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Abstract

We investigate the first cohomology space associated with the embedding of the Lie
superalgebra C(2) of contact vector fields on the (1,2)-dimensional supercircle S*I? in
the Lie superalgebra SUDO(S 1‘2) of superpseudodifferential operators with smooth
coefficients. Following Ovsienko and Roger, we show that this space is ten-dimensional
with only even cocycles and we give explicit expressions of the basis cocycles.

1 Introduction

V. Ovsienko and C. Roger [4] calculated the space H'(Vect(S'), ¥DO(S')), where
Vect(S1) is the Lie algebra of smooth vector fields on the circle S and ¥DO(S?) is
the space of pseudodifferential operators with smooth coefficients. The action is given
by the natural embedding of Vect(S!) in WDO(S!). They used the results of D. B.
Fuchs [3] on the cohomology of Vect(S!) with coefficients in weighted densities to de-
termine the cohomology with coefficients in the graded module Gr(¥DO(S1)), namely
HY(Vect(SY), GrP(IDO(SY))); here GrP(IDO(S1)) is isomorphic, as Vect(S1)-module, to
the space of weighted densities F, of weight —p on Sl. To compute
H!(Vect(S!), ¥DO(S1)), V. Ovsienko and C. Roger applied the theory of spectral se-
quences to a filtered module over a Lie algebra.

In a recent paper [1], using the same methods as in the paper [4], two of the authors
computed H'(K(1), SUTDO(S'')), where k(1) is the Lie superalgebra K(1) of contact
vector fields on the supercircle S and S UDO(S 1‘1) is the space of superpseudodifferential
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operators on S, Here, we follow again the same methods by V. Ovsienko and C. Roger
[4] to calculate H'(K(2), SYDO(S'2)). The paper ([4]) contains also the classification of
polynomial deformations of the natural embedding of Vect(S1) in ¥DO(S!). The multi-
parameter deformations of the embedding of (1) into STDO(S) are classified in ([2]).
Our aim is this classification for the case SI2.

2 Definitions and Notations

Let SUI" be the supercircle with local coordinates (p; 1, ...,6,), where = (61,...,60,)
are the odd variables. More precisely, let z = ¢?, in what follows by SH" we mean the
supermanifold (C*)'", whose underlying is C\ {0}. Any contact structure on S*" can be
reduced to a canonical one, given by the following 1-form:

n
an =dz+ Y _ 0;do;.
i=1
Let /C(n) be the Lie superalgebra of vector fields on S'" whose Lie action on a,, amounts
to a multiplication by a function. Any element of K(n) is of the form (see [6])
(—1)pt+1

vp = FO, + 5

i (F)ni
i=1
where F' € C°°(SI"), p(F) is the parity of F and 1; = 0y, — 6;0,. The bracket is given by
—1)pF)+1 2
()2 > ni(F)mi(G).

i=1

[vr, va] = vipay, where {F,G} = FG' — F'G +

The Lie superalgebra IC(n) is called the Lie superalgebra of contact vector fields.
The superspace of the supercommutative algebra of superpseudodifferential symbols on
SHm with its natural multiplication is spanned by the series

SP(n) = {A = > D akdw, )¢ O ag,c € C(S); € =0,1; M € N},
k=—M e=(e1,...,en)

where ¢ corresponds to 9, and 6; corresponds to Op; (p(H_i) = 1). The space SP(n) has a
structure of the Poisson Lie superalgebra given by the following bracket:

{A, BY = 0(A)0.(B) ~ 0:(A)(B) ~ (=)D " (8,(4)05, (B)+ 0, (4)00,(B) ). (2.1

i=1

The associative superalgebra of superpseudodifferential operators STDO(S 1|”) on SlI"
has the same underlying vector space as SP(n), but the multiplication is now defined by
the following rule:

(_1)p(A)VZ Vg Q. QY
AoB= > (0205 A)(920;:B). (2.2)
a>0,v;=0,1
This composition rule induces the supercommutator defined by:

[A, Bj=AoB— (—1)PArBIgo 4. (2.3)
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3 The space of weighted densities on S'?

