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Abstract—In order to research the sortie generation rate (SGR)
of carrier-based aircrafts, an analytical method based on
closed queueing network was put forward. A multi-class,
multi-server non-preemptive (or Head of Line, HOL) closed
queueing network model was analyzed. As the exact
mathematical solution is not available, an approximate method
based on reduced work-load assumption and mean value
analysis (MVA) iteration was used to gain the performance of
the network. As a result, this approximation method can
provide the marginal distribution of customers at each service
facility of the queueing network. Numerical results that show
that the accuracy of the method is good was given.
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I. INTRODUCTION

The sortie generation rate (SGR) of carrier-borne crafts
is the key component of aircraft carrier’s ability to project
power against any enemy.In order to gain insight into SGR,
gueueing theory based on Fork-join closed queueing
network have been used!”.Share-service facilities closed
queueing network has been also used to gain useful
conclusion”.More over, analysts have historically
employed simulation tools, such as LOCM, to analyses
carrier-borne crafts’ SGRE,

Unfortunately, most methods were used to analyses the
operational concepts that there is only one kind of aircrafts
in the queueing network. To enhance the firepower capacity
of an aircraft carrier, early-warning aircrafts will be
launched, recovered, repaired and maintenanced in priority.
This paper presents an analytical approach that produces
excellent approximate results for a sortie generation system
modeled as a multi-class multi-server non-preemptive
closed queueing network and Fork-join nodes. However,
the exact solution of this model is not available.
Modified-vacation intervals theory was used to get
approximate solution!”. Mean value analysis (MVA) is the
method which was used to solve multi-class priority open
and closed queueing networks®®”. Reiser's work on
analysis of Reduced-work rate assumption was proven as
effective and accuratd®. In order to gain the SGR of
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carrier-borne aircrafts, this paper put forward an
approximation method based on reduced-work rate

assumption, M/M/C non-preemptive queueing theory and
Markov network queueing theory. The quality of the
analytical  approximation is demonstrated through
comparision with simulation results.

I1. SGR MODEL DISCRIPTION

A carrier-borne aircrafts sortie generation system can
be quite complex, a relatively simple queueing model can
capture the fundamental process behavior. An aircraft is
assumed to operate in a closed loop system and represented
by customers of the queuing network and launching,
sortie(flight),  turnaround, recovery, repairing and
maintaining can be represented by M index stations in a
closed queueing network. Let R be the number of tota
classes in the network and let Class-0O have the highest

priority while Class-R have the lowest priority. Let N, be
the total number of classr customers and
N=(Ng,N,---,N;) be the population vector. Let
C=(C,,C,,--,C) bethe number of servers at each station.
Each aircraft proceeds to station j with time-invariant
probability P; which  consist the  routing
matrix P =[P, 1y -

Assume recovery station is the start of the closed
queueing network and each aircraft begins with recovery.
With probability p,,, a least one malfunction is detected

and the aircraft receives checking and proceeds to repairing
station.  Aircrafts without malfunction proceeds to

maintaining station with the probability p,, . After

maintaining, each aircraft awaits turnaround operations.
Then, Each aircraft awaits launching at catapult A (or

catapult B) with the probability Pg (or Ps;) and next cycle

begins. Figure 1 illustrates the proceedings of aircrafts
between stationsin atypical sortie cycle.
Let 4, be the mean service rate of each server for a

classr customer at station m. The service time S, for

Published by Atlantis Press, Paris, France.
© the authors

1877



Proceedings of the 2nd International Conference on Computer Science and Electronics Engineering (ICCSEE 2013)

classr customers at station m is independent and given by
an exponentially distributed random variable with mean
1/ u,, . The service mechanism is FIFO for customers in the
same class and HOL for customers in different classes. For
each class of customers, the routing matrix is the same. Let

A (N) : Losem mr (N) : R w(N) and
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P (N) =4, (N)- S, denote the mean throughput, queueing
length, residence time and utilization of class-r customers at
station m when the closed network population is N. Let

P, (i{N) be the probability that i class-r customers are at
station m given population vector N .

5 Turnaround

6 Catapult A 8 Sortie

7 Catapult B

Fig.l lllustration of the CQN system of Aircraft sorties

I11. APPROXIMATIONS FOR PRIORITY QUEUEING
NETWORK

The idea of the method is to calculate the behaviors of
each class of customers by using single-class mean value
analysis theory. Assume that there are just classr of
customers in the system and other classes of customers can
reduce the service rate of classr customers. So, R
equivalent single-class network should be analyzed. The
service time and the waiting time caused by serving
customers of other classes can be represented as
exponentialy distributed random variables. The service
time will be determined by some assumptionsin this paper.

