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Abstract

We obtain isomonodromic transformations for Heun’s equation by generalizing the
Darboux transformation, and we find pairs and triplets of Heun’s equation which have
the same monodromy structure. By composing generalized Darboux transformations,
we establish a new construction of the commuting operator which ensures that the
finite-gap property is satisfied. As an application, we prove some previous conjectures
in part III.

1 Introduction

It was shown in [10] that some pairs of Schrodinger operators are isomonodromic. Set

2
= 6 1.1
L7 e +6p(z), (1.1)
2
Hy = =5 +20(2) + 20(z + w1) + 20(2 + w2), (1.2)
where p(z) is the Weierstrass p-function with periods (2wi,2ws) and we = —w; — ws.

For the operators Hy and Ha, we have integral representations of eigenfunctions for any
eigenvalues, and the monodromy of eigenfunctions is calculated in terms of hyperelliptic
integrals (see [7, 9, 10]). It is shown that there exist eigenfunctions A;(£x, E) (resp.
Ay(£z, E)) of Hy (resp. Hjy) corresponding to the eigenvalue E such that

Al(ﬂ:(l‘ + 2&)1'), E) =

( 6E771 (2E2 — 3gg)wi)dE

Ai(£z,E)exp | F= / , (1.3)
V392 \/ — 3g2)(E® — 992 E /4 — 27g3/4)
AQ(:E(JZ + Qwi), E) =
E —6Fn: 2 _ NAFE
Ao(d, E) exp $1/ ( 6En; + (2E% — 3g2)w;)dE (1.4)

VAT | [ (B2 — 3g2) (B — 992 /4 — 27g3/4)
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for i = 1,2,3, where e; = p(w;), g2 = —4(e1e2 + ezes + ezeq), gz = dejezes, n; = ((w;)
and ((x) is the Weierstrass zeta function. Hence the monodromy of eigenfunctions of H
corresponding to the eigenvalue F coincides with that of the eigenfunctions of Hs, although
the expression of the functions Aj(x, E) and Ay(z, E) is quite different (see section 7).
In this paper, we investigate these phenomena by means of the Darboux transformation
and generalized Darboux transformation. Let ¢o(z) be an eigenfunction of the operator
= —d?/dz? + q(z) corresponding to an eigenvalue Ey, i.e.

2
<_;i2 + q(m)) ¢0($) = EO(bO(x)

For this case, the potential g(z) is given by q(z) = (¢y(z)/¢o(2))" + (¢6(z)/do(x))? + Ep.
Set L =d/dz — ¢}y(x)/do(x) and H = —d?/dx?® + q(z) — 2(¢}(x)/do(x))'. Then we have

HL = LH.

Hence, if ¢(x) is an eigenfunction of the operator H corresponding to the eigenvalue E,
then L(z) is an eigenfunction of the operator H corresponding to the eigenvalue E. This
transformation is called the Darboux transformation. We generalize the operator L to
be the differential operator of higher order, and will call this operator the generalized
Darboux transformation.

In the present study we consider the Schrédinger operator given by the Hamiltonian of
the BCY Inozemtsev model, which may be written in the form

3
H(lo,h,lQ,ls - _ Z l + 1 .73 _|_wi)7 (15)
=0

where wy = 0. Following the results of Treibich and Verdier [14], who showed that if
li € Z>p for all i € {0,1,2,3}, the potential of operator (1.5) is an algebro-geometric
finite-gap potential, this potential is now referred to as the Treibich-Verdier potential.
The interested reader may refer to [3, 6, 7, 9, 13] for further results in this area. The
algebro-geometric finite-gap property in turn provides a possible means of determining
the eigenfunctions and monodromy of the operator H (o:l1:l2:l3)

Let f(x) be an eigenfunction of the operator H (lo:l1:82:88) corresponding to the eigenvalue
FE, that is we have

2 3
<_(Zz+zli(li+1)p($+wi)> f(z) = Ef(x). (16)
=0

This equation is an elliptic representation of Heun’s equation, where Heun’s equation is
the standard canonical form of a Fuchsian equation with four singularities (see [5]). Thus,
solving Heun’s equation is equivalent to studying eigenvalues and eigenfunctions of the
Hamiltonian of the BC; Inozemtsev model.

We now describe the main result of this paper. Let a; be a number such that o; = —I;
ora; =1l;+1foralli € {0,1,2,3}, and set d = — Z?:o a;/2. If d € Z>p, then there exists
a differential operator L of order d + 1 which satisfies

| (cotdartdaztdaz+d) 1 1 prllosiile.ls)
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Note that Khare and Sukhatme [4] essentially established this result for the case d = 0,
that is for the case of the original Darboux transformation. It follows immediately that,
if ¢(x) is an eigenfunction of the operator H (lo:l1:02:88) corresponding to an eigenvalue E,
then L¢(x) is an eigenfunction of the operator H(@otdaitdaztdastd) corresponding to
the eigenvalue E. Since all coefficients of the operator L with respect to the differential
(d/dx)* (k = 0,...,d + 1) are shown to be doubly-periodic, the operator L preserves
the data of monodromy. Hence the operators HUol1:l2:68) and f(eotdortdaztdastd) gpe
isomonodromic, and isospectral, because boundary conditions for spectral problems are
characterized by monodromy. Note that the condition d € Zx>( corresponds to the quasi-
solvability of the operator H (o:t:l2:ls)

For the case when lg, 11, Iz, 3 are all integers, there exists an operator H(0-l:2:43) such
that HUo:ll2ds) and FUo:lnl2,03) are connected by an isomonodromic transformation. In
some cases, these operators are also self-dual. For example, the operator Hi(= H (2’0’0’0))
in Eq.(1.1) is connected to the operator Ho(= H1:11:0)) in Eq.(1.2) by the transformation

L =d/dz —¢'(z)/(2(p(x) — e1)) = ¢'(2)/(2(p(x) — €2)), i.e. we have
HOLLL0)p — 1 g (20,00)

For the case when ly 4+ 1/2,1; + 1/2,lo + 1/2,13 + 1/2 are all integers, there exist two

1 1 1 2 2 2 2 1 1 1 1
§00050) and B 57 08) queh that Hodtds)  pra6 5757 57) ang

Z(Q)) . . .
*3°) are connected by isomonodromic transformations.

(l(l)
operators H'o >
P15

In the paper [9], the finite-gap property of the operator H0:11:2:13) for the case lo, Iy, Iz,
I3 € Z>o is studied (see also [14, 13, 3, 6]). In particular, a differential operator A of odd
order which commutes with H(0-11:22:13) ig constructed. In the present study, we propose a
new method for the construction of the commuting operator by composing four generalized
Darboux transformations. Note that each generalized Darboux transformation is written
explicitly. In section 6 we will show that the commuting operator coincides with the
one defined in [9]. As an application, we prove the previous conjectures in [9]. That
is, we establish that the polynomial defined by quasi-solvability coincides with the one
defined by using the doubly-periodic function Z(z, E'), which is expressed as a product
of two eigenfunctions. We also prove that the commuting operator is characterized by
annihilating the spaces of quasi-solvability. Furthermore, for the isomonodromic pair
HUobulals) and Ho-bt208) it is shown that several functions related to the monodromy
of Ho\l1l2.03) coincide with those of H0:l:l2:83)  For the case l1 =l = I3 = 0 the operator
H(0,0.00) ig called the Lamé operator. An explicit expression for the commuting operator
of the Lamé operator is obtained.

This paper is organized as follows: In section 2, we review the connection between
quasi-solvability and the generalized Darboux transformation, which was essentially es-
tablished by Aoyama, Sato and Tanaka [1]. In section 3, we consider generalized Darboux
transformations for the case of Heun’s equation. In section 4 (resp. section 5), we inves-
tigate isomonodromic transformations for the case lo,l1,l2,1l3 € Z>o (resp. lo,l1,l2,1l3 €
Z>0—1/2). In section 6, we construct a differential operator of odd order which commutes
with HUoll2ls) and investigate its properties. In section 7, we consider isomonodromic
pairs for the case lo, 1,12, 13 € Z>(, while in section 8 we obtain an explicit expression for
the commuting operator of the Lamé operator.
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2 Quasi-solvability and the generalized Darboux transfor-
mation

We review the relationship between quasi-solvability and the generalized Darboux trans-
formation, which was essentially established by Aoyama, Sato and Tanaka [1].

We set H = —d?/dx?+ q(x). Let n be a positive integer. If the operator H preserves a
n-dimensional space U of functions, then the operator H is called quasi-solvable, and there
exists a basis (fi(z),..., fu(x)) of the invariant space such that H f;(xz) =, a; ; fi(x) for
some constants a;; (1 < 4,j < n). Let Py y(t) be the characteristic polynomial of the
operator H on the space U. Then the set {E|Pyy(E) = 0} coincides with the set of
eigenvalues of the operator H on the space U. The model is thus partially solved, and this
is the origin of the “quasi-solvability” description. For the space U, there exists a monic
differential operator of order n,

L= <$>n+§;6i(m) <CZC)H (2.1)

such that Lf(z) =0 for all f(z) € U. It is uniquely determined and written as

e R [l P
r_|| 2@ &p@ (£)" pe A )
: 5 n- fu@) @ e () o)
w00 () 50 R Wy

Proposition 2.1. (c.f. [1]) Suppose that the operator H = —d?/dx? + q(x) preserves
an n-dimensional space U of functions. Let L be the differential operator expressed by
Eq.(2.1) which annihilates the functions in U, and set H = —d?/dx? +q(z) +2c; (x). Then
we have

HL = LH.

