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Abstract—Capon beamforming has better resolution and 
interference rejection capability. However, its performance 
will seriously degrade due to noise, array steering vector error, 
and other factors. In this paper, a robust Capon beamforming 
applied to a planar array is described. It is shown that the 
proposed method is the natural extension of the original Vector 
Optimization Robust Beamforming algorithm to the case of a 
planar array, and can be reformulated as a convex second-
order cone program and solved by SEDUMI. Computer 
simulation has shown that the proposed method has better 
performance than other conventional methods, such as 
narrower main lobe and lower side lobe. 

Keywords- robust, Capon beamforming, planar array, 
second-order cone program, Vector Optimization 

I.  INTRODUCTION
  

In many practical array signal processing problems, 
beamforming is an important topic with applications in 
sonar, radar, communication, and other research areas. In 
general, beamforming includes Conventional Beamforming 
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(CBF) and Standard Capon Beamforming (SCB), and the 
latter has a better resolution and much better interference 
rejection capability than the former[1]. However, under the 
conditions of noise, array steering vector error, and other 
factors, SCB can no longer perform well, and its 
performance will become worse than CBF[2]. 

There have been several approaches to such problems 
including Linearly Constrained Minimum Variance 
Beamformer (LCMV), Diagonal Loading (DL) and so on[3]. 
Recently, a robust Capon beamformer is proposed 
respectively by Li and Vorobyov, which can account for the 
problem of the uncertain steering vectors and be solved by 
second-order cone program (SOCP) efficiently[4-5]. In 
addition, the robust SCB algorithm has been used for 
localization and identification of moving sound sources[6]. In 
an attempt to overcome a substantial degradation of the SCB 
performance in situations of small training sample size and 
imprecise knowledge of the Signal Of Interest (SOI) 
steering vector, a new algorithm called Vector Optimization 
Robust Beamforming (VORB) is proposed by Song, which 
is simpler and highly robust against the array steering vector 
error [7-8]. 

However, the existing robust beamforming approaches 
are almost based on a horizontal or vertical array, and can 
only measure the incidence angle or the elevation angle. In 
order to accurately obtain both incidence angle and 
elevation angle at the same time, the present work in this 
paper extends the VORB algorithm to a vertical planar array. 
Briefly, the proposed method fully exploits the property of 
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VORB and follows the same idea as before except on the 
basis of a vertical planar array. Finally, it is shown that the 
method can be reformulated as a SOCP and solved by 
SEDUMI[9]. Computer simulation has shown that the 
proposed method has better performance than CBF and SCB, 
such as narrower main lobe and lower side lobe. 

The content organization is as follows: Section 1 
introduces some background of robust capon beamforming. 
Section 2 presents the planar array signal model and 
describes the formulation of the proposed method. Section 3 
presents the computer simulation results, and the spatial 
spectrums of our proposed method are analyzed. The 
conclusions are summarized in Section 4. 

II. VECTOR OPTIMIZATION ROBUST ADAPTIVE 

BEAMFORMING BASED ON PLANAR ARRAY 

A. Planar array signal model 
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Figure 1.  The sketch map of planar array signal model 

As shown in Fig.1, consider a planar vertical array of N  
equally spaced hydrophones, and set the central hydrophone 
(reference element) as the origin, so the coordinate of each 
element can be expressed as ( , )n ny z , ( 1,2, , )n N=  . Assume 
there exist M  sources in the far field of the array, and the 
m th source has the incidence angle mθ , elevation angle mϕ . 
Based on above assumptions, the time delay for the m th 
source from the n th element to the reference element can 
be written as: 

1
( sin cos sin )nm n m m n my z

c
τ θ ϕ ϕ= +                      (1) 

Where c  is the sound propagation velocity.  
So the received signal can be given by: 

( ) ( , ) ( ) ( )t t tθ ϕ= +X A S N                              (2) 

