ©)
The objective function:
rlgixn{”Y— Dx||j} st. Vi, x =¢,. @)

Where, vectore = (0,0,...,0,1,0,...,0,0).
i K—i
The K-means applies two steps at the process of each
iteration:
e Assignment step: calculate the X
e Update step: caculatethe D

B. TheK-SVvD Algorithm

We are liable to come to K-SVD modeling via K-Means
Algorithm[1].

K
Let overcomplete D :{dj}, € R™
J:

signdsY ={y;, }21 and sparse solutions X ={ X, }21
From (4), we can get an optimization problem:

minllv-DX[} st Vilxl<n.  ®

In K-SVD agorithm, first it fixes and aims to find the
best coefficient matrix. In this case, an approximation pursuit
method is used. As long as we predetermined number of

nonzero entries 7, , the approximate solution can be found.

Second, it needs to search for a better dictionary. This
process updates one column at atime, fixing al columnsin

D except oned, , and finding a new column d, and new
values for its coefficients that best reduce the MSE.
From (8), we isolate the dependency ond, , the penalty

term can be rewritten as
2

[Y—Zdjxfj—dkx,f

j=k

||v—Dxnz=Hv—idij
=1

2
2

2

€

Where, XjT stands for the j-th row of X. the update targets

both d, and X: , and refersto the term in parentheses,

E.=Y-)>dx. (10)

j=k

as aknown pre-computed error matrix.

The optimal dk and XI minimizing equation (9) are the

rank-1 approximation of E, , and can be obtained via an

SVD, but this typically would yield a dense vector XI ,
implying that we increase the number of non-zerosin X.

For this problem, define @, as the group of indices

pointing to examples{ Y, } that use the atom dk , those where

X (i) is nonzero.
o, ={i |1<i <K,x; (i) =0} (11)

Define a restriction operator €2, as a matrix of size

N x|a,|, with ones on the( &, (i),i) th entries and zeros

elsewhere.
Then, we may return to (9).

HEka —dkx[QkHz. (12)

Minimizing equation (9) is convergent.
Of course, aso we can use the Least-Squares method to
solving

an“Eka —dkx[QkHE =(xQ,) =QILKT2dk.(13)
e ke[
Once updated, it is kept fixed, and we update dk by
) EQ (XQ,)
n‘(}ianEka —d Q[ = d =—— - . (14)
(<)

Published by Atlantis Press, Paris, France.
© the authors



Proceedings of the 2nd International Conference on Computer Science and Electronics Engineering (ICCSEE 2013)

1. OPTIMIZATION ALOGONITHM BASED ON BAYESIAN

TRACKING

A. Detailed Description

We shall discuss the new optimization algorithm in detail.
First, Let us revert to the core questions in dictionary-
learning.

Let us consider the following objective function:

N
. 2 .

min > [ly,-Dx|, st |x],<7.1<i<N. (5
D’{X‘}\:l i=1

In terms of well posedness of the dictionary-learning
problem presented above, a fundamental question is whether
there is a uniqueness property underlying this problem.

In this paper, we will use a Bayesian approach to
calculate the approximate solution.

Assuming the signal isdefined asE, = DX, + €.

From (10) and (12), the relationship between the source
signals and the dictionary is defined as

R =(E..d) =%+ Xb, +V.

j=k

(16)

There by, =(d;,d, ), v, =(e,d,).

We know the estimated value of other coefficients
(previous iteration). Then, (16) can be rewritten as

R =2 Xby :Xk+2(xi —>“<j)bjk+vk.

j#k j#k

(17

Here, X; is the estimate of j-th coefficient.
For convenience, definition of as follows:

m =Y Xby. % :Z<Xi _)A(i)bjk V-

j=k j=k

(18)

Then, we can get the assumption about H,and H, .

HitRo—m =X +7%. (19)
H, R -m =7,
P(H,|R) and P(H,|R) are effective posterior

probability and invalid posterior probability of the k-th atom
in the dictionary [6].