Recall the definition of the Vect(S!)-module of weighted densities on S'. Consider the
I-parameter action of Vect(S') on C*°(S!) given by (here O(f) := f’%)

Ly mya(f(2)) = X(2) f'(2) + AX'(2) f (),

for any X (), f € C°°(S') and a fixed A € R. Denote by F the Vect(S!)-module structure
on C*°(S1) defined by this action. Note that the adjoint Vect(S*)-module is isomorphic to
F_1. Geometrically, Fy is the space of weighted densities of weight A on S', i.e., the set of
all expressions: f(z)(dz)*, where f € C°°(S'). We have analogous definition of weighted
densities in the supercase (see [1]) with dz replaced by ay,.

Consider the 1-parameter action of K(n) on C=(S!") given by the rule:

£ (G) =vp(G) + \F' - G, (3.1)

for any F, G € C*=(S"). We denote such K(1)-module by S and the K(2)-module by
F»x. Geometrically, the space §, is the space of all weighted densities on S of weight :

b= f(z,0)a3, f(x,0) e C®(S?). (3.2)

Remarks 3.1. 1) The adjoint K(2)-module is isomorphic to §_1. This isomorphism
induces a contact bracket on C*°(S'2) given by:

_1pE)+L 2
Y Y B ), 3.)

=1

{F,G} =£,}(G)=FG — F'G+

2) As a Vect(S')-module, the space of weighted densities Fy is isomorphic to

Fa EBH(]:M_% 69‘7:)\4_%) @S Foyi-

4 The structure of SP(2) as a K(2)-module

The natural embedding of (2) into SP(2) defined by
_1)p(E)+1 2 _
W(UF) ZFf—l-()QZT]Z‘(F)Q, where (; = 6; — 0§, (4.1)
i=1

induces a K(2)-module structure on SP(2).
Setting degz = degt; =0, deg¢ = deg 0; = 1 for all i, we endow the Poisson superal-

gebra SP(2) with a Z-grading SP(2) = @,,c;SPn, where énEZ = (D,<0) PIl,>0 and
where the homogeneous subspace of degree —n is B
SP, = {Fg*” L Qe+ HE "0y + TE20,0, |

(4.2)
F,G, H, T €C>(s'?)}
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Each element of SUDO(S?) can be expressed as

A=) (Fi+ Grg ™00+ Hi& 10y + Tig20:102) 7",
keZ

where Fy,, Gy, Hy, T € C°°(51|2). We define the order of A to be
ord(A) = sup{k | F, # 0 or Gy, # 0 or H, # 0 or T}, # 0}.

This definition of order equips STDO(S 1|2) with a decreasing filtration as follows: set
F, = {A € SUDO(5'?), ord(A) < —n},

where n € Z. So one has
..CF, 1 CF,C... (4.3)

This filtration is compatible with the multiplication and the Poisson bracket, that is, for
A€F, and B € F,, one has AoB € F,,1,, and {A, B} € F,,—1. This filtration makes
SUDO(S'?) an associative filtered superalgebra. Consider the associated graded space

Gr(SUYDO(S'?)) = @%ZF”/F”H.

The filtration (4.3) is also compatible with the natural action of K(2) on SWDO(S'?).
Indeed, if vp € K(2) and A € F,,, then vp(A) = [vp, A] € F,,. The induced K(2)-module on
the quotient F,, /F,,11 is isomorphic to the K(2)-module SP,,. Therefore, the £(2)-module
Gr(SUDO(S'?)), is isomorphic to the graded K(2)-module SP(2), that is

SP(2) ~ @neZFn JFpi1.

Recall that a C™ function on S'2 has the form F = fo + f101 + fo02 + f120102 with
fos f1, f2, fi2 € C°(S') and a C*° function on Silll(i =1,2), where Sill1 is the supercircle
with local coordinates (¢, 6;), has the form F = fy + fi0; (fi2 = fs—i = 0) with fo, f; €
C>=(S'). Then the Lie superalgebra K(2) has two subsuperalgebras KC(1); for i = 1, 2
isomorphic to KC(1) defined by

(_l)p(F)+1

K(l)z = {’UF = Fo, + 5

> m(F)m | Fec=(sih}.

)
i=1

Therefore, SP(2) and §) are K(1);-modules.
For i = 1,2, let 3% be the K(1);-module of weighted densities of weight A on Sim.

Proposition 4.1. 1) As a K(1);-module, i = 1, 2, we have
SPTL = Sn ©® H(‘S{n+% ©® 'Sn+%) ©® 3n+1 fOT n = 07 —1.