A. The service time of the highest priority class

When a customer of the highest priority class proceeds
to station m, it will be served immediately if there are idle
servers, otherwise, it should await until any server in station
m completes work. The mean proportion of servers which
servesclassr at station mis

T, (N)=p,N) mes(N) (1)

The mean time waiting for one server completing its
work when all servers at station m are busy can be
determined as

§e m(N) = ipmr (N) ' Smr (N)/Cm 2)

By applying Erlang-C formula, the probability that all
servers at station m are busy when one class-r customer less
can then be approximately computed as

Pusrm(n _”N_er) =

= >

P, (n, N)},re R ®)
am(n )<G,

To reduce the complexity of the algorithm, equation (3)
calculates the probability that there is at least one idle

server. And then, Pysm(N) can be gained. Using (1)~(3),
the modified service time of class-0 can be detected as
equation (4), consisted by 2 parts that one part is class-0

R

Pm (nr _]'JN_er) H

J=0& j=r

own service time S,,(N) and the other part is the time

waiting for at least one server completing its work, with a
customer of other classes leaving.

Sno(N) = (4)
SioMN) + Basrm(Ne _1‘N —e): [1_Fmo(N)]‘ §e m(N)

B. The service time of lower priority classes

When any customer of class-r (class-0 is not included)
proceeds to station m , it is necessary to wait for the
customers with the same and even higher priority
completing its service. When a customer of class-r waiting
for service in the queue at station m, customers with higher
priority can arrive and jump the queue (HOL customers).
By taking the time waiting for customers of other classes
into the service time of class-r, the modified service time of
class-r can then be analyzed in 3 parts:

1) Thered servicetime S, (N)=1/u

2) Thetime waiting for customers with higher priority
completing service

Let L,w(N) and N,,(N) be the queue length of
class-i and the number of class-i HOL customers when a
class-r customer waiting in the queue, Then

Lqm'(N)=
S (j=Co#D-Py(iN=c), st.0<i<r ©
i=Ca
NHmri(N):
(6)

[Rp(N)-S, (N)]4,(N), st. r>0 O<i<r
Using (3),(5) and (6), the mean time waiting for al the
customers with higher priority completing service can be
given by
TH ITT(N) =

r-1

> {Pusn(M —2IN=,) Ty (N) S (V) Loy (V) + Ny (N) [}

i=0
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(7
3) The mean time waiting for at least one server
completing work without idle serversis obtained as
Tl mr(N)=

Pusrn(m ~IN—€) [1-T,, V]- 5, &

Then, the modified service time of class-r (with lower
priority) can be calculated as

Se(N) =S, (N)+T,,, (N)+ T, (N) =
Sm (N) + PBUS{m(nr _l‘N_er)'[l_rm (N)] ée m(N)+

r-1

> P —UN=€,) T (N) S, (N)-[ Ly s (N) + Ny o (N) ]}

i=0
©)
The modified service time can be represented as
Erlang-distributed random variables which have the mean
value as the sum of exponentialy distributed random
variabl 8% the modified service time can be represented
as exponentialy distributed random variable with the same
mean val ues with the whole delay time®.

C. Iteration algorithm

Because the number of HOL customers is determined
by the waiting time of class-r and the throughputs of higher
priority classes, it is not available. To gain the number of
HOL customers, iteration algorithm is used. The population

vector is N and drop the sign (N) from
Poysy (N) i:r (N) ,ﬂn?r Ny, Lsysxemﬁr (N) , Lq ?T(N) and
P2 (N).Let @ bethenumber of iterations.

ALGORITHM:

Stepl Initidlize: Q=1, P5,s, =0.1e,, (€ isalby M matrix
of ones, 0.1 isaninitial value of Pus ), N =0,
)\‘Q:l —e L Q=1 :0 .

mxr s q mxr y
Step2 Calculate the modified servicetime S2 of classr at

each station with the use of equation (4) or (9);
Step3 The results of Step2 can be used in MVA method.

Then, Ri s An s Logenin » Lone and P of classr
can be calculated with the use of MVA method;
Step4 Calculate the probability , P2, , that all serversin
station m are busy by using equation (3).
Step5 Derive the number of HOL customers NI .. with the
use of (6) and update the modified service time
52 Qe Q+1 ;
Step6 Determine if the iteration achieves convergence. If it
is convergent, Stop the algorithm and output the

results. If it does not achieve convergence, go to
Step 2.

D. Smulation of SGR queueing network

The approximate method (analytica method) in the
previous section has been implemented on a personal
computer with a Matlab environment. To check the results
of analytica method, the closed queueing network is
simulated by a Matlab program based on Moute Carlo

method. Because of random variation in simulation output,
multi replications are used to improve the accuracy. The
95% confidence interval widths for simulation results, such
as queue length and throughput, are also given in Table 2.
The simulation analysis requires 11hours.

V. EXAMPLE
A. Parameters of the model

Assume that 2 classes of aircrafts, early warning
aircrafts and strickers, are operated on aircraft carrier, and
the priority of early warning aircrafts is higher than that of
strickers. The routine matrix P, the service rates of each
server and the numbers of servers at each station can be
givenin Table 1. Note that, station 2 and 8 are IS stations.