Proof. By a direct calculation, it follows that the order of the differential operator HL —
LH is at most n — 1. Assume that HL — LH # 0, and denote the order by k. Then the
dimension of solutions to the differential equation (HL — LH)f(x) = 0is k. Let g(x) € U.
Since the operator H preserves the space U, we have Hg(xz) € U. By definition of the
space U, we have Lg(z) = 0 and LHg(z) = 0. Hence we have (HL — LH)g(z) = 0 for
g(x) € U, but this contradicts the premise that the dimension of solutions is k(< n — 1).
We therefore obtain HL = LH. |

We consider the case n = 1, Let ¢¢(x) be a non-zero function in U. Then U = C¢y(x), and
the operator which annihilates ¢o(x) is given by L = d/dx — ¢{(x)/¢o(x). The operator
H is given by H = H — 2(¢}y(x)/po(x))’. Hence the proposition reproduces the Darboux
transformation. In this sense, the transformation in the proposition may be called the
generalized Darboux transformation.

Note that, in Proposition 2.1, if the operator H is diagonalizable on the space U,
then the proposition is related to Crum’s theorem [2] by choosing fi(x),..., fu(x) as
eigenfunctions. However, the analysis of the next section is undertaken for the more
general case when fi(z),..., fn(x) are not necessarily eigenfuntions.
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3 Generalized Darboux transformation for Heun’s equation

In this section, we apply Proposition 2.1 to Heun’s equation. For this purpose, we recall
the quasi-solvability of Heun’s equation.

Proposition 3.1. [8, Proposition 5.1] Let «; be a number such that a; = —1; or a; = [;+1
for all i € {0,1,2,3}, and set d = — Z?:o a;/2. Suppose that d € Z>q, and let Vi aq.a0,05
be the d 4+ 1-dimensional space spanned by

{Bp@)eEr} (3.1)
n=0,...,d

where </I\>(z) = (z — e1)*/2(z — €3)??/%(z — €3)?3/2. Then the operator H{(0o!nl21) (see
Eq.(1.5)) preserves the space Vi, a1 a0,a3-

Set z = p(z) and Hlolulals) — &)(z)_l o Hlolul2ls) o </Is(z) Proposition 3.1 is then
proved by showing that the operator ol l2,l5) preserves the space spanned by (z — e3)”
(r=0,...,d). For details, see the appendix or [8, Proposition 5.1].

We now proceed to calculate the differential operator which annihilates the space

Va07a17a270¢3 :

Proposition 3.2. Under the assumption of Proposition 3.1, the monic differential oper-
ator of order d + 1 which annihilates the space Vi a1 00,05 1S given by

Lonnnms =/ @ 3o o (i) 0Blofe) . (3:2)

Writing the operator Lag,a,,a0,q5 i the form
g\ 4+ dl g\ i
Lag,a1,02,05 = <de’> + Z;Cz(x) (dm) ; (3.3)
1=

then

3 .
ci(x) = —% (Z W) @ (). (3.4)

= o) — e

If i is even (resp. odd), then ¢;(x) is expressed as c;(z) = Ri(p(x)) (resp. c¢i(z) =
Ri(p(x))¢'(z)), where R;(z) is a rational function in z.

Proof. It is trivial that the operator (d/dz)d"rl/\annihilates the space spanned by z" (r =
0,...,d), and the operator ®(z) o (d/dz)%*! o ®(z)~! annihilates the space spanned by

~

®(2)z" (r=20,...,d). Upon writing

d(z) o (i)dﬂ 0o d(z)" = (i)dH + di &i(2) <i>d+u,
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then ¢é1(z) = — Z?zl((cH— Da;)/(2(z —€;)), and all coefficients ¢;(z) are rational functions
in z. By the transformation z = p(x), the monic operator

R T
Lonnnas =@ 8o () 0d(o() (35)
= o (z d+1 1 i A & T (2 d+1 1 i i
@ (o) + L ael@ ()

annihilates the space Vo aq,a0,05- Upon writing (1/¢ (x))(d/dz))" = Z] —0 ( )(d/dx)7,
then if j is even (resp. odd), then I;](x) is expressed as 7;(p(z)) (resp. rj(p(z))p'(x)),
where 7;(2) is a rational function in z. Combining the above with the relation ¢/(z)? =
4(p(z) — e1)(p(z) — e2)(p(x) — e3), it follows that if 7 is even (resp. odd), then ¢;(z) is
expressed as ¢;(z) = Ri(p(z)) (resp. c¢i(z) = Ri(p(z))¢'(z)), where R;(z) is a rational
function in z. We now calculate c;(x). By Egs.(3.5, A.2), we have

(o 3 o
@) = - VI g (o) = -1 (Z ;(f_d> /()
1 (3

1=

Theorem 3.3. Let «; be a number such that o; = —[; or a; = [; +1 for all ¢ € {0, 1,2, 3},
and set d = _Z?:o «;/2. Suppose that d € Z>o, and let Lqy ;00,05 be the operator
defined in Proposition 3.2. Then we have

H(a0+d’a1+d’a2+d’a3+d).[/ (l0»117l2:l3)‘ (36)

ao,a1,az,03 = Lag,ar,az,05
Proof. It follows from Propositions 2.1 and 3.2 that
(H(lo’lhl%lg) + 2Cll (x))Lao,Oél,O%a:s = Laoyoéhama:sH(lO’ll712713)7
where ¢;(x) is defined in Eq.(3.4). By Eq.(A.2), we have
3 3

d+1 206 +d d+1 206 +d
2¢) (x <Z — &) ) ¢ (z)” - 5 (Z Z_e> o (x)

=1 v ; v

3
= —(d+1)(2(a1 + a2 + az) + 3d)p(z) + Y _(d+ 1) (201 + d)p(a + w;).

i=1
Since a; = —l; or a; = l; + 1, we have [;(l; + 1) = —a;(—a; + 1). Hence we ob-
tain H(oslil2ls) 2¢, (z) = Hlao—Lai—Tlaz—l,az—1) | 9 d(z) = H(aotd,art+daz+daz+d) 454
Eq.(3.6). |

We consider the converse relation to Eq.(3.6). The operator H(®otd.aitdaztdas+d) e
serves the d + 1-dimensional space V_q)—d.—a1—d,—as—d,—as—d, because —o; —d € {—(a; +
d),; +d+1} and =327 (—oy —d)/2 =d
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Proposition 3.4. (i) We have
g loslulals) p

ag—d,—a1—d,—ag—d,—az—d —

L—ao—d —a1—d,—az—d —a3—dH(aO+d7a1+d’a2+d’a3+d)~ (37)
(ii) The characteristic polynomial of the operator H(o1:12:3) on the space Vao,a1,00,a5 €OIN-
cides with that of the operator H(@otdortdastdastd) oy the gpace

Vfaofd,fal7d,fa27d,70437d'
Proof. Set I; = o; +d (i =0,1,2,3). Then — Z?:o I;/2 = d. By Theorem 3.3, we have

—lo+d,—l1+d,~lo+d,—I3+d lo,01,02,1:
H o 1 2 3+d) H losll2 3)7

—lo,—l1,—l2,~l3 — “—lo,~l1,~l2,~I3

and hence we obtain Eq.(3.7). We will prove (ii) in the appendix. |

Let f1(z, E) and fo(z, E) be a basis of solutions to the differential equation (H (o-i:t2:l3) —
E)f(z) = 0. Since the operator H0:1:42:1) is doubly-periodic, the functions f;(z+ 2wy, F)
and fo(x 42wy, E) (k = 1,3) are also solutions to (H(011:2:43) — B f(z) = 0, and they can
be written as linear combinations of fi(x, F) and fao(z, E'). Hence we have the monodromy
matrices

(k) (k)
(fi(z + 2wy, E) fo(x + 2wy, E)) = (fi(z, E) fo(z, E)) ( a%}%) a%/?) > : (3.8)
Ggy1” Qg2
Now assume that «y,...,as,d satisfy the assumption of Theorem 3.3. Set ﬁ(az, E) =

Low.or.onasfi(@, E) (i = 1,2). Tt follows from Eq.(3.6) that fi(x, E) and fao(z, E) are
eigenfunctions of the operator H(@otdertdaztdastd) with the eigenvalue E. If E is not
an eigenvalue of H(01112:3) on the space Vg ay.a0.05, then { fi(z, E), fo(z, E)} is a basis of
solutions to the differential equation (H(*otdcitdestdastd) _ By ¢(z) = 0. Tt is shown in
Proposition 3.2 that operator Lo, o, a9,a5 1S doubly-periodic, and it follows from Eq.(3.8)
that

~ - - - (k) (k)
(fl(x + zwkvE) fQ(x + 2wkﬂE)) = (fl(ajvE) fg(x,E)) ( Z%}%) Z%lg) > :
21 22

Hence the monodromy structure of H(t0:1:12:13) coincides with that of H(@otd:a1+d.aztd.az+d)

for the case that E is not an eigenvalue of Holl2:l3) op the space Vog.a1,a0,03- I E is
an eigenvalue of H(o:l-203) on the space Vao,a1,00,05, then by Proposition 3.4 (i) we
have that it is also the eigenvalue of the operator H(®otdaitdostdas+d) oy the space
V_ao—d,—a1—d,—as—d,—as—d- Lhus the operator Lo o as,q; defines an isomonodromic trans-
formation from H(olul2:13) to frleotdaitdectdastd) Similarly L o0 g oy —d—as—d—os—d
defines an isomonodromic transformation from H(®otdertd.axtdas+d) ¢o fy(lo.lla.ls),

On the multiplicity of eigenvalues of the operator Ho-/1:2:13) on the space Vao,a1,02,a35
we have the following proposition:

Proposition 3.5. (c.f. [12]) Let a; be a number such that o; = —l; or a; = [; + 1
for all © € {0,1,2,3}, and set d = —Z?:()ai/z If d € Z>p and o; # «; for some
i,7 € {0,1,2,3}, then zeros of the characteristic polynomial of the operator Holl2ls) op
the space Vig,a1,a0,05 are distinct for generic periods (2w, 2ws).
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The proof of this proposition is given in Appendix B, but we note here the meaning
of “generic” in the above. In Appendix B, it is shown that there exist periods (2wy,2ws)
such that zeros of the characteristic polynomial are distinct. Hence the discriminant of
the characteristic polynomial is not identically zero, and the set of periods such that
the discriminant of the characteristic polynomial is not equal to zero is open-dense. We
describe a set of such periods to be generic periods.