2) For n # 0,—1 : a) The following subspaces of SP, are K(1);- modules, i = 1,2,
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isomorphic to Fn41:
(nyi) n—1 n—2
B = Fo 1‘9 ) +6 ) i 9 ) )
sp, =1 Pr 3-it3-i§~ 3—i(M3—i — 3mi) (F) GG "7 | (4.4)
F € C>(5'12)
b) As IC(1);-modules, we have

SPu/SPn, i = Fn ®T(F, 1 ©F, 1), i=12.

Proof. . First, note that for n =0, — 1, the £(1);-module SP,, with the grading (4.2) is
the direct sum of four K(1);-modules, i = 1, 2.

For n = 0, the four K(1);-modules are (for brevity, we set F := C®(S12))

SPo,0) = {A;?’O):F\Fe]—“},
AL B R (1205 05, )(F)BE
SPo. 1.y = F - S ,
Oz O30, (F)s_i& ™ + F'03_i0i05_i6 2 | F € F
~ 1 i _
AP 2D = 0,0, — 209, + 2035_i0p, 09,)(F)Bs_i£ " +
SPo, 1) = 1BF — (—1)PEVF)hs_i 7 + ,
(=1)PE) Dy, . — O, + 0;0,)(F)0i03_i62 | F e F
SPo, 1,4 = { AE?’ L) = POy 051 4 O3—i(n3—i — 30:)(F) (G2 | F eF } .

For n = —1, the four K(1);-modules are

SPLig = {AGh? F€+ﬂ<m(F)C1+772(F)C2> | FGJ’E},

SPL 1y - { bed FG — (03-imi + 9@'_3?3,)(17)5371’ - } 7
(=P 9y, (F)0i03_;67 | FeF

375(,1 1y = { b =FG+ (1 —03-m:)(F)f3- | Fe 7:} ;

SP-1, 1, 4) { ( B — RO B+ 03 i(nsi — i) (F)(iGi& | F e F } :

The action of K(1); on 8Py, oy and on SP(, 1,4 for n = 0, — 1 is induced by the
embedding (4.1) as follows

vG - AE?’ 0 = {W(UG), Aﬁ?’ O)} nd VG - A("’ LYo { (va), A;?’ L i)}
_ 4(n, 0) _ 4n, 1, 9)
- A):gG(F) A£n+1(F)7

where F € C*®(5'?) and G € COO(Sm) Therefore, the natural maps

fz, 0: 8o — SP(n 0) fz 17 o1 — Sp(n, 1, i)
(n, 0) and . (4.5)

Foy +— Aj FozgJrl — A;?’ L9
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provide us with isomorphisms of K(1);-modules.
The action of K(1); on 877(” 14 and on 873(” 19 forn =0, —1 is given by
: ;3

29

n, 177’ n, l’l ~(n 1 1 ~T(n 1 7
v A Y ={x(e), Ap ) v Ag 7V = {n(va), A7}
(n, 3, 1) and ~(n, %, 4)
:A n+l :A n’+%’ ,
EUGQ(F) SUG (F)

where F € C*®(S'?) and G € COO(S-1|1). Therefore, the natural maps

(2

Wi (1) — SP 1 i T, 1) — SP 1
S S A M S LT
O(Fay ?) +— Ap"? H(FQ;HE) — AS}’ 20 %)

provide us with isomorphisms of /C(1);-modules.
Second, for n # 0, — 1, the action of K(1); on SP,, ; is given by

(/e th 9 = {W(UG)a ng’ Z)} = ngga)(F)v

where F € COO(SHQ) and G € C’OO(SHI). Therefore, SPyp, i =~ Fnt+1 as a K(1);-module.