Theroutine matrix P is:

0030070 0 OO

0 01 00O0 OO

0 001 00 OO
p=/0 0 0 0 1 0 00
10 0 0 0 005050
0 000 OO 1O

0 000 0O 1O
100 00O OO

Table | Parameters of closed queueing network

Service  Number of Service  Number of

Server Server
Stations Ratel, servers C Stations Ratefl; servers C,
Recovery 50 1 Turnaroud 10 4
Troubleshoot 20 ©o Catapult A 30 1
Repair 0.56 5 Catapult B 30 1
Maintenance  1.43 5 Sortie 0.667 o

For the Base Case of a foreign aircraft carrier, 2 early
warning aircrafts and 36 strickers are operated. Then, the

population vector N = (N, =2,N, =36) 4, For class-0 and
class-1, the margina probability P, , queueing length
Lysen m and the throughput 4, can be calculated by the

iteration algorithm presented in section 2.3. Table 2 shows
the results and the percent errors of the analytical method
and simulation.

B. Analysis of the results

Most items in Table 2 shows the accuracy of analytical
method is relatively good and the approximations are
reasonable.

1) Table2 shows most analytical method and simulation
results for queueing length agree within 7%. The queue
lengthes of early warning aircrafts are nearly the same
accurate as strickers.

2) The throughputs: The throughputs of early warning
aircrafts are more accurate than strickers. The values of
strickers' throughputs are slightly higher than that gained
by simulation. However, the analytical results are il
relatively accurate, taking the random of simulation into
consideration.

3) The cycle time of ealy warning aircrafts
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is YR, =N,/ (i=0)= 3.09hours, while, strickers
requires 5.25 hours to operate for acycle.

4) The asymptotic sortie generation rate for early
warning aircrafts is equal to 4,5 =0.6487 sorties per hour

and A =6.8618 sortie per hour for strickers.

5) Figure2 shows the SGR for strickers rises to a peak
and then falls down with the number of early warning
aircrafts rising. When the number of early warning aircrafts
is relatively large, the SGR of strickers falls down more
rapidly.

In addition to analytical method and simulation results,
Figure 2 displays analytical method and simulation results
for utilizations. The utilizations for early warning aircrafts
(Class 0) are small enough (the largest vaue is less than
12%). For strickers, the utilizations at repairing station (Cs)

and maintenance station (C,) are relatively high, while the
utilizations at other stations are low. Thus, repairing and

maintenance are the bottle neck of the whole system.
1 r —&—Analytical Class 1
j g:g L \ ---&--Simulation Class 1
= 0.7 '\ —0O—Analytical Class 0
S0.6 \ ) )
N 0.5 \---8--- Simulation Class 0
0.4
'00.3
=0.2
0.1
0

1

2 3 4 5

Service stations
Fig.Il Utilization of each service station

6 7

Table Il Performance results for multi-class model

Queueing length Lysen Throughput A(1/ hour)
Server  Ng=2 Class0 Class1 Class0 Class1
stations  Ny=36 MVA Simu  Error MVA  Simu  Error MVA Simu  Error MVA  Simu Error
% % % %

1 Recovery 0.0147 0.0164 -10.21 0.1613 0.1640 -1.60 0.6487 0.6899 598 6.8618 6.7106 -2.25
2 Troubleshoot 0.0097 0.0104 -6.95 0.1029 0.0982 486 01946 02091 6.96 20585 19632 -4.86
3 Repair 0.3777 0.3605 480 49522 4.9295 046 01946 0.1849 -525 2.0585 19389 -6.17
4 Maintenance 0.5363 0.5423 -1.09 19.5471 20.0665 -2.59 0.6487 0.6437 -0.76 6.8618 6.5000 -5.57
5 Turnaroud 0.0649 0.0660 -157 0.6874 0.6633 364 06487 06586 151 6.8618 6.6135 -3.75
6 Catapult A 0.0120 0.0122 -1.23 0.1306 0.1270 294 03243 03288 138 34309 33518 -2.36
7 Catapult B 0.0120 0.0125 -3.78 0.1306 0.1226 6.57 03243 03431 548 34309 32606 -5.22
8 Sortie 0.9725 0.9798 -0.74 10.2875 9.8290 466 06487 06535 0.75 6.8618 6.5559 -4.66

V. CONCLUSION

To evauate the sortie generation rate of carrier-borne
aircrafts with different priorities, the sortie process is
modeled as a closed network of multi-class multi-server
nonpreemptive. The approximate analytical method in this
paper offers an efficient way to obtain the mean
performances of multi-class multi-server nonpreemptive
closed queueing network. In just 0.5 second, results can be
gained that would require more than 10 hours of running
time in a simulation model. Simulation method provides
results that shows the accuracy of anaytical method is
acceptable. It therefore can be a useful tool for calculating
SGR of carrier-borne aircrafts.
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