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Abstract-To judge the loop-nonnegativity of a matrix A  over an 
idempotent semiring and compute the plus-closure of A  when it 
is loop-nonnegative, a Plus_Closure_of_Matrix algorithm of 

complexity 3( )O n  is constructed and proved. As a generalization 

of Floyd algorithm, Warshall algorithm as well as Gauβ-Jordan 
Elimination algorithm on idempotent semirings, this algorithm can 
also be used to solve some Algebraic Path Problems, Shortest Path 
Problems and the transitive closures of matrices over idempotent 
semirings even if the idempotent semirings have no completeness 
and closeness. 
Keywords-Idempotent semiring, Loop-nonnegative matrix, 
Plus-closure, Plus_Closure_of_Matrix Algorithm 

I.  INTRODUCTION 

The shortest path problem, calculating the transitive 
closures of binary relations and finding inverses of Matrices 
are important issues with a broad background. Floyd 
algorithms, Warshall algorithms and the Gaussian 
elimination method are classical algorithms for these three 
problems respectively [1-3]. Based on the 
semirings-algebraic theory, these problems were later 
consolidated as "algebraic path problem". Algebraic path 
problem and its algorithms have a wide application in the 
field of network engineering, image processing and pattern 
recognition. 

In 1971, Carré first discovered the similarities of these 
three problems and proposed their general form 
Gauβ-Jordan elimination for solving them based on 
semirings algebra theory. The algorithm for solving 
algebraic path problem boils down to find the Kleene 
closure of adjacency matrix, i.e., the summation of all 
non-negative integer powers of the adjacency matrix[4]. 
Since then, with an in-depth study, Gauβ-Jordan elimination 
method has been improved from every angle and its 
application has a gradual expansion from some special 
semirings first to general cases, and the computing power 
with the introduction of advanced technologies such as 
parallel computing has been greatly improved [5-12]. 
However, the semirings applied to Gauβ- Jordan elimination 
method always required completeness and closeness. 

This article first proposed the concepts of the 
Loop-Nonnegative Matrices over Idempotent Semi-rings, 
then constructed of an algorithm of finding the 
Plus_Closures_of_matrix, i.e., the summation of all positive 
powers of a matrix. Actually, the algorithm extends the 

applicable range of Gauβ-Jordan elimination method to  
certain semirings which do not require completeness and 
closeness. 

.Ⅱ   THE ANALYSIS OF 
PLUS_CLOSURE_OF_MATRIX ALGORITHM AND ITS 

COMPLEXITY 

Let R  be a set containing at least two elements 0,  1 , 
define the addition +  and the multiplication ´  on R  

such that ( , , 0)R +  is a commutative monoid, and ( , ,1)R ´  

is a monoid with 0  as the zero element, moreover, 
multiplication ´  satisfy the distributive law to addition + . 
The algebraic system ( , , , 0, 1)R R= + ´  defined in this way 
is called a semiring. Usually, the product a b́  of elements 
,a b  over semiring R  is denoted by ab . Moreover, the 

sum of empty sets is denoted by 0 , i.e., 0Æ=å . The 

summation 
1

m

m
a a

+¥
+

=
=å  of a ’s all positive integer powers 

over R  is called the plus_closure of a . 
Similar to the numerical matrices, we can define 

matrices and their addition and multiplication over semiring 
R . Denote a matrix that the element ( , )i j -  is ija  over 

R  by ( )ija . Then the set of all n ń  matrices ( )nM R  on 

R  with regard to matrix addition and multiplication also 
forms a semiring. This semiring is called an n ń  matrix 
semiring over R . The basic properties of matrices over 
semirings and the details of semirings can be found in 
literature [13]. If ( )nA M RÎ , denote the element ( , )i j - of 

A  by ijA , and let 

{ }
1 2 2 3 1 1 1 2 1( ) 1 ,1 , , ,

mi i i i i i mL A a a a m i i i n
- -= < £ £  . 

We define matrices [ ] ( )k
nA M RÎ  recursively as follows: 

[ ]
[ 1] [ 1] [ 1]

0 ,
1 .

k ij
k k kij
ij ik kj

A k
A

A A A k n- - -
ìï =ï=í + £ £ïïî

 

Where k n£ , k  is a non-negative integer. 
Define the relation £  over semiring as a b a b a£  + = . 