)

The induced K(1);-module on the quotient SP,,/SP,, ; has the direct sum decomposition
of the three K(1);- modules, SP, o, i, 877(”7 1) and 873(”’ Ly defined by

2

n, 014 “n —1)P(F) n—
A%’ 00— Fem 4 ¢ 1); (gnl_,_l‘93fi7737i7]i — ) (F)GE™ ! +
87)("7 0 9) = (893—1' + gZiieiaes—i89i)(F)§3*i§_n_1 + ’

gt (O3 md + nimz—i) (F)fs_i6;6 "2 | F € C(511?)

n, 172' —n—
AR = (03i0p,, — D(P)GE +

SP 14 = anﬁ(neieg_iax - 93_i89i)(F)§3_i§_n_1 + s

22111F’03_i§i§3_i§‘”‘2 | F e COO(SI|2)

~(n 1 i
AT 2D o (LI (14 0,0, — 5 0:00) (F)E +

SPn, 1,5 = (03-i0p,_, — 5g03—ini)(F)0:6" 1 +

(—1)PE) (B30 + n3—i) (F)(ifs—i& "2 | F € C*°(S'R)

The action of K(1); on SPy,, ; ; and on ﬁ(n, 1) is induced by the the action of IC(1);
on SP,/SPy, i and a direct computation shows that one has:

A G i) gl G ) o L GO (G
ve AT T = Agigy for 7=05 and we-Ap B =AY

)

Lo
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where F € C>(S'2) and G € C°°(5-1|1). Therefore, the natural maps

(2

moi Sn—  SPu o Yo 1 A@y) — SPe 1y
Fal — Ag}’ 0, %) 7 H(Fozg+%) — A;?’ 29

w; 1 H(Sn_A'_%) — :8\75( 1 )

n, 5,1

and P2 L o (4.7)
H(Fa;+5) — Agl’ 2 )
provide us with isomorphisms of K(1);-modules. This completes the proof. |

5 The first cohomology space H'(K(2),SP(2))

Let us first recall some fundamental concepts from cohomology theory ([3]). Let g = go®g1
be a Lie superalgebra acting on a super vector space V = Vo @ V4. Each ¢ € Z'(g, V), is
broken to (¢, ¢”) € Hom(gg, V) & Hom(gy, V') subject to the following three equations:

(E1) d([g91,92]) — g1+ (g2) + g2 - (1) = 0 forany gi1,92 € go,
(B2)  ([g,h]) —g-"(h) +h-C(g) = 0 forany g€gohe€g, (51)
(Eg) Cl([hl, hQD — hl . C”(hg) - hg . C”(h1) =0 for any hl, hg S g1.
R3  if A=0,
Proposition 5.1. 1) H'(K(1);,8x\)o ~ { R if AX=1, The respective nontrivial 1-
0 otherwise .

cocycles are

1
Covr) = {3 + (~1POR), Cifor) = I, Oolor) = m(F s A=0,
Cg(UF) = ﬁi(F”)Hg,i Zf)\ =1,
where 7; = Op, + 0,05, vp € K(1); and F = fo + fi0;.
R if A=1, 2,
2) HY(K(1);,$A)1 =~ R? if A=—3%, It is spanned by the following 1-cocycles:
0 otherwise.
1 (F) / : 1
Calvp) = ;BF + ()P F)03-i,  Cs(vp) = F03-i  if A= —3,
Co(vr) = 7i(F") ifA=3, (5:3)
C7(UF) = ﬁi(F//) if A= %

To prove Proposition 5.1, we need the following result (see [1]).
Proposition 5.2. [1] 1) The space H(K(1);,S%)o0,i = 1,2, has the following structure:
Span(co(vp) = %(3F + (—1)p(F)F), c(vp)=F") if \=0,

0 otherwise.
(5.4)

Hl (K(l)l, %3\)0 =~ {
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R ifa=1,3

1 Qi ~ - .
2) H (K(1);,34)1 ~ { 0 otherwse It is spanned by the nontrivial 1-cocycles

co(vp) = 0i(F')  if A=

cs(vp) = 0(F") if A=

Proof. (Proposition 5.1): Let Fa

(5.5)

N> e ol

= (fo+ f1b1 + foba + f1260102)ad € Fy. The map

d: Fn — %3@%34-%
1
Faj (1= 050, ) (F)ads (~1PE05, (F)ay)?),
where a1 ; = dx + 6;df;,i = 1,2, provides us with an isomorphism of C(1);-modules. This
map induces the following isomorphism between cohomology spaces:

HY (K1), $2) = H (K1), S5 @ HY(KL)s, S5 1)

2

We deduce from this isomorphism and Proposition 5.2, the 1-cocycles (5.2-5.3). |

The space H'(K(2), SP(2)) inherits the grading (4.2) of SP(2), so it suffices to compute
it in each degree. The main result of this section is the following.