Where [ ]T

1 2( ) ( ), ( ), , ( )Nt x t x t x t= X
 denotes the 1N ×  

dimension received signal vector, [ ]T

1 2( ) ( ), ( ), , ( )Mt s t s t s t= S
 

denotes the 1M ×  dimension transmit signal vector, 

[ ]T

1 2( ) ( ), ( ), , ( )Nt n t n t n t= N
 denotes the 1N ×  dimension 

noise vector, and [ ]1 1 2 2( , ) ( , ), ( , ), , ( , )M Mθ ϕ θ ϕ θ ϕ θ ϕ= A a a a
 

denotes the N M×  dimension steering vector matrix.  
The steering vector ( , )m mθ ϕa  ( 1,2, , )m M=  can be 

represented as: 
1 2

T
( , ) , , ,m m Nmj j j

m m e e eωτ ωτ ωτθ ϕ − − − =  a                   (3) 

 

B. Formulation 
Below, we provide the DOA estimation formulation 

based on the planar array following exactly the same 
procedure in Ref.[4-5]. In practical applications, there must 
exist a distortion of the steering vector matrix ( , )θ ϕA , (for 
convenient, we represent the distortion as Δ ), and we can 
bound the norm of Δ  by a certain constant 0γ > , that is  

2
γ≤Δ                                          (4) 

So the actual steering vector matrix ( , )θ ϕA  belongs to 
the following set 

( )( ) { }2
, | ( , ) | ( , ) ( , )θ ϕ γ θ ϕ θ ϕ θ ϕ γ= = + ≤ E A A A Δ Δ，   

(5) 

Where 2


 denotes the 2-norm, and ( )( ), |θ ϕ γE
 is an 

uncertainty set whose elements represent the actual possible 
steering vector matrix.  

Let’s impose a constraint on the absolute value of the 
array response, that is, the value should be larger than or 

equal to one for all vectors that belong to ( )( ), |θ ϕ γE
 

H ( , ) 1θ ϕ ≥w A ，for all ( )( )( , ) , |θ ϕ θ ϕ γ∈A E            (6) 

Where w  is the weight vector. 
Make explicit use of the idea of VORB and the planar 

array signal model, then we can reformulate the 
optimization problem as 

{ }

2

2 2

H H

2

min ( . . . ) ( , )

s.t. ( , ) 1 Im ( , ) 0

w r t

θ ϕ γ θ ϕ

+


≥ + = ，

w
R Uw w

w A w w A
           (7) 

Where . . .w r t  represents “with respect to”, 
2
+R  means 

that we should discuss 2
Uw

 and 2
w

 in the set of positive 
numbers, and U  is given by the Cholesky factorization 

H=R U U . 
According to Ref.[8], equ.(7) can be implemented by 

SOCP or Lagrange multiplier method, and solved by 
SEDUMI[9]. 

III. COMPUTER SIMULATIONS 

Simulation condition: The number of the array elements 
is 35 ( there are 5 rows along the coordinate axis y and 7 
columns along the coordinate axis z ), the source frequency 
is 200kHz, the element spacing is half-wavelength, the 
incidence angle and the elevation angle are respectively 

1θ °= − and 1ϕ °= , SNR is 20dB, the array steering vector 
error is -5dB, which is defined as: 
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Fig.2, Fig.3, and Fig.4 respectively show the spatial 
spectrums by CBF, MVDR, and VORB. Note that under the 
condition of the noise and the array steering vector error, the 
VORB has better performance than CBF and MVDR, such 
as the narrower main lobe and the lower side lobe. It is 
obvious from the simulation figures that VORB can 
suppress the side lobe to -20dB while MVDR only -6dB, so 
VORB can highly improve the robustness against the noise 
and the array model error. 

 
(a) Three-dimension graph 

 

(b) Top-view graph 

Figure 2.  The spatial spectrum for CBF 

 
(a) Three-dimension graph 

 
(b) Top-view graph 

Figure 3.  The spatial spectrum for MVDR 

 
(a) Three-dimension graph 
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(b) Top-view graph 

Figure 4.  The spatial spectrum for VORB 

IV. CONCLUSIONS  

In this paper, a robust Capon beamforming method 
based on a planar array has been proposed, and we have 
shown how to extend the original VORB algorithm to the 
case of a planar array. Computer simulation has 
demonstrated the excellent performance of the proposed 
method for the spatial spectrum estimation via a number of 
numerical examples. 
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