We call R  an idempotent semiring if the relation £  
is reflexive. Moreover, the relation is a partial order relation 
over R . Note that the relation £  over ( )nM R  can be 
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also expressed as ij ijA B A B£  £  for 1 ,i j n£ £ . 

We can conclude that R  is idempotent is equivalent 
to ( )nM R  is idempotent. The idempotent semirings have a 
significant application in solving optimazation problems 
and the classification of regular languages, c.f. [14, 15]. 

Let R  be a semiring, the element x  which satisfies  
1 x£  in R  is called the non-negative element of R . 
Obviously, 0,  1  both are the non-negative elements of R . 

For the n ń  matrices ( )ijA a=  over R , we call that A  

is loop non-negative if all of the elements of ( )L A  are 
non-negative. The following theorem is the main conclusion 
of this article, and we will consider the proof of this matter 
in next section.  

Theorem 1. Let A  be an n ń  matrices over an 
idempotent semiring R , then A  is loop non-negative if 

and only if [ ] [ ] [ ]n n nA A A£  and [ ]1 n
iiA£  for 1 i n£ £ . 

Furthermore, if A  is loop non-negative, then [ ]nA A+= , 
and for any 1 , ,i j k n£ £ , [ ] [ 1]k k

ik ikA A -= , [ ] [ 1]k k
kj kjA A -= . 

According to theorem 1, we can use the pseudo codes to 
describe an algorithm as follows about deciding whether the 
n ń  matrix A  is loop non-negative over R  and 

computing the plus-closure A+  of A  when it is 
loop-nonnegative. 

Plus_Closure_of_Matrix algorithm 
Boolean Plus_Closure_of_Matrix (Matrix A, Matrix B) 
   n = A.rows '' (to obtain the order of matrix A) 
   B = A ''  
'' (The first part is to calculate the matrix A[n] ) 
   For k = 1 To n 
    For i = 1 (To n '' to calculate the matrix A[k]) 
       For j = 1 To n 
          B(i, j) = B(i, j) + B(i, k) * B(k, j)) 
        Next j 
    Next i 
   Next k 
''(The second part is to judge the matrix A is loop 
non-negative or not) 
   For i = 1 To n 
      If Not Identity <=B(i, i) Then Return false ''  
   Next 
   If Not B <= B * B Then Return false ''  
   Return true ''  
End Function 

The analysis of the complexity of Plus 
Closure_of_Matrix algorithm 

Plus_Closure_of_Matrix consists of two parts. The first 
is to compute the matrix [ ]nA , and the second is to decide 
whether A  is loop-nonnegative with respect of [ ]nA . 
Taken the assignment, addition, multiplication and 
comparison operations of the elements of the semirings as a 
basic operation respectively, we can conclude that the first 

part needs 3 23n n+  times of basic operations (including an 

assignment of matrices, 3n  times addition, multiplication 
and assignment of elements of the semirings), The second 
part takes up at most 3 22n n n+ +  times of the basic 
operations (including a multiplication of matrices, a 
comparison of matrices and at most n  times of 
comparisons of elements of semirings). Hence, the time 
complexity of the algorithm is 3( )O n . 

. PROOF OF THE PLUS_CLOSURE_OF_MATRIX Ⅲ
ALGORITHM 

In this section, we assume that R  is always an idempotent 
semiring, n  is a given positive integer and 

( ) ( )ij nA a M R= Î . For any positive integer k  and 

non-negative integer t , denote that the length of all the 
sequences, which are consisted of positive integers that is 
no more than k  is t  by k

tI . i.e., 

1 2 1

{ }, 0 ,
{ |1 , , }, 0 .

k
t

t t

t
I i i i i i k t

eìï =ï=í ¼ £ ¼ £ >ïïî
 

Where e  is the empty sequence. The length of sequence 
a  is denoted by | |a , and the number of k ’s included in 

a  by | |ka . For any 1 2
n

t ti i i Ia= ¼ Î  with 2t³ , let 

1 2 2 3 1t ti i i i i iA a a aa -
=  , then { }( ) |1 ,  ,  0n

i i tL A A i n I ta a= £ £ Î £ . 

For any positive integer m , the elements ( , )i j -  of matrices 

mA  and ( )

1

m
m i

i
A A

=
=å  can be expressed as: 

1
n
m

m
ij i j

I

A Aa
a -Î
= å ,   

1

( )

1 n
t

m
m
ij i j

t I

A Aa
a -= Î

æ ö÷ç ÷ç= ÷ç ÷ç ÷çè ø
å å . 