Theorem 5.3. The space H'(K(2), SP,,) is purely even. It has the following structure:

R3 if n=-1
RS if n=0
1 ~Y
HU(K@),SP) = 5 B
0 otherwise .
For n = —1, the nontrivial 1-cocycles are:

Ti(vp) = mna(F)Gi¢E™,
To(vp) = F'GGE,
Ta(or) = (F0F+CDPORE) 4 (F016,) ) 1ot ™,

For n =0, the nontrivial 1-cocycles are:

1
- Z(F + (=1)PEOTLEY 4 pony (F6,165),

= F

Ti(vr

Ts5(vp

Y7(vp) = (=1)pF) (m(F’)C1 + 772(F')62>€_1,
FVe72¢1Co + (—1)PE) (772(F/)C1 - m(F/)Cz) &,
= mp(F)6RE?,

For n =1, the nontrivial 1-cocycle is:

Tg(vp

(vr)
(vr)
Yo(vr) = mne(F),
(vr)
(vr)
To(vr)

Tio(vr) = %FWQCQ(?’ + (1P (772(F")C1 - 7)1(F/I)C2>52 + 2mmp(F)E
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To prove Theorem 5.3, we need first to proof the following lemma:

Lemma 5.4. Let C be a even (resp. odd) 1-cocycle from K(2) to SP,, n € Z. If its
restriction to K(1)1 and to K(1)2 is a coboundary, then C is a coboundary.

Proof. Let C be a even (resp. odd) 1-cocycle of K(2) with coefficients in SP,, such that
its restriction to K(1); and to IC(1)2 is a coboundary. Using the condition of a 1-cocycle,
we prove that there exists G € SP,, such that

C(’UfoJrfz‘@i) = {Uf0+fi9¢ ) G} for any fo, fi € COO(Sl) and i =1, 2
C<vf129192) - {vf129192 ) G} for any fi2 € Coo(sl)

We deduce that C(vr) = {vp , G}, for any F' € C*(S'?), and therefore C is a coboundary
of K£(2). [ |

Proof. (Theorem 5.3): According to Lemma 5.4, the restriction of any nontrivial 1-cocycle
of K£(2) with coefficients in SP,, to K(1); or to (1)2 is a nontrivial 1-cocycle.
Using Proposition 4.1 and Proposition 5.1, we obtain:

R” ifn=-1

1 . ~Y
H(R(L)i, 5Pn) = { RS if n=0.

In the case n = —1, the space H'(K(1);, SP_1) is spanned by the following 1-cocyles:

Bi(vr) =91y 1(Ci(vp)), 1=0, 1, 2,
Falvr) =7, 1 (IH(Ca(vr))),
Bi(vr) = lzz_l 1 (I(Ca(vr))),
Bs(vr) =¥" %(H(C5(UF)))7
Bi(vp) =¥' | 1 (I1(Cs5(vr))).

In the case n = 0, the space H'(K(1);,SPy) is spanned by the following 1-cocyle:
Bire(vr) =5, o(Ci(vr)), 1=0, 1, 2,
By(vr) =15, 1(Cs(vr))

Bio(vr) = 1/167 L

(
Bio(vr) =5 1(

=
$
<
=

1
’ 2

where the cocycles Cy, - - - , Cg are defined by the formulae (5.2)—(5.3) and @th o 1;,’1 ; are
as in (4.5)—(4.6).
According to the same propositions, we obtain H' (K (1);, SP,/SPn, ;) and H (K(1);, SPn, ;)
for n # 0,—1 and i = 1, 2. By direct computations, one can now deduce H'(K(1);, SPy,).
Second, note that any nontrivial 1-cocycle of K(2) with coefficients in SP,, should retain
the following general form: T = Y%+ Y1+ 12+ 73 where T° : Vect(S!) — SP,, T, 1?:
F 1 — 8P, and T3 : Fy — SP,, are linear maps. The space H'(K(1);,SP,),i =1, 2,

1
2
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determines the linear maps Y°, YT! and Y2. The 1-cocycle conditions determines Y3. More
precisely, we get:

For n = —1, the space H'(K(2),SP_1) is generated by the nontrivial cocycles Y1, Yo
and T3 corresponding to the cocycles 8, Bt and [3i, respectively, via their restrictions
to K:(l)z "

For n = 0, the space H'(K(2), SPp) is spanned by the nontrivial cocycles Ty, T5, T, Y7,
Ts and Yo corresponding to the cocycles ﬂé, ﬂ%, ﬂg, ,8{0, ﬁ%o and ﬂé, respectively, via
their restrictions to IC(1);, where Y"7 =77+ Y9 and Tg =Tg+ Y.