4 The case of integers

We investigate quasi-solvability and generalized Darboux transformation for the case I; €
Z>o (1 =0,1,2,3). Throughout this section, assume I; € Z>¢ for i = 0,1, 2, 3.

Let F be the space spanned by meromorphic doubly periodic functions up to signs,
that is

F = @ Fq,ega

€1,e3==%1

Feres = {f(z): meromorphic |f(z + 2wi) = €1 f(z), f(z+2w3) =e3f(x)},

Ifa; €7 (i=0,1,2,3) and — Z?:o /2 € Z>o, then Vo a1 ,00,a5 1S a subspace of F, ., for
suitable €1, e3 € {£1}, because (p(x) —¢;)Y/? = pi(x) (i = 1,2,3), where p;(x) is the co-p
function which is single-valued and contained in Fe, ¢, (€1, €3 € {£1}). Invariant subspaces
of F with respect to the operator H(011:4213) are studied in [7] (see also [3, 8, 9]).

Let o; € {—1;,l; +1} (1 =0,1,2,3),

3
Vao,a1,02,a3 Zi:O @;/2 € ZL<o;
_ 3 .
Uao,al,azﬂs - ‘/].—Oéo,].—ahl—ocg,l—a;gu Zi:O az’/2 € ZZQa (4'1)
{0}, otherwise,
and
3
Lao,oq,ocz,ag,a Zi:() 041/2 S ZSO,
- _ g .
Lao,al,a2,a3 - Ll*ao,lfal,lfocQ,lfaga Zizo ai/2 S Z22> (4'2)
1, otherwise.

If lo + 1 + Iz + I3 is even, then the operator H(0:12:43) (see Eq.(1.5)) preserves the
spaces

U_tg,—t1,~1o,~13> U—tg,—11 1o+ 1,05+15 U—io i +1,—loyis+15 U—ig i 41,1041, 13- (4.3)

Each space is contained in F¢, ¢, for some €, e3 € {£1}, and the correspondence between
the spaces and the signs of (€1, €3) is one-to-one. Let V' be the sum of these spaces, then
V' is given by the direct sum of these spaces, i.e,

V' =U_ig,—11,~la,~13 D U—ig,—11 1o +1,1341 D Ui 11 41,—1a 1341 B Ui 1y +1,1541,—15 (4.4)

and is the maximal finite-dimensional invariant subspace in F with respect to the action
of the operator Ho)lul2ls) - et k; be the rearrangement of I; such that kg > k1 > ko >
]{:3(2 0) Set

g:{km ko + k3 > k1 + ko;

4.5
(k0+k1+k2—k3)/2, ko + ks < k1 + ko. ( )
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Then g € Z>p and dim V' = 2g + 1. We set

6= (lo+l+1la+13)/2, IT=(o—11+12+13)/2, (4.6)
I5="(>Uo+l—1la+13)/2, 1§="(o+11+12—13)/2.

Note that I§ + 1§ + 15+ 1§ = lo + 11 + 2 + I3 € 27Z. 1t follows directly from Proposition 3.6
that

l7 ) k) l7l7l’l
HUG15:05) glodilals)

L_ lo,—l1,—l2,—l3 = L—l07—l17—l27—l3

L_ lo,—l1,l2+1,13+1 = L_107_l1112+17l3+1
FUSAA5,05,07 )L—lo

le)ig1e,1e) 7 7
H(3 21 O)Lflo,l1+1,l2+l,fl3 - L*lo,ll+1,l2+1,fl3

1€ 1€ 1€ 1€ lol1l2,
UGBS T Hlodbilals)

lo,l1,l2,]
l141,—12,l3+1 = L—l07l1+1,—12,l3+1H( M52 3)5

F Gosla,l2,l3)

Thus the operators which are linked by generalized Darboux transformations from
Holl2)ls) 4re

H(lo:l‘fulgﬂle) H(lf’lgﬁlg,le) H(lgvlg’l&le) H(l§ul§711,le) (4.7)
H(lo,l17l2,l3)7 H(l17lo,l3,l2)’ I{(l2,l3,l0,l1)7 H(l3’l2’l1’l0).

As is discussed in section 3, these eight operators are isomonodromic. Note that the
operators H(loids,l2) - prlla.dsiloly) - frlisilzlnlo) are obtained from the operator H(o-1i2:ls)
by the shift transformation x — = + w; (1 = 1,2, 3).

Assume that I, hy lo, I3 € Z,lo > lh 212 > 13 > 0and lo+ I + la + I3 is even.
Set Iy = 15, L = 1§, ly = [{ and ls = max(l§, —l§ — 1). Then lo >0 >1y>13>0, and
the operator Hohd2:83) s isomonodromic to HUod12:03)  Note that, if lg + 13 # I3 + o
(SGSP. ~l0 :I— ls =11 + lg), then we have (lo,ll,lg,l3) =+ (lo,ll,ZQ,lg) (resp. (lo,ll,lg,lg) =
(lo,11,12,13)).

We consider the case lg + I3 +lo 4+ I3: odd. If lg + I3 + l2 4+ I3 is odd, then the operator
Ho:ll2,ls) preserves the spaces

U—lo,—lly—lz,l3+1v U—lo7—ll,l2+1,—l3v U—l0,11+17—127—l3v Ulo+1,—ll7—l2,—l3' (4'8)

Each space is contained in F, , for some €1, €3 € {1}, and the correspondence between
the spaces and the signs of (€1, €3) is one-to-one. Let V' be the sum of these spaces, then
V is given by

V =U_ig,—11,~lols+1 © U—tg—11 1041,~15 D U—ig 1y 41,—1o,~15 D Ulg1,~11,~1a,~13 (4.9)

and it is the maximal finite-dimensional invariant subspace in F with respect to the action
of the operator Ho)lul2ls) - et k; be the rearrangement of I; such that kg > k1 > ko >
k3(> 0) and set

_ ko, ko > k1 + ko + ks +1; (4.10)
g (ko+ k1 +ko+ks+1)/2, ko<ki+ka+ks+1. )
Then g € Z>p and dimV = 2¢g 4 1. Upon setting
=U0+h+l+ls+1)/2, =0+l —1la—13—-1)/2, (4.11)

b=(o—h+l—Il3-1)/2, lg=(>o—h—la+Il3—-1)/2.



The Heun equation and the Calogero-Moser-Sutherland system V 593

it follows from Proposition 3.6 that

19.19.19,1 lol1, 1,
F UGS (lo,tsl2.ls)

3)Ll +1,=l1,~l2,~l3 = Llo+1 —l1,—l2,—l3H

H(llaloal,?,)l (10711,l2,l3)7

DLty ittty = Lotg i1~ 115 H
19,12,12,1 _ lo,l1,la,:
HUBIIL, g 11 g = Loty iy gp1, 15 HO21),

HOSSIIE =Ty HUod )

Thus the operators which are linked by generalized Darboux transformations from
H(l07llyl2’l3) are

OlO

H(lo,ll,g,lo)’ H(l‘f,l&lg,lo) H(lg,lg,lg,l‘f) H(l§7l§7l‘1’71°) (4.12)
lo,J1 12,1 1100031 I l3,lo,] I do 01l
H(0123),H(1032),H(2301),H(3210),

and these eight operators are isomonodromic.

Assume that lo, lhy loy I3 €Z,1g > 11 212 > 13 > 0 and lp + 11 + 12 + 13 is odd. Set
lo = 18, I = 19, Iy = [ and I5 = max(l§, —1g — 1) Then lg > I; > Il > I3 > 0, and the
operator Ho:l1:l2,03) s jsomonodromic to H(l‘)’ll’l?’li"). Note that, if g £ 11 + 1o + 13+ 1
(ILGSP. ~l() = h+lh+13+ 1), then we have (lg,l1,12,13) # (lN(), l~1, lNQ, l~3) (resp. (lo, 11,12, 13) =
(lo,11,12,13)).

We now reproduce results in this section for the Lamé equation and the associated
Lamé equation. For the special case when three (resp. two) of I; (i = 0,1,2,3) are zero,
Eq.(1.6) is called the Lamé equation (resp. the associated Lamé equation). For simplicity,
we consider the case lo =13 =0, ly,l1 € Z and [y > [ > 0.

If lp + {4 is even and ly > [i, then the operator H(0/1:0.0) ig jsomonodromic to
H((ot11)/2,(lo+11)/2,(lo—11)/2,(lo=11)/2=1) by the transformation L_j,1,411,0- In particular,
if lo is even and I; = 0 (the case of Lamé equation), then H(0:0.0.0) is isomonodromic to
Ho/2lo/2lo/2l0/2-1)  Note that if Iy + {1 is even and Iy = Iy, then the operator H(0:11.0.0)
is self-dual.

If lp + 11 is odd and Iy > [y — 1, then the operator H0:1:00) g isomonodromic to
H ottt 1)/2,(o+h=1)/2,(0=h=1)/2,(lo=1=1)/2) 1y the transformation L_j, 7, 41.11. In partic-
ular, if o is odd and I; = 0 (the case of Lamé equation), then H(0:0:09) is isomonodromic
to H((o+1)/2,(lo—1)/2,(lo=1)/2,(lb=1)/2) " Note that if Iy + I; is odd and Iy = I; — 1, then the
operator H(0:11.0.0) ig self-dual.

Thus we have confirmed the conjecture of Khare and Sukhatme [4] regarding the
isospectral partner of the Lamé and associated Lamé equations.

5 The case of half-integers

We investigate quasi-solvability and generalized Darboux transformation for the case [; +
1/2 € Z (i = 0,1,2,3). Introduce l; = n; — 1/2 and suppose that n; € Zso for all
i€{0,1,2,3}.

