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Abstract—Understanding and modeling the structure of a
complex network can lead to a better knowledge of its
evolutionary mechanisms, and to a better cottoning on its
dynamic and functional behavior. The nodes within a network
not only tend to connect the nodes with high degree (scale-free
property), and tend to connect with their relatively close
distance nodes (community structure property), and the high-
degree nodes are easier to connect with their relatively far
nodes comparing with the low-degree nodes in the process of
network evolution. This phenomenon has been commonly
observed from many real-world networks, ranging from social
to biological even to technical networks. To model this kind of
networks, the present letter proposes a scale free network
model with community structure (SFC) to capture and
describe their essential topological properties. Numerical
simulations indicate that the generated network based on SFC
model has scale-free and community structure property. Under
the control of the parameters of the model, the community
structure of network can be adjustable.
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In the past 10 years, complex network research has made
great progress and has become one of the most important
aress of interdisciplinary researchi™?. Many real networks
can be described as complex network, for example:
biological networks (such as metabolic networks, protein -
protein networks, genetic networks, etc), transport network
(such as airport networks, urban transport networks, railway
networks, etc.) and information networks (such as WWW
networks, Internet networks, telephone call networks, etc.).
These research results show that modern complex network
research has deepened our understanding of these complex
systems.

To model these systems and capture the structure
properties observed in rea networks, alot of work has been
done in this field. Small world and scaefree are two
common properties of complex network, in order to
represent this two properties, Watts Strogatz and Barabas
respectively proposed small-world network model (denoted
as W-S modd) @ and B-A scalefree Network mode
(denoted as B-A model)!¥. Recently, further studies showed
that the community structuré?® is one of the most important
topology properties following the small world and scale-free
properties of complex network. Communities are defined as
collections of nodes within which connections are denser,
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but among which connections are sparser. There are many
real-world networks which exhibit community structure, and
community structure is supposed to play an import role in
many real networks, for example: communities in socia
network represent real social groups based on interest or
background; communities in a citation network might
represent related papers on a single topic; communities on
the web might mean pages on related topics; communities in
a biochemical network or neuronal system might correspond
to functional units of some types; communities in electronic
circuit can be a functional unit; communities in information
network also has an important rolé®®. However, the current
research focusing on the community structure is how to
design agorithms to quickly and accurately detect
g]ommunity structure in static or dynamic complex networks

To date, many network models can generate scale-free
features based on different ideas and mechanismg”®9,
However, the community structure of most existing evolving
network models is unobvious. The community feature about
the W-S model and B-A model is discussed, and the result
showed W-S model has good community structure, while the
community structure of B-A model is unobvious18. How to
construct an evolving network model with community
structure is an attractive question. Several evolving models
with community structure have been proposed in socid
networks, biological networks and Polymer melts networks.
Watts et a."™@ and Motter et a.*! proposed some good
network models, but with a fixed number of nodes therefore
not evolving. M.Kimura et a.™@ proposed a growing
network model with community structure, however, it turned
out that there is a possibility that a node belonging to a
community may have no connections with other nodes in the
same community but only has connections with nodes in
other communities, which is unacceptable. More recently, Ch.
Li et a.™ proposed a community-based evolution model
considering that the connection probability among
communities is less than one within communities. Following
this theory, J. Zhang et a.*¥ proposed a polymer melts
model with community structure. Riitta.T et a.™ introduced
and analyzed a community-based evolving network model in
order to demonstrate this phenomenon of “richer get richer”
in communities scale, as well as the mechanism of
community size preferential attachment which means when
establishing new links between communities or adding a new
node to an existing community, communities with larger
sizes are selected with higher probabilities. Fan et a!®
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developed a multi-community weight-driven bipartite
network model. A common feature of these four models is
that the network evolves with time but the number of
communities in the network is aways constant. However,
recent research™ has shown that the number of communities
may also change as the network evolves, furthermore, almost
al of these models with community grow from a small
network with obvious community structure, but the
community structure in real networks is formed in the
process of network evolution. From the above analysis, one
clearly needs a better network model that can precisely
describe the topology of an evolving network with a
community structure and scale free property.

