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Abstract— It is well known that a semi-group’s action on a
space could appear chaos phenomenon, like Li-York chaos and
so on. Li-York chaos has important relations with topological
transitivity and periodic point. This study analyzed metric

space (X,d) and it's dinduced Hausdorff metric
space(k(X),H) . Let T is a semi-group. We make T
continuously act on space(X,d) . We study topological

transitivity and between (X,d) and (k(X),H) . Some

important results are presented which show that if is
topological transitivity and periodicity (which means Li-York
chaos at the same time), then the action of semi-

group T on(k(X), H ) isLi-York chaos.
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1. INTRODUCTION

Phenomenon of Chaos was found as early as 1903 in the
beginning of this century, American mathematician
J.H.Poincare in his book "Science and Method" proposed
the Poincare Conjecture. Dynamical systems and topology
of the two major areas are combined in his book, which
pointed out that the possibility of a chaotic existence, thus
becoming the world's first man who understands the
possibility of chaos existence. In 1963, meteorologist
E.Lorenz in Atmospheric Science magazine published an
article of "decisive non-periodic flow", which pointed out
that a link must exist between the powerless of weather
forecasters and the climate could not accurately repeat.
These studies clearly described the chaos state of sensitivity
dependence on initial conditions. This is the famous
butterfly effect.

For chaos research upsurge up in 1975, all kinds of
definitions of chaos come into being [1,2,3]. Some classic
definitions are Li-Yorke chaos [1], Devaney chaos [2] and
chaotic group [3], and so on. Nowadays, study on chaotic
semigroup focus on two aspects. One is the research on
definition of chaotic semigroup action, include Li-Yorke
chaotic semigroup action [6, 7], Devaney chaotic semigroup
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action [8], spatiotemporal chaotic semigroup action( ST
chaos in short ) and study on the relationship between
several chaotic definition. Such as semigroup action
Devaney chaos is Stronger than Li - Yorke chaos[7],
topologically strong mixing implies devaney chaos when
semigroup continuously acts on the inverse limit space. The
other is research on conditions of. In the article [5], they use
Li-Yorke pairs to describe chaotic semigroup and discuss
the condition of Li-Yorke pairs beingness. Article [8] study
the affect of Sensitive Dependence on Initial of Chaotic
semigroup actions. It is showed that Based on Li-Yorke
pairs, the definition of spatiotemporal chaos of semigroup
actions was given. Using Furstenberg families, w e studied
the relations among the spatiotemporal chaos, mixing , and
2-rigidity, and we proved that topologically weakly mixing
system implies ST chaos in the article [4].

This article would study some important natures of Set-
valued Discrete Dynamical Systems.

II. PRELIMINARIES

Definition1[10]. Let T be a semi-group, X be a
compact metric space. We say that T continuously acts on
X, if 7:TxX — X Satisfies the following two
conditions:

(1) 7T is continuous,

@z(t,7(sa))=7(tsa),Vt,se T,Vae X.
Remark1. For convenience, we letﬂ(t,a) =ta. So

the condition (2) transform to t(SQ) = ('[S) a,vt,seT

,Vae X . In this sense, the continuous action of semi-
group T on X is equivalence with a semigroup
homomorphism & : S — C(X, X ) , Where C( X, X) is a
semi-group composed by all continuous self-maps on X .

Definition2[10]. Suppose that a semi-group T acts
continuously on a compact metric space X . The subset
T(x)={tx|te T} is called orbit with action of semi-

group T on each point X€ X .

Definition3[10]. Suppose that a semi-group | acts
continuously on a compact metric space X . If for every pair
of none—empty open subsets U and V in X , there is
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somete T, such that t(U )ﬂV # (& Then we say that
the action of semi-group Son X is topologically transitive,
whicht(U ) ={tu|ue U}.

Definition4[11]. Suppose that Z7:TXX — X is a
continuous action. Define mapping on

K(X) that 77:K(X)XT —k(X),7(A) ={z(aT)|ac Al.
If there have 77(t,7(t,,K))=7(tt,,K) , for cach
Ke K(X) and every pair t,t,€T ,then we call
(K(X),T,?z) is a sct-value dynamical system,
(K (X),T)in short.

Lemmal[5]. Suppose that (X,T)is a topologically

transitive dynamical system , X is a Infinite compact metric

space , | is commutative semi-group. If (X,T) has
periodic point , then( X,T) has Infinite scrambled set, and

( X ,T) is called Li-Yorke chaos.

Lemma2[15].
topological spaces

Suppose that X and Y are two
and f:X —>Y is a continuous

mapping. If set A is a compact set in space X , then

f (A) is aa compact set in space Y .
Lemma3[15]. (k( X ) ,H ) is compact Metric space if

and only if when ( X,d ) is compact Metric space.
We  definite  the orbit of every
xe Xisorb(x,T)={tx:te T}.

Suppose that Ais nonvoid constant closed subset of
space X , if Adon’t Include nonvoid proper constant closed
subset, then we call A  minimal  set. If

Ol’b(X,T) Z{tX:tG T} is a finite minimal set of(X,T) ,

point

we say X is a periodic point of( X ,T) )

III.MAIN RESULTS

Propositionl. Suppose that A is a non-empty open
subsets in space X . If Be k( X ) and B c A, then there

have:
(1)There have some £>0, such that N( B,é‘) cA

@ N(U)={B|Bek(X),BcU} constitutes all
open subsets in(k( X),TH )when U is an open subset in
space X .

Remark1. (k(X),TH ) is topological space which is

induced by Hausdorff Metric H of k(X).

Proof:
(1) It is clear that the conclusion is the fact in metric

space( X,d).

(2)One side, we need to proof N (U ) is open subset of
(k( X ), Ty ) for every open subset U in metric space X .