Candidates for the space related to quasi-solvability written in the form of Eq.(3.1)
are described as Vi 15 015 (15 41, where n; € {£n;} (i =0,1,2,3). The condition

n

3
Y oM € 27 is necessary for the existence of non-zero space V, o+ Lia L gt big - In
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other words, if Z?:o n; is odd, then the space related to quasi-solvability given in the form
of Eq.(3.1) does not exist.

Henceforth in this section, we assume that Z?:o n; is even. Then the operator
1 1 1 1
H(Mo—3m—3m2-3.73-3) pregerves the spaces

-

U

1 1 1 1 1 1 1 1
—no+3,—ni+3,—n2+5,—n3+5’ T —notg,—nit3,n2+5,n3+35’

U

1 1 1 1 1 1 1 1
—no+35,n1+5,—n2+35,n3+5’  —notz,nity,nets,—n3+3’

U

1 1 1 1 1 1 1 1
—no+3,—nit+s5,—n2+35,n3+5’ 7 —notsz,—nit+gz,net5,—n3+3’

U

1 1 1 1 1 1 1 1
—no+3,n1+3,—n2+3,—n3+3’ “notsz,—nitsz,—netz,—n3+3’

S < S

where Uy a1,a0,05 15 defined in Eq.(4.1). Unlike the case lo, 11,2, l3 € Z, these eight spaces
are not disjoint. In fact, these eight spaces are subspaces of the space
U 1 1 1 1. Upon setting

—no+3,—ni1+3,—n2+35,-n3+3;

no + n1 + no +n3)/2, n = (no +n1 — n2 — n3)/2,

ng —ni +ng —ng)/2, ngl)

(no — N1 —TL2—|—TL3)/2

S
S~
=
=
/\/\/-\/-\

n((]Q) n0+n1+n2+n3)/2 n§2) = (ng—n1+n2+n3)/2,
ng) no +ny — ne +n3)/2, n§2):(no+n1—|—n2—n3)/2,

it follows from Proposition 3.6 that

(1) _ 1 (1) 1,1 1 (1) 1y~
(n “2M T -3) 1 1 1 1
n0+§,*n1+§7*n2+§,*n3+§
-7 (no—%mn1—3ma—21ng—1)
- Ln0+27*n1+2,*n2+2, n3+§H 2 2 27,

1 _1,1)_ 1 (1) 1 (1) 1y~
H(”1 Mo T3 T T E)L

1 1 1 1
—no+3,n1+3,—n2+3,—n3+3

- F (70— $mi—3m2—3.m3—3)
—no+%,n1+%,—n2+ ng-i—% 2 2 27,

1 1 1 1 1 1\ ~

iR T RE KIS KR ) S

1 1 1 1
—no+35,—n1+35,n2+5,—N3+35

~ 1 1 1 1
-7 H(o—5.m—5.m2—3,n3—3)
= 2 2 2 2

—n0+%,—n1+%,n2+l —Tlg—l—% ’

(1) _ 1 pD_1,M 1 () 1y~
H™s ny Ty Ty T3) 1 1 1 1
*n0+§7*n1+§,*n2+§7n3+§
~ 1 1 1

— I  H(no—5mi—3.n2—3n3—3)
*TL0+ *n1+27*n2+2,n3+2 )
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where Log.ay as.as is defined in Eq.(4.2). We also obtain

2 2 2 2 ~
e T

1 1 1 1
—n0+§,—n1+§,—n2+§,—n3+§

_7 (no—3,m1—%,ma—5,m3—3)
B L—no+ n1+§,—n2+§,—n5+lH )
2)_1.(2)_1_(2)_ 1y~

(”g "é 33 —3My —3)
H —7104-l —m-l—%,712-1—%77134-l

-7 | g(mo—3.m1—3.n2—3,n 2)

—no+2, n1-i-2 ,n2+2,n3+7

2 2 2 2 ~
(n( ) ;’n( ) %’n(()) 1,n§> 2) ) ) ) )
*n0+§7n1+§7*n2+§,n3+5

_ (no—imi—1ino—1in 2)
- L*n0+2 ,n1+§,*n2+2,n3+§H

(n§ = ng” —5ni? = 56" -}

M

1 1 1 1
—no+§,n1+§,n2+§,—n3+§

-1 H(no 5 %mz*%,n?ﬁ%)_

—n0+2 ,n1+2 ,n2+§,—n3+2

Thus the operators which are linked by generalized Darboux transformations from
Ho—3m—3m2=3m3-3) are

(n(l) %’n<1)_%7nél>_; 1) H( (1) %7n81)_%7ng1)_%7ng1)_%)’
(n(l) L (1) %’ngl) in (1) %)7 H(ngl)*%,n(gl) in (1) ém(()l)*%)?
FE R RO RO KU S M (IR KU S KU s KU S )
T N L T A

) 9

1 1 1 1 1 1 1 1
no—3,M1—5,M2—5,N3— 5 n1—35,M0=5,M3—5,M2—%
g mo—5.mi—5.n2—3, 2), H 33— %, 2)’

H(nz—%,ns—%,no—%,m—%), H(ns—%,m—%,m—%,no—%)'

We now investigate the case ng, ni, no2, n3 € Z>g, ng + n1 + n2 +ng € 2Z>¢ and
ng > ny > ng > n3. Recall that [; =n; —1/2 (i = 0,1,2,3). We will subdivide this case
into three subcases, ng > nq 4+ ng + ng, n1 + no — n3z < ng < n1 + ne + nz and the case
no < nip +ng —nz. If ag+ oy + @z + a3 = 2, then we set Vo a1 00,05 = {0}

If ng > nq1 4+ ng + ng, then the operator H(o—3mi—5.m2—3mn3—3) preserves the spaces

Vi 1 1 1 W

1
_— 5—N0,5 —N1,5—N2,5+N3 51055
[l—n —ny,t—ng,t—n
510,35 —N1,5—n2,5—"N3
V Vi

1

~ 1 \
3 no,Q n1,2+n272 —n3 **n0,2+n172 n27§+n3V\
1
>< *—no,2+n1,2+n2,2+n3’
Vi —

1 1 1
f—no,2+n1,2 —n2,3—n3 — f—no,2+n1,2+n2,§—n3

1 1
—ni,5+n2,5+n3

S

where the notation Vi 00,05 Vao,d1,a2,83 means that Vao,a1,62,a5 15 a subspace of

1
Vag,ar,a0,05-  For this case, the operator H(m—gm—3m2-3m5-3) is jsomonodromic to
(1) (1) (1) _ (1) (2) (2) (2)
P TR O AR KRR VPPV I (C R EE S K _%’_"0 -3) by the transformations
L 1 and L 1 respectively.

1 1 1
*n0+27n1+2:n2+27n +2 n0+§,n1+§,n2+§,*n3+§
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If ny+n2—n3 < ng < ni+ng+ns, then the operator H(no—3mi—3na—

the spaces

Lons— l)
2’ 2/ preserves

Vi

/ $—no,5—n1,5—na,5+n3 >< L —no,5—n1,5+n2,5+n3
Vl 1 1 1 Vl 1
5—N0,5—N1,5+N2,5—N3 510 14ni,t-ngt4ns
Vl—no —n1,L—ngl-ns < ’ 2 ° ° ® 72 -
) 12 12

V%-i-no,z m,%—nz,%—n:a

A1 ,@ 1,1 1,.0) 1 2)_1,.2)_1 (2_1 (2)_1
and it is isomonodromic to H( ~3:71 ~37m2 ~3m3 ~3) and HMs —3ma T3 T30 —3)
by the transformations Ln0+%’_m+%7_n2+%7_n3+% and L_n0+%,n1+%7n2+;’_n3+% respec-

tively.
If ng < n1 + ng — na, then the operator H™

Ll 1.1
02 =3M273:"373) preserves the spaces

V1 1 1 1
5 N0,5—N1,5—N2,5+N3 S Vv
v %—noé—nl,%ﬁ-nm%ﬂ-m
1 1 1 1
7 5—N0,5—N1,5+N2,5—N3
Vl 1 1 Vl 1 1
*—no72 —n1,5—N2,5—N3 *—n0,2+n172 ng,5+ng
— W 1 1
2—ﬂ0,2+n1,2 —n2,5—N3 v
v _—— Vhnod-m.dm dny
1 1 1 1
51+n0,5—n1,5—Nn2,5—"N3

1 (1) 1 ()1 (1) (2) 1 (2) 1, (2) 1,(2) 1
and it is isomonodromic to H(”O 22 T2 )and H™s ny =gy gy 3)

by the transformations L and L respec-

1 1 1 1 1 1 1 1
no+g,—n1+z,—n2+5,—nN3+3 no+g,—ni1+35,—n2+5,n3+35

tively.

6 Finite-gap potential

In this section, we construct an odd-order differential operator A (see below) which com-
mutes with the operator H(0:1:12:43) Ly composing generalized Darboux transformations
for the case lo, 1, 12,13 € Z>o. We also show that the commuting operator coincides with
the one constructed in [9]. We adopt the notation of section 4.