We need Lemma 2 to Lemma 8 as follows to prove the 
Plus_Closure_of_Matrix algorithm, i.e., the Theorem 1. 

Lemma 2. Let , , , , ia b c d x RÎ  with 1 i m£ £ . then the 
following conditions hold: 

( ) ⅰ
1

m

i
i

a x
=
£å  if and only if ia x£  ( 1,2, , )i m=  . 

( ) If there exists an inteⅱ ger i  such that ix a£ , then 

1

m

i
i
x a

=
£å . 

( ) If ⅲ a b£ ,c d£ , then ac bd£ . 
( ) If ⅳ b  is non-negative. Then ac abc£ . 

Proof. ( ) Obviously, ⅰ
1

m

i
i

a x
=

£å  is included in ia x£  with 

1 i m£ £ . Conversely, assume that 
1

m

i
i

a x
=

£å . From the fact 

that the commutativity and idempotency of addition over 
R , we can obtain that for each ix , 

1 1

m m

i i i i
i i

a a x a x x a x
= =

= + = + + = +å å . 
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( ) Aⅱ ssume that there exists an integer i  such that 

ix a£ . We may assume that 1i= . Then 

1
1 2 1

( )
m m m

i i i
i i i

a x a x x x
= = =
+ = + + =å å å . 

( ) Assume ⅲ a b£ ,c d£ . By applying the idempotency 
of R , then we have: 

( )( )
( )( )  .

ac bd a b c d bd ac ad bc bd bd
ac ad bc bd a b c d ac

+ = + + + = + + + +
= + + + = + + =  

( ) Let ⅳ b  is non-negative, then by (ⅲ), we can 
conclude that 1a a ab= £ , therefore, ac abc£ . 

Corollary 3. Assume that ,i j  are positive integers with 

, ,i j k n£ , k
tIaÎ  with 0t³ . If for any 1 i n£ £ , ( )k

iiA  is 
non-negative, then there exists a subsequence b  of a  

with | | kb £  such that i j i jA Ab a£ . In particular, if 

min( , )i j k£ , then the length of b  of a  as above can be 
choosed as | | 1kb £ - . 

Proof. Assume that ( )k
iiA  is non-negative for any 1 i n£ £ . 

Let 1 2 ti i ia=  . If t k£ , b a=  satisfies the condition. If 
t k> , necessarily there exist 1 p q t£ < £  and q p k- £  such 

that p qi i= , therefore, 
1 1 1 1

1
p p q p p p q qi i i i i i i iA A
+ - + -

£ =  . Let 

1 2 1p q ti i i i ib +=   , then | | | |b a< , by (ⅳ) of Lemma 2, we 

can conclude that: 

1 2 1

1 2 1 1 1
 .

p q q t

p p p q q q q t

i j ii i i i i i j

ii i i i i i i i i i j

i j

A A A
A A A
A

b

a

+

+ - +

¼ ¼

¼ ¼ ¼

=
£
=

 

If | | kb £ , then the proof is completed. Otherwise, take b  
as a new a  and then repeat the procedures above. Clearly, 
such a b  satisfying the conditions can be found. 

In particular, when min( , )i j k£  take b  obtained 
from the procedures above as a new a , then t k£ . And if 

1t k£ - , we can choose b a= . If t k= , assume 0i i= , 

1ki j+ = , then necessarily there exists 0 1p q k£ < £ +  such 

that p qi i= , therefore, 
1 1 1 1

1
p p q p p p q qi i i i i i i iA A
+ - + -

£ =  . Now, 

choose 1 2 1p q ki i i i ib +=   , then we can also obtain 

| 1| kb £ - . 

Lemma 4. A  is loop-nonnegative if and only if ( )n
iiA  is 

non-negative for any 1 i n£ £ . 