In this paper, a new evolving networks model (denoted as
SFC model) is proposed with three steps: the addition of new
nodes, new links, and the rewiring of links. The preferential
connection with high degree nodes is adopted in the process
of the new node addition. The preferential connection with
close nodes is applied in the process of the new link addition
and the rewiring of link, which is closer to the evolving of
real network, and the high-degree nodes are easier to connect
with their relatively far nodes comparing with the low-degree
nodes. The community structure in SFC model can be
automatically formed in process of the evolution of the

model without setting the number of communities in advance.

Simulation results show that SFC model not only has
obvious community structure and scale-free properties, and
its community structure can be adjustable by changing the
model generating parameters.

The rest of this paper is organized as follows: In section
IT, we propose a new scae free evolving network model
with community structure. In section III, the numerica
results about node degree distribution and community
structure are analyzed. The whole paper is finally concluded
in section IV.

I

The generating algorithm for the proposed SFC moddl is

initialized withm, isolated nodes, and at each time step we
perform one of the following three operations.

( 1 )With probability p, we add a new node: The new

node has m new links that with probability [](k) are

connected to node i already present in the network, which is
the same with B-A model .

_ k+1
[1(k) ; K +1
Wherek is the degree of nodei .
(i1 )With probability p,we add m(m<m,) new links:
For thisanode i israndomly selected as the starting point of
the new link. If i has no neighbor, nothing will be done.
Otherwise we do the following: The other end j of thelink is
selected with probability [1d,) given by Eq. (2)

MODEL DESCRIPTION
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Whered, is the shortest distance between node i and the

node j . k., is the maximum degree in network. Eq. (2)

incorporates the fact that new links are more likely to be
generated among close nodes, and the high-degree nodes
(popular nodes) are easier to connect with their relatively far
nodes comparing with the low-degree nodes in the process of
network evolution. This processis repeated mtimes.

(ii1)With probability 1- p, — p, we rewirem links: For
this we randomly select a node i and cut off randomly one
link 1, connected to i and then rewire i toj. j is a node
selected with probability ]'[(dj‘) given by Eqg. (2). This
processis repeated mMtimes.

In the SFC model, the parameters should satisfy
0<p, <1and0< p,<1-p . Repeat step ( i )-(iii) until the
network has grown to desired size. The network evolution is
illustrated through a simple example in Fig.1l. The new
vertex V possibly links to popular nodes (here M ,N), and
the vertex W possibly add new links to its neighbors (here
adjacent nodes are h, i, j, k) and the vertex V possibly
rewire links to its neighbors (here adjacent nodes are e, f ,
g ) if the link 1,, is removed. Roughly speaking, the

mechanism of adding new links and rewiring links contribute
to the formation of communitiesin network.

Figure1l. Growth process of the network

1. NUMERICAL RESULTSAND ANALYSIS

A. Node degree distribution
Owing to utilizing node degree to choose the model

parameter5, it is difficult to theoretically directly analyze
the node degree distribution of SFC model. In this section,
we numerically study the node distribution properties of SFC
model through comparing it with AL model™® that considers
global degree preferential attachment mechanism in addition
of new links and rewiring of links. First, we perform a
numerical simulation to separately generate many different
networks based on SFC model and AL model under different
model parameter (m, p,) and network size (N). Effect of

network sizeis studied by varying N, when model parameter
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is unchanged. Effect of model parameter is studied by
varying mand p, , when network size is unchanged. Our
simulation work shows that the node degree distributions are
approximate power-law, which exponentia is only affected
by model parameter p, . The degree distribution of three
group networks selected from SFC model and AL model
under different network size and model parameter is shown
in fig. 2.The model parameter in one group is set
aam=4,m=4, p=06, p,=01, N=1000 and
m=4,m=4,p =06, p,=0.1,N=2000. Another is set
asm=4,m=4,p =08, p,=01and N=1000 . The

thirdissetasmy,=4,m=2,p, =0.8, p, =0.1and N =1000.