Proposition 6.1. If Iy 4+ [; + l2 + I3 is even, we set

A= Lgeis e 1,15 Lty o1, —ts i1 Loig —iz1s 10541 Lotg, 1y 1o 155 (6.1)

while if Ig + 11 4+ o + I3 is odd, we set

A= Ligta,-13,-18,~19 L1 10, 15+1,~1 L1 1941, 13,13 Lig+1,~11 1, 13- (6.2)

We then have that the operator A commutes with HUoll2:08) e

AH(lo,h,lQ,lg) — H(lo,ll,l%l&})fi' (63)
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Proof. For the case when ly+1j + 2 + 3 is even, Eq.(6.3) may be proven by applying the
following relations,
— Z—/,l H(ZOJIJQJS)’ (6.4)

16,15,15, g
it g4 1,054 HOAT5)

e je je je\ =
H(107l1al2713)Lil0’7l1’

g loyls,l2)

—la,~l3 0,—l1,—l2,—Il3

N

Loig 5 05+105+1 =

le,le7levle jad N
H(3 27 O)L—l1,lo+17—l3»l2+1 -
ol l2.ls)

i

11,lo,l3,l
—117l0+1,—l3,lz+1H( 108 2)a

7 7 18,15,1¢,15
Lgus1541,-15 = Loig as1,51,15 HUS 1310100,

For the case when lg + [1 + I3 + I3 is odd, Eq.(6.3) may be proven by the relations

18,19,19,13) 1 T lo,l1,l2,1

F 69515, 3)Llo+1,—ll,—l2,—l3 _ Llo+1,—ll,—12,—l3H( 0,01,l2, 3)’ (6.5)
l1,lols,l2) T _ 7 19,19,19,19

H( 160,63 Q)Lflg,lerl,flg,flg = Lflg,ngrl,flg,flgH(o 1>'2 3)’
19,18,19,19) T T l1,lo,l3,1

H( 2780 I)L*h,*lo,lerlﬁlz = L*llﬁlo7ls+1ﬁl2H( D0 2)7

F ol la,l3) (19.,8,18,19)

Ligy1,-1g,-15,~19 = Lig1,—1g,—1g,-19H
|

Note that the order of the differential operator A is equal to 2g + 1, where g is defined in
Eq.(4.5) or Eq.(4.10). Recall that the space V' can be expressed in the form of Eq.(4.4) or
Eq.(4.9), with dim V' = 2¢g+1, and it is the maximal finite-dimensional invariant subspace
in F with respect to the action of the operator Ho::l2:ls)

Proposition 6.2. The operator A is the monic differential operator of minimum order
which annihilates all elements in V.

Proof. We prove this proposition for the case when Iy + Il + lo + I3 is even. The case
when [y + [1 + l2 + I3 is odd may be proven similarly.

Since V' may be written in the form of Eq.(4.4), and deg A = dimV, it is sufficient
to show that A¢(x) = 0 for ¢(z) € U_iy,—1,—1p,~15, U—tg,—11104105+15 U—lgly41,—15 15415
U_i1141,ls+1,—13- 1t follows from the expression of the operator A in the form of Eq.(6.1)
that the operator E,lo’,lh,l%,ls annihilates any element in the space U_;, _;; —1, 5.
Hence we have Ag(z) = 0 for ¢(z) € U_yy 1, —1y.—15- Let (fi(2), ..., fu(x)) be abasis of the
space U_j, _i; 1,41,13+1- Since the operator H ol l2)l3) preserves the space U_j, _1, 1o41,15+1,
the function H{0:l2:3) f;(2) may be written in the form 3", a; ; fi(x) for some constants
a; j. It follows from Eq.(6.4) that

Ele le

HUHAIL 0y 1 f3(%) = Ly -y -1yt HH28) f5(2) (6.6)
n
= Zai,jL—lo,—ll,—lm—lzfj(x)'
=1

Set Uflg,fl‘f,l§+1,l§+1 = L*lo,*h,*lm*lsU*lo,*ll,lz+1,l3+1' Then it follows from Eq.(6.6) that
g € le le le

the space U_jg ¢ 1g+1,5+1 is invariant under the action of HGIE) | Let (e1,€3) (€1,€3 €
{£1}) be such that U_;; _j, 1,41,15+41 C Fey,e5- Then we have U—tg—1215+115+1 C Fey e and

1°°2
U_ie —ieas+1541 C Feyes- As is shown in [7, Theorem 3.1], the space U_je e jc11c41 18
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the maximum subspace of F, ., which is invariant under the action of H U5:45:05:05) | Thus
we have

U_ig,—isis+1,0541 = Loig—1y,—1y,—1sU—1g,~ 13 1o +1,15+1 C U—ig —1c 15411541
Similarly it may be shown that

Lo —ieagv1s+1L—15,—11, 15,15 U—10 13 +1,~ 1o 13+1 C U=ty 1g4+1,~13 1541,

E*ll,l0+1,713,l2+1l~/718,7lf,l§+1,l§+1[~’7lo,fl1,712,7[3Uflo,l1+1,l2+1,flg C Uflg,l§+l,lf+1,flg'
Since the operator [:—lg,—lf,lg+1,l§+1 (resp. I:_ll,lOJrl,_lg,lﬁl, i—lg,lg+1,l§+1,—lg) annihilates
any element in the space U_je _jcicv1e41 (vesp. U_ty 1o41,—15,00+15 U—igis41,05+1,-1¢), We
have A‘b(x) = 0 for ¢($) S U*lo,*lhlerl,lerl (reSp' ¢(x) S U*loyllJrl,*lz,lerl, ¢(w) S
U_l07l1+1,l2+17_l3)‘ u
It follows from Proposition 6.2 that the kernel of the operator A coincides with the space
V. We denote the monic characteristic polynomial of the operator H (lo:l1,l2,83) op the space
V by P(E). For simplicity, we set u(z) = 320 li(l; + 1)p(z +w;) and H = HUoll2ls) —
—d?/dz? + u(z).

Proposition 6.3. Set dg(z) = 1 and d,41(z) = 0. The operator A may be expressed in
the form

Ay |y {aj(x);; -3 (Z@(@) } 9T+ 3 e H | | (6.7)

j=0 j=0
for some even doubly-periodic functions a;(xz) (j = 1,...,9) and constants ¢; (j =
0,...,9), where the functions a;(z) (j =0,...,g) satisfy
aj'(x) — du(x)a;(x) + 4dj,, () — 20/ (x)a;(z) = 0. (6.8)

Proof. Since A is a monic differential operator of order 2g + 1, it can be expressed in the
form

A=(-1) i (aj(x)di + Bj(:n)) H97I

where ag(xz) = 1. We have

~ g ~ 2 .
(1A =3 [a5(0) g+ Bylo)— g+ ute)| 17
=0
g 2 ~ - .
= Z <dj(:v)u'(:v) + 2&;(1‘)% + (@ (z) + 2b] (x))% + b;’(x)> HY™J

<
I
o

2a5(z)(—H 4 u(x)) + (@ (z) + 25;(:@)% + aj(z)u(x) + 5;’@:)) H97I

<
Il
o

|
.Mb

((@0) + 2850) 1 — 201100 + 28 0)ue) + 50 (0) + () ) 19

<
Il
o

I
.Mb

I
e
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Hence we obtain

() + 26 (x) =0, —2a;,,(x) + 2&)(z)u(z) + a;(x)u'(z) + ) (z) = 0,

and so

bj(x) = —aj(x)/2 +¢j, @ (x) — du(x)al(x) + 4a), (x) — 20/ (z)a(z) =0

for some constants ¢; (j =0,...,g), and we obtain the proposition. |

Set

g
E(x,E) =) dgi(z)E" (6.9)

1=0

It follows from Eq.(6.8) that

3 ~
(455 - 1(u0) - B) f ~2/(0) ) Ele B) 0. (610

If we also set

Q(F) = Z(w, B (F - u(x)) + "

. . 2

- d?Z(z,E) 1 (dE(z, E

S pyEE@E) 1 (<>> e
then it is shown by differentiating the right-hand side of Eq.(6.11) and applying Eq.(6.10)
that Q(E) is independent of z. With reference to the expression for Z(z, E) given by

Eq.(6.9), Q(F) is a monic polynomial in E of degree 2g + 1. In a similar way to that of
Proposition 3.2 in [9], we can show

2 2

(—1)94 — icjm—j _ Eg: {aj(x);; _ % (iaﬂ@) } | = O(H)2

Jj=0

Let us recall the function Z(x, E) defined in [7]. It satisfies Eq.(6.10) and has an
expression

3 ;-1

2z, B) = co(B) + Y > 0 (E)p(x +wi)'i (6.12)

i=0 j=0

where the coefficients ¢o(F) and by)(E) are polynomials in F, they do not have common
divisors and the polynomial ¢o(E) is monic. It is shown that the dimension of the functions
which are doubly-periodic and satisfy Eq.(6.10) is one (see [11, Proposition 3.9]). Since
Z(x, E) is a polynomial with respect to the variable E and coefficients of Z(z, E) are
coprime, we have

k
2(z,E) = 2(z, E) (Z diE’“i> (6.13)
=0
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for a non-negative integer k and constants d; (i = 0,. .., k) such that dy = 1. Upon writing
g—k
E(x,E) =) ag_p—i(z)E", (6.14)
i=0
we have ap(z) = 1 and
k
ag—i(z) = Z ag—i—kot§(T)dj—j
j=0

The functions a;(z) (i = 0,...,9 — k) also satisfy Eq.(6.8), because E(z, E) satisfies
Eq.(6.10). Set

A g {aj(x);i 3 <Civaj(x)> } H9-ki, (6.15)

It then follows from Eq.(6.8) for a;(x) that [A, H] = 0.
Proposition 6.4.

g
(—1)9A=) g H = A dp_jHI | . (6.16)

k
=0 =0

<

g k d 1 d k
= Z Z Ag—i—k+j (x)dk—] % - § dx Z Ag—i—k+j (x)dk—] HI™"
=0 7=0 7=0
g k
d 1/d s .
=33 sy - 5 (Gosive@)) p
i=0 j=0
k
=A|D dyH
j=0
|
Set
_ 1. E=(x, E) 1 [(d=(z,E)\*
Q(E) = Z(x, E)* (FE — u(x)) + 5:(1‘, E)d(xz) ~ 3 <(da;)) : (6.17)

Then the right hand side of Eq.(6.17) is independent of x, and Q(FE) is a monic polynomial
in E of degree 2(g—k)+1. It is shown in [9, Proposition 3.2] that A* = Q(H). By Eq.(6.13)
and the definitions of Q(F) and Q(FE), we have

k 2
Q(E) = Q(E) (Zdﬂf’”) , degQ(E) < deg Q(E) =2g + 1. (6.18)
=0
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Regarding the zeros of Q(F) and P(E), the following proposition is proven in [7, Theorem
3.8] (see also [9, Proposition 2.4]):

Proposition 6.5. (c.f. [7, Theorem 3.8]) The set of zeros of Q(F) coincides with the set
of zeros of P(FE).