Proof.  For any 1 i n£ £ , from the expression of ( )n
iiA , we 

conclude that ( )n
iiA  is the sum of finite elements in set 

( )L A . If A is loop-nonnegative, then by (ⅰ) of Lemma 2, 
( )n
iiA  is non-negative. Conversely, assume that for any 

1 i n£ £ , ( )n
iiA  is non-negative. Recall that for any elements 

i iAa of ( )L A , with ,  0,  1n
tI t i naÎ ³ £ £ . By Corollary 3, we 

can conclude that there exists a subsequence b  of a  

with | | 1nb £ -  such that i i i iA Ab a£ . Note that i iAb  is one 

of the expression of ( )n
iiA , by (ⅰ) of Lemma 2 , we see that 

i iAb  is non-negative, thus i iAa  is non-negative. 

Lemma 5. If [ ] [ ] [ ]n n nA A A£  and for any 1 i n£ £ , [ ]1 n
iiA£ , 

then A  is loop non-negative. 
Proof. Assume that [ ] [ ] [ ]n n nA A A£  and for any 1 i n£ £ , 

[ ]1 n
iiA£ . By the definition of [ ]nA  and (ⅱ) of Lemma 2, we 

can obtain that [ ] [ 1] [0] (1)n nA A A A A-£ £ £ = = . 

Assume that the relation [ ] ( )n mA A£  holds when 1m³ . 

Since [ ] [ ] [ ]n n nA A A£ , we can conclude that 
[ ] [ ] [ ] [ ] ( ) ( 1)n n n n m mA A A A A AA A += + £ + =  by (ⅰ) (ⅲ) of Lemma 

2 and the idempotency. This means that for any 1m³ , 
[ ] ( )n mA A£ . It follows that [ ] ( )1 n n

ii iiA A£ £  with 1 i n£ £ . From 
Lemma 4 we can conclude that A  is loop non-negative. 
Lemma 6. If A  is loop non-negative, then ( )nA A+= . 
Proof.  For any positive integer , ,k i j  with ,i j n£  consider 

the typical term i jAa  with 1,1
n
tI t n ka -Î £ £ +  in the 

expression of ( )n k
ijA
+ . By Corollary 3 and Lemma 4, we 

obtain that there exists a subsequence b  with | | 1nb £ -  

such that i j i jA Ab a£ . Since i jA b  is an item of ( )| | 1
ijA
b+ , so it 

is also an item of ( )n
ijA . Hence, ( )n

ij i jA Aa£ . Thus, by (ⅰ) of 

Lemma 2, then we have ( )( ) n kn
ij ijA A +£ , therefore, 

( )( ) n knA A +£ . From (ⅱ) of Lemma 2 we can also conclude 
( )( ) nn kA A+ £ . This implies that for any positive integer k , we 

have ( ) ( )n n kA A += , hence, ( )nA A+= . 
For any non-negative integer t  and positive integer k  

with k n£ , we denote  

{ }| | 1k k
t t kS Ia a= Î ³ , { }|| 1k k

t t kT I aa= Î = . 

Clearly, 0 0
k kS T= =Æ . 

Lemma 7. If A  is loop non-negative, then for any positive 
integers , ,i j k  with , ,i j k n£ , 

0 1k k
t t

k k

i j i j
t tS T

A Aa a
a a= =Î Î

=å å å å . 

Proof. For any 1 \k k
t t ti i S Ta= ¼ Î , let 

{ }min | rp r i k= = , { }max | rq r i k= = , 1 1 1p q ti i i ib + -=   . 

Then we have k
t p qTb + -Î . Since A  is loop non-negative, 

and by (ⅳ) of Lemma 2. we can conclude that i j i jA Ab a£ . 

Moreover, by (ⅰ) of Lemma 2 and the definition of relation 
£  as well as the fact that the sum of empty set is 0 , it 
follows that: 

0 1 1 1\
+  .

k k k k k
t t t t t

k k k k

i j i j i j i j
t t t tS T S T T

A A A Aa a a a
a a a a= = = =Î Î Î Î

= =å å å å å å å å  
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Lemma 8.  If A  is loop non-negative, then for any 

1 ,i j n£ £ , [ ] [ ]k k
ij ijA PA= , where [ ]

0 k
t

k
k
ij i j

t I

PA Aa
a= Î

=å å . 