In this modeling, the value of spare coefficient effective
probability 1-p and invalid probability p is defined. If the

sparse coefficient errors X —)?j to meet the Gaussian

ditribution (variance is defined as5j’gx ), theny, is aso a

Gaussian distribution (variance is defined asé'fk ). So, we
can get the following formula:

1-p —(R-m) p —(G.-m)
exp > exp .
J27(82 +67) (2(55 +0.) ) \[2ns? 257
(20)
There, sparse coefficient to meet the Gaussian

distribution (variance is defined asd; ). p , d, ad &

is an unbiased estimate of the source signal.
By the (20), we can get the judgment rule of the

hypothesis testing:
6, |1-p S,

@21

P(x; |H,) =[R —m|>ThTh, =\/2(5yzk +5;)

We can get initia threshold and the fina threshold as
follows:

v

)
5, )

THO =Thl,, TH =Th|, , =4, [2In [ﬁ

(22)

From the (22), anaysis shows that the threshold
convergesto Th(™ .

B. Optimization Algorithm

Task: Train a dictionary D to sparsely represent the

data{ Y, }iNzl, by approximating the solution to the problem

posedin (4).
Initialization: Initialize mainloop=0 and

Initialize Dictionary: Build D, € R™ , either by using
random entries, or using K randomly chosen examples.
Nor malization: Normalize the columns of D(O)

Main lteration: Increment mainloop by 1, and apply
Sparse Coding Stage: Use a pursuit agorithm to
approximate the solution of

x = ar% mInHy| - D(n‘ainloop—l)xuz st. ”X”O < TO

Obtaining sparse representations X for 1<i <N .
These form the matrix X iioop)

Dictionary-Update stage: Use the following pro-
cedure to update the columns of the dictionary and

Published by Atlantis Press, Paris, France.
© the authors

1709



Proceedings of the 2nd International Conference on Computer Science and Electronics Engineering (ICCSEE 2013)

obtain D, iniop : REpeat fork =1,2,..., K

1) Define the group of examples that use the
aomd, ,
Q, ={i11<i <K, X rainioopy [ K+1] # O}
2) Compute the residual matrix
_ T
E =Y-)dx
jzk
3) Restrict E, by choosing only the columns
corresponding to (2,
4) Under the judgment rule of the hypothesis

testing, decrease 5& , iterative calculation
until thethreshold to the minimum Th™)
Stopping Rule: if the changein
[y-D X

Otherwise, apply another iteration.
Output: the desired result isD

(mainloop)

2
(meinloop) ‘2 issmall enough, stop.

Figure1l. The Optimization Algorithm.

IV. EXAMPLES

We turn to present an elementary experiment performed
on natural image data. We train a dictionary for sparsely
representing patches of size 8x8 extracted from the image
Barbara, shown in Fig. 2(a). We extract these patches to train
on. The number of iterations of the K-SvD, proposed
optimization algorithm was 50 and 20.

The truncated Bayesian prior process infers the subset of
dictionary elements employed to represent the data.

A. Filling In Missing Pixels

35% pixels missing image and reconstructions are shown
in Fig. 2. In this case, the agorithm gets stuck on a saddle-
point steady-state solution.

Figure 2. Filling in missing pixels, (a) sourceimage, (b) 35% pixels
missing image, the PSNR is 31.23, (c) reconstructed results, the PSNR is
32.57

B. Reconstruction Error

Fig. 3 displays a comparison of compressive sensing (CS)
Measurement when applying BP, OMP, K-SvD and
proposed optimization algorithm on the Barbara image. The
relative reconstruction errors were computed and are
displayed.
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Figure 3. Reconstruction results.

V. CONCLUSION

In this paper, we presented an optimization agorithm
based on Bayesian. It can significantly speed up convergence
on the dictionary update stage. And it is concluded that more
accurate atoms can be obtained. But, there are two problems
cannot be solved. First we cannot guarantee that these
algorithms obtain the globa minimum of the penalty
function posed in (4). Second, we cannot guarantee a
monotonic nonincreasing prenaty value as a function of the
iterations. The multi-scale analysis may be an effective way
to solve these problems.
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