Proposition 6.6. (c.f. [12]) Roots of the equation P(E) = 0 are distinct for generic
periods (2w1, 2ws).

A proof of this proposition is given in Appendix B.

Proposition 6.7. For the periods (2w1, 2ws) for which the roots of the equation P(E) =0
are distinct, we have P(E) = Q(F) = Q(F) and E(z, F) = Z(z, E).

Proof. By assumption, the equation P(E) = 0 has 2g 4+ 1 roots which are distinct. It
follows from Proposition 6.5 that the number of roots of the equation Q(F) = 0 is greater
than or equal to 2g + 1. Then we have deg Q(E) > 2¢g + 1. Combining with Eq.(6.18) and
deg P(E) = 2g + 1, we have Q(F) = Q(F) = P(E), and the value k in Eq.(6.13) is zero.

Hence Z(z, E) = E(x, E). [ |
Proposition 6.8. All the constants ¢; (j =0,...,g) are zero. That is, we have
A- 3 et L (L) Lae (6.19)
= (- aj(z)— — = | —a;(z . .
= P dx 2 \dw
Proof. First, we assume that roots of the equation P(E) = 0 are distinct. Let

{Ei}i=1,..29+1 be the roots of the equation P(E) = 0. Then E; (i = 1,...,2¢9 + 1)
are eigenvalues of the operator H on the space V. Let ¢;(x) € V be the eigenfunction of
the operator H corresponding to the eigenvalue E;. It follows from Proposition 6.4 that
(—1)94A — S gcg—iHY)? = A2 = Q(H) = P(H). Hence (A —2(-1)9 o cg 1 HYA +
(37 cg—1H")? = P(H). We apply this operator to the function ¢;(z). Since the opera-
tor A annihilates the space V, we have ( 9 o Co—1(Ei))2i(x) = P(E;)¢i(x) = 0. Hence
Yo cg_l(Ei)l =0fori=1,...,2g + 1. Since the polynomial of degree less that g + 1
cannot have 2g + 1 zeros, we have ¢ = 0 (I = 0,...,g) for the case that roots of the
equation P(E) = 0 are distinct.

Now consider the case that roots of the equation P(E) = 0 are not distinct. Since
the operator A is defined by Eq.(6.1) or Eq.(6.2), the coefficients ¢; (i = 0,...,g) are
continuous as a function of periods (2wy,2ws). Since ¢; =0 (1 = 0,...,g) for a dense set
of periods, we have ¢; =0 (i =0,...,g) for all periods. |

For the case that roots of the equation P(E) = 0 are distinct, it has been shown that
P(E) = Q(E), the value k in Eq.(6.13) is zero, Z(z, E) = Z(z, E) and A = (—1)9A.

We now consider the case that roots of the equation P(E) = 0 are not distinct. It
has already been shown that P(E) = Q(E) for a dense set of periods (2w1,2ws), and
deg P(E) = degQ(E) for all periods. Coefficients of P(E) and Q(E) are continuous
with respect to periods. Hence we have P(E) = Q(E) for all periods. Assume that the
value k in Eq.(6.13) is positive. By applying Eq.(6.18) and Proposition 6.5, all zeros of
(Z?:o d;E%)? are zeros of Q(E). Let Ey be a zero of Zf:o ;B ie. Zf:o d;(Ep)" = 0.
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By Eq.(6.16) and Proposition 6.8, we have that if f(z) satisfies H f(z) = Epf(x), then
Af(x) = 0. Hence all solutions to (H — Eg)f(z) = 0 are contained in the space V.
However, this is a contradiction since, as was essentially shown in [7, Theorem 3.8] (see
also the proof of [11, Proposition 3.9]), all solutions to (H — Ey) f(z) = 0 cannot be doubly-
periodic up to signs. Hence we have k = 0. Therefore A = (—1)9A, deg P(E) = deg Q(FE)
and P(E) = Q(E) for all periods. It follows from Proposition 6.2 that the operator

(=1)9A(= A) is characterized by the monic operator of order 2g + 1 which annihilates all
elements in the space V. Summarizing, we obtain the following theorem:

Theorem 6.9. Let A be the operator defined by composing the generalized Darboux
transformation (see Eq.(6.1) or Eq.(6.2)) and A be the operator defined from the even
doubly-periodic function Z(z, E) (see Eqgs.(6.14, 6.15)). Let P(E) be the characteristic
polynomial of the operator H on the space V', and Q(FE) be the polynomial defined from
=E(z, F) (see Eq.(6.17)).

(i) We have A = (—=1)94 and P(E) = Q(E).

(ii) The operator (—1)9A is also characterized by the monic operator of order 2g+ 1 which
annihilates all elements in the space V.

Note that we have proved Conjecture 1 in [9] by (i) and Conjecture 2 in [9] by (ii).
Since P(E) = Q(E), the genus of the spectral curve v? = —Q(FE) is g, where g is defined
in Eq.(4.5) (lo + 11 + {2 + I3: even) or Eq.(4.10) (lp +l1 + 2 + l3: odd), in agreement with
the results in [3, 13].

7 Functions related to monodromy

We now reconsider the isomonodromic property for the case lo,l1,l2,l3 € Z>¢. Let [f,
¢ (1 =0,1,2,3) be the numbers defined in Eqgs.(4.6, 4.11). We have shown in section
4 that, if lp + 13 4+ la + I3 is even (resp. odd), then the operator Holl2:8) g linked to
HUoll2:ls) 1y the generalized Darboux transformation, where H ol l2ls) §g any operator
listed in Eq.(4.7) (resp. Eq.(4.12)). We now show that functions related to monodromy
for the operator H(0:l:213) coincide with the corresponding functions for the operator
Holl2l8) - For this purpose, we recall functions defined in [7,9, 10].

Let Z(o:l23) (2 ) be the function defined in Eq.(6.12), QUott2:03)(E) be the poly-
nomial defined in Eq.(6.17) and PU0:1:2.43) () be the polynomial P(E) defined in section
6. Upon setting

\/_Q(lo,ll,lz,l?s) (E)dx

5(10711712713)(% E) ’

Aloutzds) (3 By — \/E(zo,ll,lQ,zg)(:E’E) exp (7.1)

the function Alolul2:3) (2, E) is a solution to the differential equation
(H(lo,lhlz,h) — E)f(x) =0.
Upon further setting

T 4w — )

Oz, ) = U(U(x s exp(C(a)z),  (i=0,1,2,3),

where o(z) is the Weierstrass sigma function, the function A(o!t1/24) (2 F) admits an ex-
pression in terms of Hermite-Krichever Ansatz. That is, we have the following proposition:
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Proposition 7.1. (c.f. [10, Theorem 2.3]) The function A(0l12:4) (2 E) can be expressed
in the form

3 ll'fl J
Aol s) (1 B = exp (k) Z b D ( ) D;(x, ) (7.2)
=0 j=
for some values INJEZ) (1=0,...,3,7=0,...,l; — 1) except for finitely-many eigenvalues E.

The values « and k are expressed in the form

p(a) = ROM(E), o (a) = R{OIE) (B), [—QUotiia i) (E),
o — l0,l1,l2,l3 \/ Q(lo,l1,l2,ls )

where Rglo’ll’ZQ’ls)(E), Rélo’ll’ZQ’IS)(E), Rglo’ll’b’ls)(E) are rational functions in F.
It follows from Eq.(7.2) that
Alodulals) (4 90 B = exp(—2npa + 2wiC(a) 4 2kwy) Al20) (5 1) (7.3)

for kK = 1,2,3. On the other hand, a monodromy formula in terms of a hyperelliptic
integral was obtained in [9].

Proposition 7.2. (c.f. [9, Theorem 3.7]) Let k& € {1,2,3}, qx € {0,1} and Ejy be the
eigenvalue such that AColut2) (x4 2wy, o) = (—1)% Alolutzl3) (2 Fy). Then

Alolilzls) (g 4 94y F) = (1) Alodnl2la) (5 B). (7.4)

dE | ,

exp _1 /E —2nka(l0’ll’l2’l3)(E) 4 kac(lo,ll,lzls)(E)
2 JE \/_Q(lo,lhlz,lB)(E)
where aloll2:3)(E) and cllo:h-23) (E) are polynomials defined in [10].
The following proposition states the coincidence of functions:

Proposition 7.3. Let H(0:12.5) bhe any operator listed in Eq.(4.7) (lo+11+12+13: even)
or Eq.(4.12) (Io + 11 + I3 + l3: odd). Then we have

(10711112713 (E) (lo,ll,lg,lg (E) Q(lo,l1,l2,l3)(E) — Q([O,[L[Z,ZE})(E),
lo,ll,lz,zs (E) l dasla, (E (i=1,2,3),

a(lO,l17l27l3)(E) — a(lo,l1,l27ls)(E) C(lO:ll,ZQJS)(E) — C([ojl,[zjs)(E)'

)

Proof. We prove the proposition for the case when lg+11+I2+13 is even and (l~0, l~1, l~2, l~3) =
(15,15,1¢,15). The proofs are similar for the other cases.
The space V for the operator H(t0:1:12:8) ig given by

U—lov—ll,—l%—la D U—lo,—llylz+17l3+1 D U—l07l1+17—l2,l3+1 D U—l07l1+1,l2+1,—l37
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while the corresponding space for the operator H U5:15:09.15) ig given by
U_ig,—ig,—15,—15 ® U_ig,—igae4106+1 O U—igis1,—1g 1641 O Ulg 1, -1, 12 1641

It has been seen that the space U_j, _; —1, —15 (resp. U_jy —1y tot1.05+1> U—ig i +1,—la,l5+1
U_igl141,0o+1,—15) is linked to the space U_ 15,15, —1¢,—1g (resp. Ui 15, 16+1,16+1
q—lg,lgﬂ,—lf,lgﬂa Ule+1 _12,_l§7le+1) by the generalized Darboux transformation
L_ig,—1,~12,~13 (resp. L—lo,—l1,l2+17l3+1’ L_ lo,l1+1,—l2,l3+1> L lo,l1+1,l2+1, —ls) and the shift
x — x+ws (resp. ¢ — z+wy,  — x +wy, ¢ — x). It follows from Proposition
3.4 that the characteristic polynomial of HUol2:43) on the space U_jy s, —1, 15 (vesp.
U*lo,*l1,12+1713+17 U,ZO711+17712713+1, Uflo,ll+1,l2+1 713) is equal to that of H(l3’ 5l15) on the
space U_je _jc 12 e (vesp. U_js isie10e41, U—igisv1,—ieag+1, Ug1,—ig,—icie+1). Since
the polynomial P(FE) is given by the product of characterlstlc polynomlals of invariant
subspaces, we have Plolul2ls)(F) = pUsSIE) (E). Tt further follows from Theorem 6.9
that QUol1l2l3)(E) = QUa5:15.46) (E).