If we give every subset Be N (U ), there have some
>0, such that N(B,é‘)CU . In k(X) with the
Hausdorff metric H, we take neighbourhood V ( B, 8) . We
only proof that there is some Ee€ N (U ) for each
EeV(B,¢). In fact, if E€V (B,€), then it must be
H(B,E)<e
Ec N(B,S) cU , which means Ee€ N(U) . So
N (U ) is open subset of (K ( X),7,, ) -

On the other side, K of
(k(X),TH ), we give every set A€ K . Because Ais

By the definition of H,

for each open subset

compact set in space X , so there have finite open covering

{U,,..U,}, such that AcU =UU, . Then we get some
i=1

£, >0 that N(A,EO)CU andV(A,é‘O)C K . Further,

there have H (E, A) < g, for each Ee V(A,é‘o). By the

definition of H, we get EC N(A,SO)CU , which

means Ae N(U)
So N(U):{B| Be k(X),BCU}, thus we complete
the proof.o

Proposition2. If 7z : T X X — X is a continuous action,
then 77 : k( X )XT - k( X ) is a continuous action too.

Proof: We first proof that 7_Z':k(X)XT—>k(X) is
self-mapping. It is clear that J_Z'(A) =7 (A) , for
every Ae k(X) . By lemma2, we get]l’(A) is compact
subset of A, so that 7(A)e k(X) .

Be k(X) , set Bis compact, so there some finite open

For each set

n
covering {Ul,...Un} , such that Bc U = UUi . Because
i1
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7 (B (U) =" (Duijzbﬂ—l(ui) wd 7 i
i1 i=1
continues, so 77" (Ui ) is open set, then 77~ (B) has finite

open covering in space X . So we get T - (B) is compact

of  space X ) Last, there
have 72'(71'_1(8))=7Z(7Z'_1(B))=BE k(X) , SO
that 77 - k( X )XT - k( X ) is self-mapping.

Next, we proof 7 is continue. It is easily to see

U B|=

Bek(X)

1R\ _ -1
Be%x)” (B)=N(z
for each open set N (U ) in k( X ) . Because 7T is continue,
so 7t (U ) is open set of X . By the Propositionl, we get
N (71'71 (U )) is open set ofk( X ) , SO 7T is continue.

Theoreml. f_iik(X)XT—>k(X) is topological

transitive if and only if Z7:T XX — X is topological
transitive.
Proof: suppose that pair of none—empty open sets

Uand Vin X, then N (U )andN (V) are none—empty

open sets of k(X ) By definite of topological transitive,

(V)

there have some teT , such that
t(N(U))NN(V)=D.

Because
(NEINNV= Y ]y 4

Aek(X)
=t BN t(B)n| U A
BCU A BCU AcV
Ack Bek(X) Aek(X)

= U U [t B)ﬂA];t@

BcU ACV

Bek(X

, SO there must be some sets ACV and Bc U | such

thatt(B)ﬂAi@:t(U)ﬂVi@ . Then we proof

that 77 : T X X — X is topological transitive.

Next, we suppose Z:1T XX — X is topological
transitive. Then for every pair of none—empty open subsets
U and V in X , there is some teT , such

that t(U) (W#D. We take arbitrary pair M,Nc K( X) .
Let

M=M (Ul,Uz,...,Un)={Ee K(

i=1

X)|Fc| U, FNU, =@

i=1

N= N(UI,UZ,...,UH)={FE K(

Then S(M)NN={sE|Ee M]N{F|Fe N} ,
Ukle(Ul,U2, -Uy)
Uk2 € (UI,UZ,...,Un) , such
s(U, )NU, c{sE|Ee M]N{F|Fe N}
U, and U,
s(U )NU, #@ . then S(M)NN#D . so
7 k(X)XT = k(X).

Thi following theorem would discuss Li-York chaos
about 77 . Suppose that ¢(X)is subspace of k(X),which

there have some and

some that

Because

are none—empty open subsets, so

is formed by all single point sets of space X . It is easy to
see ( X, 7, )and (¢( X ) »Th ) is homeomorphous.

Theorem2. Suppose that E isnon-void finite set, E is a
periodic point of system (K ( X),T) if and only if every
point of Ais periodic point of system( X ,T) )

Proof:
= Suppose E is a periodic point of system

(K (X),T) , then there must be some t€ T, such that
t(E)= 7

space K ( X )means equivalent replacement, so every point

E . So we can say the continuous action of 77 on

of Auis periodic point of system( X,T) )

& Suppose E = {Xl, Xy penns Xn} and X is periodic
point of system ( X,T) . So Ol’b()g ,T) is finite minimal
set, then {'[X1 ,IX, ...,'[Xn} is finite minimal set for
cacht€T By lemma3, (k( X ) ,H ) is compact metric
space. So Ais a periodic point of system( K ( X ) ,T) )

IV.PROOF OF THEOREM 3
Theorem3.If 7:TX X — X is topological transitivity
and have periodic point, then T k( X )XT - k( X ) is
Li-Yorke chaos.

Proof: because 77: T X X — X is topological transitivity
and have periodic point, so by Theoreml and

TheoremZ,;Z: k( X) XT —>k( X) is topological transitivity and
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have  periodic  point too. So by Lemmal,

T k(X)XT - k(X)is Li-Yorke chaos.

V. CONCLUSION

In this paper, we We laid special stress on researching
Li-York Chaos of Set-valued Discrete Dynamical Systems
Based on Semi-group Actions. It woule be showen that

when semigroup act on a compact metric space ( X, d) , if

the action is topological transitivity and have periodic point,
then we will get the same result when this semigroup act on

the space (k( X ) ,H ) which is dinduced by metric d .
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