Finally, for n = 1, the space H'(K(2),SP;) is generated by the nontrivial cocycle T1g
corresponding to the cocycle 1] ((C(vr)) with 4] ( as in (4.7) via its restriction to K(1);.

Theorem 5.3 is proved. |

6 The space H'(K(2), SUDO(S'?))

6.1 The spectral sequence for a filtered module over a Lie (super)algebra

The reader should refer to [5], for the details of the homological algebra used to construct
spectral sequences for Lie superalgebras, where some new features appear as compared with
non-super case. We will merely quote the results for a filtered module M with decreasing
filtration { My, },ez over a Lie (super)algebra g so that M, 1 C M,, Upcz M, = M and
gM, C M, .

Consider the natural filtration induced on the space of cochains by setting:

then we have:

dF"™(C*(g, M)) C F*(C*(g, M)) (i.e., the filtration is preserved by d);
FY(C* (g, M)) C F*(C*(g, M)) (i.e. the filtration is decreasing).

Then there is a spectral sequence (E;",d,) for r € N with d, of bidegree (r,1 —r) and
EPY = FP(CPT(g, M))/FPT(CPTi(g, M)) and EP?= HPT(g, Grad’(M)).
To simplify the notations, we set F"C* := F"(C*(g, M)). We define
ZP1 = Frovta ﬂ d—L(FPtrortatly, BP4 = FpPCPta ﬂ d(FP-rorta—ly,
B8 = 7 (2 4 B
The differential d maps Z2? into ZP™"97""! and hence includes a homomorphism
d, : BP9 —, ppera-rl
The spectral sequence converges to H*(C, d), that is
EPA ~ FPHPY(C, d)/FPH HPY(CO, d),

where FPH*(C,d) is the image of the map H*(FPC,d) — H*(C,d) induced by the inclu-
sion FPC — C.
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6.2 Computing H'(K(2), S¥DO(S?))

Now we can check the behavior of the cocycles T, ..., Y19 under the successive differentials
of the spectral sequence. Cocycles Y1, To and Y3 belong to El_l’g, cocycles Yy4,..., Y9
belong to E?’l and cocycle Y19 belongs to Ell’o. Consider a cocycle in SP(2), but compute
its differential as if it were with values in SUDO(S?) and keep the symbolic part of the
result. This gives a new cocycle of degree equal to the degree of the previous one plus
one, and its class will represent its image under d;. The higher order differentials d, can
be calculated by iteration of this procedure, the space EPTT4+L contains the subspace
coming from HPTIH1(K(2); GradP™H(STDO(S'?))).

It is now easy to see that the cocycles Y1,...,Tg will survive in the same form. Com-
puting supplementary higher order terms for the other cocycles, we obtain

Theorem 6.1. The space H'(K(2),SUDO(S'?)) is purely even. It is spanned by the
classes of the following nontrivial 1-cocycles, where F(™ = orF:

O1(vp) = mm(F)GGE™,

Os(vp) =  F'G1GE™,

O3(vp) = <2(F + (1P ) 772771(F9192))C1C2§_1,
O4(vr) = %(F + (=1)PIFLE) 4 oy (FO165),

Os5(vr) = F,

O¢(vr) =  mna(F),

®_(_1\p(F)+n
ortur) = 30 T (g (), (P )

n=0
Z;?LO:O %F(’rﬁﬂ)g—n—l’

Os(vr) = Y (~1PEEn (Uz(F(”“))Cl —m (F("+1))C2)§_"_1+
n=0

S0 (=) FHD G (e 2 4 30 (1)t (FM)ET™,

Og(vr) = Z(—l)nmm(F(n+1))C1C2§7"72+

n=0
S (P (g (RO 0) G 4 (RO ) e

2021 (_l)nnLHF(nJrQ)gfnfl’

2n
O10(vr) = Z(—l)nH7F(n+2)C1C2ffn72+
o n-+ 2

S (1P 2 (i (POHD) Gy — (PO )G ) gL
S ooy 2(=1) i (P
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