Let & and & be the corresponding values in Eq.(7.3) for the parameters (I§,15,15,1§),
that is, these values satisfy

ABBLLG) (3 4 20y, B) = exp(—2na + 2wi (@) + 2Rwy ) A0 (1) B)

for £k =1,2,3. The monodromy matrix is preserved by the generalized Darboux transfor-
mation for almost all eigenvalues E. Since the values exp(£(—2npa + 2wi( (@) + 2Kwy))
(resp. exp(E(—2npa + 2wi((&) + 2kwy))) are eigenvalues of the monodromy matrix, we
have

— 2 + 2w (C(a) + K) = £(=2ma + 2w (C(@) + &) + 2nyimv/—1,
— 230+ 2w3(C(@) + k) = £(=2m3a + 2w3(C(@) + &) + 2nzmV 1,

for some integers n; and ng. By the Legendre’s relation nyws — n3w1 = mv/—1/2 and the
relation ((x 4 2wy) = ((x) + 2n; (k =1, 3), it follows that

a==+a— (2nws — 2n3w1), k= =*k.

It follows from the asymptotic behavior of k (see [10, Proposition 3.2]) that the sign =+ is

l17127l3)( )

plus. Hence p(a) = p(a@), ¢'(a) = ¢'(&) and k = & for almost E. Since Rglo’ and

R(l3’12’ll’l°)( E) (i = 1,2, 3) are rational functions, we have Rglo’ll’lQ’l?’)(E) = R§l3’12’ll’l0)( E)

(2
fori=1,2,3.
Let Ey be the corresponding values in Eq.(7.4) for the parameters (I5,15,1{,15). By
applying a similar discussion for Eq.(7.4), we obtain that the integrals

/E 10711,l2,l3 ) JE / a5 15,1515 )( ) e

Eo \/ Q lo,ll,b,lg)( Ey \/ 137l27l§’l ( )

/E RURSHENEY E) JE / C(l3,l§,l‘f,l8)( ) ib
Eo \/ Q lO,llle:ZB)( Eo \/ (15,15,15,15) ( ) ’
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are constants. By differentiating these integrals in the variable E and using the relation
e l€ le

Q(lo,ll,l%lB)(E) — Q(lgﬂ ] 1718)(E)7 we have a(107l1,l2713)(E) — a(l§7l§,l§,18)(E) and C(lo,l17l27ls)(E)
= IS0 (E). ]

It follows from Proposition 7.3 that the hyperelliptic-to-elliptic integral formulae obtained
in [10] for the parameters (ly,l1,l2,[3) coincide with those for the parameters (Zg, I, I, Zg)

Let us consider the case lo = 2, I; = Iy = I3 = 0. For this case the operator HZ0:00) ig
simply the operator Hy in Eq.(1.1). We have I§ = 1§ =1{ =1 and I = —1 (see Eq.(4.6)),
and the operator H(:LL0) (= HLLL=1)Y coincides with the operator Hy in Eq.(1.2). Tt
follows from Proposition 3.6 that

1,1,1,0 _ 2,0,0,0
HOWLOL o1 10=L_o110H ),

sbyty

and L_27171’0 is given by

I _d ¢ (x) ¢ (z)
—2,1,1,0 = 7 — - .
dz 2(p(z) —e1) 2(p(x)—e2)
Hence the operator Hy(= HZ009)) is connected to the operator Ho(= H@LL10)) by a
Darboux transformation, and we recover the isomonodromic property of these operators.
The functions Z(2090)(z, E) and 2110 (2, E) defined in Eq.(6.12) are given by

=000 (. B) =9¢p(x)* + 3Ep(x) + E* — 9ga /4,
20110 (2 B) =(E — 3e3)p(z) + (E — 3e2)p(x + w))
+ (B = 3e1)p(z +ws) + B — 30/2,
while the functions Q*009) (z, E) and Q1.9 (z, E) are given by
Q000 (B) = QUO)(B) =(B? - 3g)(B ~ 992 8/4 — 2ga/4).

The function A2009) (2 E) (resp. AL (z, E)) defined by Eq.(7.1) is an eigenfunction
of HZ0:00) (vesp. HILLO) corresponding to the eigenvalue E. With reference to their ex-
pressions however, A(20.0:0)(z F) and A1:L1.9) (2 E) are different functions. Note that the
function A2000) (z E) (resp. AL (2 E)) corresponds to the function Aj(x, E) (resp.
As(z, E)) in the introduction. Although the functions A2990)(z, E) and AL () F)
differ, we have from Proposition 7.3 that several other functions do coincide. In particular
we have
—(E3 - 2793)

9(E2 - 392) '
E3 —9goF + 54¢3)

27(E? — 3g9)?

RgZ,O,O,O)(E) _ Rgl’LLO) (E) _

2,0,0,0 1,1,1,0 2
RPN (E) = B0 () = 2

(2,0,0,0) (1,1,1,0) 2

E — E = 7= o N
Ry (E) = Ry (E) 3(E2? —3¢y)’
a(2,0,0,0)(E) _ a(l,lvl,o)(E) = 3E,

0(2,0,070) (E') — 6(1717170) (E) — E2 — 292

Note that these functions are related with monodromy by Eqs.(7.3, 7.4). Upon applying
Proposition 7.2, we recover Eqs.(1.3, 1.4).
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8 Commuting operator for Lamé operator

We obtain two expressions of the commuting operator A for the Lamé operator H (9:0,0,0)

by using the generalized Darboux transformation.
It follows from Proposition 6.1 and Theorem 6.9 (i) that the commuting operator A for
the Lamé operator H @90 can be expressed in the form

A — L1+%7,%7,%717%Ll’_g71?0L17%71+%7,%7,%L_97070’0 (-g eVen); (81)
—Liig 19 149 1-9L0,—g1,0L_149 149 1-g 1-9L_g111 (g : odd),
2 v 9 T T 9o 200 20 2 0 2
(see Eq.(3.2)), and the genus of the spectral curve for the Lamé operator H (9000 is g.

To obtain another expression of A for H@000) we calculate the commuting operator

A explicitly for the case lo =11 = lp = l3 = g € Z>1. With this approach, the commuting
operator A of H(9:9:9:9) can be expressed in the form

R 29+1
A= (VL gogog = (B0 () oBlolo)

in which B(p(x)) = (p(x) —e1)92(p(x) — e2)~9/2(p(x) — e3))~9/2 = (¢/(x)/2) 9. Hence
we have

2g+1

Thus, applying the transformation 2z — z and the relation Y0 p(z + w;) = 4p(2z),

we recover the Lamé operator 4H(99:00) (= 4(—d?/dz? + g(g + 1)p(z))) together with its
commuting operator. The commuting operator A of H (@099 i given by

g 2g+1
(D) () 6 o

We therefore obtain the following proposition:

Proposition 8.1. The commuting operator A for the Lamé operator H (9:0:0:0) (9 € Z>1)
has two expressions given by Eq.(8.1) and Eq.(8.3).

We consider the case g = 1. For this case, the operator defined by Eq.(8.1) is given by

—L1p,-10Lo,-1,10L-1,100 =
(A1 @ N (d 1 J@) 1 g \(d 1 )
dr  2p(z) —ex) \dr 2p(x)—e1 2p(r)—e) \dr 2p(x)—e)’

while the operator defined by Eq.(8.3) is written as

G (i) ).
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These operators can both be rewritten in the form

—{(2)3—%mmi—jaw%,

which coincides with the operator A defined by Eq.(6.15).
Next we consider the case g = 2. For this case, the operator defined by Eq.(8.1) is
given by

Lo 1, 10L1,-210L02-1,-1L 2000 =
(d 41 ' (x) 41 ' (z) > (d N ') 1 ¢'(z) >
dr  2p(x)—e  2p(z)— e dr  p(z)—e1 2p(x)—e
(Lo 1 dE 1 v )
dv  p(r)—er  2p(@)—e2 2p(x)—e3

(dy_1<sﬂ@ O CBE
dz 2 \p(x)—e1  p(x)—e p(x)—e3/) dx
while the operator defined by Eq.(8.3) is given by

5
5 () (i) ()

These operators can both be rewritten in the form

(ei:f — 15p(x) (CZ>3 - %@’(x) (ddm>2 -9 (5p(=’10)2 - Zm) %7

which coincides with the operator A defined by Eq.(6.15).