Proof. The proof is by mathematical induction. Obviously, 
[0] [0]
ij ijA PA= . Assume that [ 1] [ 1]k k

ij ijA PA- -=  for 1k³ . We have 

to show that [ ] [ ]k k
ij ijA PA= . By the definition of [ ]k

ijA  and 

induction hypothesis, we can conclude that 

1 1 1

1 1 1

1 1 1

[ ] [ 1] [ 1] [ 1]

1 1 1

0 0 0
1 1

0 , 0 , 
1

0 , , 

k k k
t m t

k k k
t m t

k k k
t m t

k k k k
ij ij ik kj

k k k

i j i k k j
t m tI I I
k k

i j i k k j
t m tI I I
k

i j i k j
t m tI I I

A PA PA PA

A A A

A A A

A A

a a b
a a b

a a b
a a b

a a b
a a b

- - -

- - -

- - -

- - -

- - -

= = =Î Î Î
- -

= =Î Î Î
-

= Î Î Î

= + ´

= + ´

= +

= +

å å å å å å

å å å å

å å å

1 1

1

0
1 1

0 1 1
.

k k k k
t t k t

k

k k k

i j i j i j
t t tI T T I

A A Aa a a
a a a- -

-

=
- -

= = =Î Î Î
= + +

å

å å å å å å

 

For any 1k
tIg -Î  with 0t³ , by Corollary 3 and Lemma 4, 

we can obtain that there exists a subsequence b of g  with 

| | 1kb £ - such that i j i jA Ab g£ . Since 

1

0

k
k
t

t
Ib -

=
Î  

and by ( ) of Lemma 2 ,ⅱ  

1 1

1

0 0k k
t t

k k

i j i j
t tI I

A Aa a
a a- -

-

= =Î Î
£å å å å . 

Furthermore, from the argument of ( ) of Lemma 2, we ⅰ
have 

1 1

1
[ ]

0 0 1
.

k k k k
t t k t

k k k
k
ij i j i j i j

t t tI T T I

A A A Aa a a
a a a- -

-

= = =Î Î Î
= + +å å å å å å  

For any 1k k
k tT Ig -Î  with 1 1t k£ £ - , since 1k k k

k t k tT I I-
+Ì , 

from the fact of Corollary 3 and Lemma 4, clearly, there 
exists a subsequence b  with | | kb £  of g  such that 

i j i jA Ab g£ . Since 

1

0 1

k k
k k
t t

t t
I Tb -

= =

æ ö æ ö÷ ÷ç çÎ ÷ ÷ç ç÷ ÷ç ç÷ ÷è ø è ø
   

and by (ⅱ) of Lemma 2, we have 

10 1k k
t t

k k

i j i j i j
t tI T

A A Aa a g
a a-= =Î Î

+ £å å å å . 

And by (ⅰ) of Lemma 2, meaning that 

1 1

1

0 1 1k k k k
t t k t

k k k

i j i j i j
t t tI T T I

A A Aa a a
a a a- -

-

= = =Î Î Î
+ £å å å å å å . 

Further by the definition of relation £ , we can conclude 
that 

1

[ ]

0 1k k
t t

k k
k
ij i j i j

t tI T

A A Aa a
a a-= =Î Î

= +å å å å . 

Then from the fact of Lemma 7, we can also get 

1

[ ]

0 0
 .

k k
t t

k k
k
ij i j i j

t tI S

A A Aa a
a a-= =Î Î

= +å å å å  

Since 

1k k k
t t tI I S-= È  for 0t³ , 

Therefore, 

[ ]

0
.

k
t

k
kk

ij i j ij
t I

A A PAa
a

é ùë û

= Î

æ ö÷ç ÷ç= =÷ç ÷ç ÷çè ø
å å  

Proof of Theorem 1.  Assume that A  is loop-nonnegative, 
by Lemma 5 we can conclude that to prove Theorem 1, we 
just need to prove [ ]nA A+= , [ ] [ ] [ ]n n nA A A£ , and for any 

1 i n£ £ , [ ]1 n
iiA£ . Noting that [ ] ( 1)n n

ij ijPA A += , then from the 

argument of Lemma 6 and Lemma 8 as well as the 
indempotency , we can obtain that 

( )1( ) [ ] [ ]nn n nA A A PA A++= = = = , 
therefore,  

[ ] ( ) (2 ) ( ) ( )

( ) ( ) [ ] [ ] .

n n n n n

n n n n
A A A A A A

A A A A
= = = +
£ =

 

By Lemma 4 and ( ) [ ]n nA A= , we can conclude that for any 

1 i n£ £ , ( ) [ ]1 n n
ii iiA A£ = . 

Then the proof is completed. 