The networks based on AL model are shown in fig.2 (a), (c),
(e and (j), whose cumulative degree distributions obey
power-law distribution P(k) o< k7 with y=2.82 , y=2.75,
y~292and y~2.77 respectively. The networks based on
SFC model are shown in fig.2 (b), (d), (f) and (h), whose
cumulative degree distributions aso obey power-law
distribution P(k) o< k™7 with y=322 , y=3.17, y=3.02and
y=296 respectivdly. The degree distribution shape
generated from SFC model and AL model is similar, which
is approximate power-law distribution. The difference is that
the dlope of node distribution in SFC model is slightly larger
than one in AL model under the same model parameter.
Similar results are obtained from other networks generated
from SFC model and AL model under different model
parameters and network size. The main reason for this
phenomenon is that the rewiring and addition link among
“old” nodes in SFC model is based on the distance among
nodes, not on degree preferential attachment mechanism,
which lead to the percentage of relatively large degree in
network generated form SFC model isless than that from AL
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Figure2. Cumulative degree distributions of SFC model and AL model.

B. Modularity of network model

In order to quantify the community structure, we utilize
the modularity method of Newman?. Let A=(a,) be a

kxk symmetric matrix that denotes network with n nodes
and k communities. Thus
1 if community u and v are connected,
Ao = {0 otherwiese,
V. and V, respectively represent the number of nodes in
community r and s We

define  [Al=3Ya ., [A]=XZeG%) .
i=1j=1 ieVg jeVp

A= > ¢ and QSZHA%“, then the modularity Q is
i€V, jeV,
to be
k k
Q=2l(e - (Xe.)’] ©)

Basically, Q is the fraction of al links within
communities subtracts the expected vaue of the same
quantity in a graph whose nodes have the same degrees but
links are distributed randomly, and the higher modularity Q,
the better network community structure. The maximum of Q
is 1. It isaso found that Q value above 0.3 is an indicator of
good community structure in a network.

The modularity of SFC model changes with the model
parameters m and the network size N, as is shown in fig.3.
As mvalue increases, the network density increases, Q value
in network gradually become small and the community
structure become unclear. It indicates that the community
structure characteristic of SFC model is affected by network
density. For the same m value and different network size, the
same law can also be found, but the impact of network sizeN
is not so apparent. Thus, m is one of the important
parameters that affect the community structure of SFC model.
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Figure3. The modularity of SFC model with different mand N .

In this experiment, we study the impact of the process
choose parameter p, and p, on community structure. We

perform a numerical simulation withm, =4, m=4and the
network size N =1000 under different p,and p,. The results
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show that the modularity of SFC mode is aso rather
sengitive to the model generation parameter p,and p,, as is

showninfig.4. If oneselects p, =1, p, =0, then the model is

just the B-A model. For the B-A model, with the increase of
network size, the mechanism that links preferentially point to
popular nodes leads to the nature of the node connection with
random choice. So the community structure becomes
unobvious, the Q value is below 0.3 in fig.4. However, the
emergence of community structure in the networks generated
by SFC model can be contributed to the mechanism of
rewiring and addition link among “old” nodes. With the
decrease of p,, Q in network increases gradually, which is

shown in fig4. These results make sense
because p, and p, are crucia for the SFC model to change the

nature of the node connection with random choice. As a
result, we can generate different community structure
networks applying to different rea world network
circumstance by changing p, and p, values.

Figure4. The Modularity under the cases with p; and p,value at p,and p,
are (p1=1, p2=0) , (P,=0.8, p.=0.1),( p=0.7, p2=0.2),( p,=0.6, p,=0.1) and
(p1=0.5, p2=0.1).

IV. CONCLUSIONS

In this paper, we have proposed a model which combines
degree preferential attachment mechanism and the rewiring
and addition link mechanism based on the distance among
nodes. It can produce very efficiently networks resembling
real-world networks in that they not only have power-law
distribution, but good community structure, which is capable
of generating different networks from social to technological
fields through selecting different model parameters. Based
on this network model, we can study the effects of scale free
and community structure on network dynamics, such as the
stability, synchronization, disease and rumor spreading, and
information communication or transfer.

However, in this paper, we just analyze the degree
distribution and the community structure of the SFC model.
Future extensions of this work should include studying other
parameters of SFC mode, such as. degree-degree
correlations, clustering coefficient and average path length.
Future extensions work also include the modeling of directed
and weighted network models with scale-free and
community structure, because many real-world networks are
directed and /or weighted.
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