A Elliptic functions

This appendix presents the definitions of and the formulae for the elliptic functions. The
Weierstrass p-function is defined by

1 1
p(r) = — + Z < 5 — 2) . (A1)
T2 )R {(O0)} (x — 2mwy — 2nws) (2mwy + 2nws)
Setting we = —w1 — w3 and e = p(wg) (k= 1,2,3) yields the relations
ertertes=0, ¢'(2)’ =4(p(x) - e)(p(a) - e2)(p(z) — e3), (A.2)

'(x) 1 1 1 1
w&ﬁ‘z(mm—m+pmwwa+mm—@>’
(e; —ey)(ei—ew) .

where /,7" € {1,2,3} with i <4" i # 4 and i #1i".

p(z +wi) = e +
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B Proofs of Propositions 3.4 (ii), 3.5 and 6.6

Let a; be a number such that a; = —l; or o; = I; + 1 for all i € {0,1,2,3}. Set a =
(OKO,CYl,CYQ,CY;}) and

2= (p(z) — e1)*2(p(x) — e3)*/2(p(x) — €)1,

T = 4+ ) (r +95),

r1 = —4r(r+ag — 1/2)(e2 — e3)(e2 — e1),

ap, = —4r((e2 — e3)(r + az + o) + (e2 — e1)(r + a2 + a3))
—dexnivs +e1(az + 043)2 + ea(a1 + a3)2 +ez(ar + 042)2,

7= (w+ar+az+a3)/2, 78 =(-a0+ar+az+az+1)/2

v
a

S

Then the action of the operator Ho-l12:l3) jg given by
lo,l1,l2,l3),a __ _a a a  a a a
H( o 3)UT = Qpi1,7Vr41 + Ay Uy + Ay —1,rVr—1s (Bl)

(see [8]). Set d = — Z?:o a;/2 and suppose that d € Z>g. Then the space Vi, a1 00,05
is spanned by v§,v%,...,v3, and it follows from Eq.(B.1) that HUoll2:l8) hregerves the
space Vg, ,a2,a05- Lhe operator H(aotdatdaztdasztd) 515 preserves the d+1-dimensional
sSpace V,QO,CL,QI,d7,a2,d,,a3,d.

Proposition B.1. (Proposition 3.4 (ii)) Set d = —Z:;:O a;/2. If d € Z>p, then the
characteristic polynomial of the operator H(0!1:4213) on the space Vap,a1,a2,05 coincides
with that of the operator H(@otdaitdaztdastd) on the space V. py—d.—ay—d,—an—d—os—d-

Proof. Set —a—d = (—ay —d,—a1 — d, —ay — d, —a3 — d). The action of the operator
Hleotdertdastdastd) on the space Vg —d—ay—d—as—d,—as—d 18 given by
ag+d,a1 +d,a0+d,a3+d),,—a—d __ —a—d, —a—d —a—d, —a—d —a—d, —a—d
H(@o )vr + +a

= Q1 Ur ror o Ur r—1,r Ur—1

Set u2 = ((—1)"d!/(r!(d —r)!))vi_,. By a direct calculation, Eq.(B.1) can be rewritten in
the form

lo,l1,l2,l3),,a _ _—a—d, 6 a —a—d, a —a—d, a
H( )ur - ar—l,r Upy1 + ar,r Uy + ar+177' Up_1-

Hence the matrix representation of H(@otdeitdaztdastd) on the basis (v, a—d ,v;a_d>
is the transposition of the matrix representing Ho)lil203) on the basis (ug, ... ,u?), and
we obtain that the characteristic polynomial of the operator H (lo:l1.l2,83) op the space
Vao.on.az.cs coincides with that of the operator H(@otdaitdoectdastd) o the space

Vfaofd,fal7d,7a27d,70437d' u

Proposition B.2. (Proposition 3.5) Set d = _Z?:o a;/2. It d € Z>p and oy # o
for some i,j € {0,1,2,3}, then zeros of the characteristic polynomial of the operator
Ho\lul2.03) o the space Vao,a1,02,a5 are distinct for generic periods (2w, 2ws).

Proof. The assumption o; # «; for some 4,j € {0,1,2,3} implies that ag, a1, a2, a3 do
not satisfy agp = ag = ae = a3, and it is easy to show that there exist ig, 1,42 € {0, 1,2, 3}
such that i; # i, o, # o, and «;, # ay,. By permutation of periods w;,ws,ws and shift
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transformations x — x +w; (i = 1,2, 3), we can permute numbers «g, a1, ag, 3. Hence it
is sufficient to prove the proposition under the assumption ag # a1 and as # «s.

Set w; = 1/2, w3 = 7/2 and p = exp(my/—17). Then ey, e and e3 are expressed as
power series in p and we have e; = 72(2/3 + O(p?)), e2 = 72(—1/3 + 8p + O(p?)) and
e3 = m2(—1/3 — 8p + O(p?)). The matrix elements are expressed as

0 - -
'r+1 T a7("J21 r a?—l,r = a’£ )1 r(p + O( )) a’?‘,r = ar(,]r + a1(",17}p + O(p2)7
~(1
a0, = —Ar AN +98), @, = 64r(r +as - 1/2),
ay) = (2 +az +a3)’ — Y8 Ll +1)/3,
Y = —8{r(12r + 8ay + 120z + 4az) + 4735 — (o1 + a3)? + (a1 + a2)?}.
If p = 0, then the operator H(0:l1:42:08) acts triangularly and eigenvalues are given by d£?2
(r=20,...,d). Since the eigenvalues are quadratic in r, the multiplicity of the eigenvalues
is one or two. Hence it is sufficient to show that the eigenvalue with multiplicity two for
the case p = 0 separates when p varies. Assume that dq(n?r) (= Ezf,(,))r,) is the eigenvalue with
multiplicity two, 0 <r <7’ <d and r,7’ € Z. Then we have r + 1’ = —(as + ag).
If r +1 <7/, then the eigenvalue around EL&?,} is expanded as E = ZL?(?T) 4+cip+...,and

c1 satisfies

0 0 0 1
(@Y, —a@l - e)@?y, ., —aQ) - @, _, —aa? &), (B2
(0

1@ @y = GDH @ Ly =G0 @ = )@ iy = 0)

arr 19r_1 K 1,r+1 Gy T ! r'4+1,r+1 !
(0) ~(0) \~(0)  ~(1) ~(0)  ~(1) ~(0) ~(0) \y _
( =1 T Gy ) 11 Qpt 1 g1 ot gt Qs Zq gt (ar’—l-l,r’—l—l - ar’,r’)} =0,

which follows from expanding the characteristic polynomial of the matrix (a? j> o in
~/4,j=0,...,

variable p and observing the coefficient of p?. By a direct calculation, the condition that
Eq.(B.2) for the variable ¢; has multiple roots is given by (a3 — aq)(2r + ag + ag) = 0. If
2r + ag + a3 = 0, then 7 = v/ but this contradicts the relation r < r’. By the assumption
ag # aq, it follows that Eq.(B.2) for the variable ¢; does not have multiple roots, and the
solution F = EL&?) 4+ c1p + ... separates.

If r+1 =7/ then r = —(ag + as + 1)/2, the eigenvalue around a£?2 is expanded as

E= d&?,} +c172¢/P+ .., and ¢y is determined by

c%/2 = dgl T~$12+1 = —16(cvg — a1) (e — ag)(ag + a1 — 1) (e + asz — 1). (B.3)

Since 0 <7 +7r' = —(2 + a3) < 2d = —(ap + a1 + a2 + a3), we have (1 — (ap+ a1))(1 —

(a2 + a3)) > 0. Combining with ay # as, it follows that, if ag # 1, then Eq.(B.3) for

the variable ¢ /o does not have multiple roots, and the solution £/ = &7(3? +cipypt .

separates. If ap = a1, then we have a? ;, = &5321 , =0 forr=—(az +a3+1)/2. The

eigenvalue around d7(~7072 is expanded as F = aﬁ) 4+ c1p+ ..., and ¢ is determined by

0 - ~(0) ~(1
(@, —aN @l - ) —al) jal, (B-4)
0 (0 (0 ~(1
{(@ iuzz r+2 7(»421,r+1)( 1(~42 Lr+1 c1) — a1(”-£2,7"+1a7(”—|21,7“+2} =0.
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The condition that Eq.(B.4) for the variable ¢; has multiple roots is written as (ag —

a3)(az+a3—1)(2a9—1) = 0. However, this is impossible since (1—(a2+a3))(1—2a9) > 0

and ag # ag. Hence, if ag = a1, then Eq.(B.4) for the variable ¢; does not have multiple
(0)

roots, and the solution £ = a,; + c1p + ... separates.

Thus we have found that the multiple root F = a£?2 at p = 0 separates by expanding
the eigenvalue as a series in p or |/p.

The zeros of the characteristic polynomial equation are therefore distinct for generic

periods (2w1, 2ws). [ |

Corollary B.3. (Proposition 6.6) Let ly,l1, 12,13 be non-negative integers and V' be the
vector space expressed in the form of Eq.(4.4) (lo+ 11 + 12+ 13: even) or Eq.(4.9) (lo+ 11 +
la + l3: odd). We denote the monic characteristic polynomial of the operator H (lo:l1,02,ls)
on the space V' by P(E). Then the roots of the equation P(E) = 0 are distinct for generic
periods (2w1, 2ws).

Proof. It is shown in the proof of [7, Theorem 3.2] (or [11, Proposition 3.9]) that any
two characteristic polynomials of distinct subspaces in Eq.(4.3) or Eq.(4.8) do not have
common roots. Hence it is sufficient to show that the characteristic polynomial of the
operator H{0:l1:2:13) on any space listed in Eq.(4.3) or Eq.(4.8) does not have multiple
zeros for generic periods (2wi,2ws). From Proposition B.2 we have that if a; # «; for
some i,7 € {0,1,2,3}, then the characteristic polynomial does not have multiple zeros for
generic periods. In Egs.(4.3, 4.8), the case ag = a1 = ag = a3 for Vi 01,009,054 @ppears only
for the case lp =11 =lps =lgand ap = a1 = ag = ag = —lp. Weset g =lo(= 11 =1ls = 13).
For the case ly = I} = ly = I3 = g, the operator H9:9:9:9) is expressed in the form
w999 _ _ T
H$999) = ——5 +4g(g + 1)p(22),

and the finite-dimensional space V(= V_4_4 _4 _4) for the case lp = 1 = lp =13 =g
coincides with the space V for the case l[p = g and I = lo = I3 = 0 by replacing basic
periods (2w1, 2ws) — (w1,ws). For the case Iy # 0 and [; = ly = I3 = 0, the corresponding
proposition is proved in Proposition B.2 or [15, §23.4]. Thus Corollary B.3 is proved. W
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