  THE APPLICATION OF THE Ⅳ
PLUS_CLOSURE_OF_MATRIX ALGORITHM 

Let R  be a semiring, ( , )G V E=  be a (directed) graph, 
where {1,2, , }V n=   is the vertices set, and E V VÍ ´  is 
the edges set. The set of all paths from vertex i  to vertex j  
is denoted by i j . The length of the path p  in G  is 
denoted by | |p . For a given function w :E R , we can 
define the weighted graph ( , , )G V E w=  over R . The 
image ( )w e  of function w  is called the value of e . The 

adjacency matrix ( ) ( )ijA G w=  of G  is defined as follows:  

    
(( , )),      ( , ) ,

0, ( , ) .ij

w i j i j E
w

i j E
ìï Îï=í Ïïïî

 

If 0 1( , , , )kp p p p i j= Î  , then we say that 0( ) ( )k
iiw p w p==  

is the value of p . And the distance from vertex i  to 

vertex j  is defined as ( )ij
p i j

d w p
Î

= å . 

The Algebraic path problems 

Algebraic path problems over a semiring is actually to 
find the distance between any two vertices i  to j  over the 
weighted graph ( , , )G V E w=  of R . If there exist solutions 
to the algebraic path problems, we call that the matrix 

( ) ( )ijS G d=  is the solution matrix of G . Obviously, if 

( ( ))A G +  exists, then ( ) ( ( ))S G A G += . Consequently, when 
R  is an idempotent semiring and ( )A G  is a loop 
non-negative matrix, Plus_Closure_of_Matrix algorithm is 
an effective method to find the solution matrix ( )S G  of G . 

Actually, if the process of computing *
nA I A+= +  can be 

added to the algorithm, where nI  is the n ń  identity 
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matrix, then we can obtain the Gauβ-Jordan elimination 
method. In this case, there is no need to require 
completeness and closeness of R . 

The algebraic path problem over inclines 

We say that semi-ring R  is an incline if for any x RÎ , 
1 1x+ = . Incline is an idempotent semiring that all elements 
are non-negative[16]. Actually, Plus_Closure_of_Matrix 
algorithm over inclines is the Gauβ-Jordan elimination 
method that Mohri proposed in literature [11]. 

The shortest path problem of over totally ordered 
idempotent semirings 

If R  is an idempotent semiring and the partial order 
relation £  over R  is a total order relation, we say that R  
is a totally ordered idempotent semiring. The set D  which  
consists of non-negative real numbers and +¥  with 
regard to the minimizing operation and the addition of 
numbers form a totally ordered incline. 

For any two vertices ,i j  of G , note that even if 

ijd (the distance between i  and j )may exists, the shortest 

path from i  to j  may still not. When R  is a totally 
ordered idempotent semiring and ( )A G  is a loop 
non-negative matrix, then by the totally order nature of the 
partial order relation £  over R , necessarily there exists a 
shortest path from i  to j . Therefore, Modeled on Floyd 
algorithms, we can constructe an algorithm based on 
Plus_Closure_of_Matrix algorithm to solve the shortest path 
problems over R , so that the algorithm in the case of 
R=D  is the Floyd algorithm. 

Matrix of transitive closure 

Assume that ( ) ( )ij nA a M R= Î . Let 

( ) { ' ( )| ' ,  ' ' '}nA A M R A A A A AW = Î £ £ . 
tA  is called the transitive closure of A if for any ' ( )A AÎW , 
' tA A£  holds. It is easy to prove that when R  is an 

idempotent semiring and A  is a loop non-negative matrix, 
A+  is the transitive closure of A, i.e., tA A+= . tA A+= . 
Therefore, the Plus_Closure_of_Matrix algorithm can be 
used to calculate the transitive closure of the 
loop-nonnegative matrices over idempotent semirings. 

Obviously, Binary Boolean semiring 
({0,1}, , , 0,1)B=    is also an incline. Since the adjacent 

matrix ( )A G  of a binary relation G  of finite sets V  is a 

matrix over B , and its transitive closure is the adjacent 
matrix of G ’s transitive closure. Therefore, the 
Plus_Closure_of_Matrix algorithm can be used to calculate 
the transitive closure of a binary relation of finite sets. 
Actually, Plus_Closure_of_Matrix algorithm over B  is the 
Warshall algorithm. 
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