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Abstract. Based on the theory of the regular Hermite interpolation polynomial, several calculating
methods including basic function, multiple difference gquotients, etc., have been proposed to solve
the complex irregular Hermite interpolation polynomial.

Theory of the Hermite inter polation

Sety = f (x) has definition in interval[a,b], and has corresponding values y,,y;,---, Y, on the
pointsofa< x, < x, <---< x, <b, if thereisasimple function P(x) satisfied the following formula:

P(x)=y (i=12--n) (1)

where P(X) is the interpolation function of f(X) , X,,X,:-, X, are the interpolation nodes,
interval [a,b] is the interpol ation interval!™.

If P(x)isthe polynomial with the number not more thann, namely

P(x)=a,+aXx+---+a,X, 2

wherea (i=0,1,---,n) aretherea numbers, we can say P(X)is ainterpolation polynomial.

Supposey, = f(x;),m, = f (x;)(j =0,1,---,n)on the nodesa< x, < x, <---< x, <b, if thereis an
interpolation polynomial H (x) satisfied the conditions (3):

H(x)=y;,H (x)=m (j=01--n) ©)

then H (X) is the Hermite interpol ation polynomial'®.

If 'y, and m,(i=0,1,--,n)are al known on the nodsa<x,<x <--<x,<b , we can say
H(x)is the regular Hermite interpolation polynomial, correspondingly, the methods of seeking
H(X) is the regular Heremite interpolation; If only some of m, (i =0,1,--,n)are known on the
nodesa< x, < x, <---< x, <b, we can say H(X)is the irregular Hermite interpolation polynomial,
the methods of seeking H (x)istheirregular Heremite interpolation 4.

The rest of this paper is proposes severa plans for solving the irregular Hermite interpolation
polynomial.

Several plansfor solving theirregular Heremite inter polation polynomial
If y. (=01--n) and  m(j=01-kk<n) ae al known on the
pointsa< x, <x <---<x,<b,and m,(j=k+1,:--,n)are unknown. In this paper, we want to seek

an irregular Heremite interpolation polynomial to meet the following equations:

{H(xi)=yi (i=01--n) (4)
H(x;))=m, (j=01---kik<n)

Using the method of regular Hermite interpolation to resolve the irregular Hermite
inter polation

Using the known conditions which satisfied the regular Hermite interpolation polynomial to find

out corresponding Hermite interpolation polynomial. Then supposed the formof H,,, ,(X
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and used the surplus conditions determining the unknown part.
Based on the known conditions H(x)=y, (i=01-kik<n) and

H'(x)=m, (j=01---kik<n) , we can find out the regular Hermite interpolation
polynomial H, (x) . The processis as follows:

Using the basis function of Lagrange interpolation polynomia to seek interpolation basis
function o (x) and 5, (x)

: B 0, j=#i, . B
{O’J(X)5J{l’ =i, (22 j(Xi)_O (i j=01- kk<n) (5)
ﬂj(xi) =0, ﬂlj(xi) = §ji'
Polynomial H(X) = H,..(X) which satisfied the conditions of
H(x)=y, (=01 kk<n)andH (x)=m, (j=0.,k;k<n)canbewritten asfollows:
H2k+1(X)=Z|:yjaj(x)+mjﬁj(x)] (6)
j=0

By (5), we can concluded
Hya(X) =Y, Hya(x)=m (i=01--kk<n)
Suppose & (x) = (ax+b)l,*(x) (7
where | ;(x) are the basis functions. We can derived the following conclusions base on (5)
a,(x;) = (ax; +b)l *(x,) =1,
a'[(x;) =1;(x))[ (@l (%) + 2(ax; +b)l'; (x ) | = 0
ax;+b=1
{a+2l'j(xj):0
theresultsisa = -21",(x,),b=1+2x 1", (x,)-

Taking logarithm and derivation at both ends of | (- 70 (XXX (%)
T 056) (5 X0 %) (06 %)

(j=0,4---, k;k<n), wecan obtain
|'j(xj)zzk: 1 (j=0,1,--,k;k<n) s0
i—o X ;=X

- J 1
i#]

Y [LZ(X‘ D ﬁ}jzm (1= 01 kik <) ®)

j i

Similarly, we can obtain

ﬂj(x)z(x_xj)ljz(x) (]:O’l’k'k<n) (9)

We can dso proof the interpolation polynomial which satisfied the conditions
H(x)=y(i=01--kk<n)andH (x;)=m, (j =01 k;k<n)isunique.

Suppose H,, . (x)and H,,,(x)al satisfied the above conditions, then

P(X) =Hy ,(X) = H, 1 (X) (10)

has double roots on each nodes x (i =0,1,---,k; k < n), namely ¢(x) has2k + 2 double roots. But
o(X) isapolynomia with the number not more than2k +1, so@(x) =0. The Uniqueis proofed.

Supposed  H ., (X) = H s (00 + Qs (X) (11)
set the highest coefficients of Q,,,,,(X)as 1, and bring(X,, y,) into (11), throughH,, (%) = Y, ,
we can obtainQ,,,.,,(x,) =0 (12)

namely X, is one of the zero point of Q.,...(X). Then bring (x,y,) into (11), through
H .1 (X) = y;, we can obtain
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Quikia (%) =0 (13)

namely X, is one of the zero point of Q,,,.,(X). Similarly, bring x (i =2,3,---,k;k < n) into (11),
throughH,,,(x)=y, (i=2,3-k;k<n),wecanobtain

Quiaa(%) =0 (i=23,--kik<n) (14)

namely x (i=2,3,--,k;k<n) are the zero points of Q.,,.,(X) . Because the number of
Q..ku(X) isn+k+1, sowe can suppose

Qniia (X) = (X= %) (X =) -+ (X= %) A, (X) (15

where A, (X) isapolynomial with the number of n.

ThroughH ,, ., (X) = H 1 (X) + Q,, 4.1 (X) , We can obtain

H In+k+1(X) =H ‘2k+1(X) + an+k+1(x) (16)

bring x (i =0,1,---k;k<n)into (16), byH ,,.,(x)=Yy, (i=0,1-,k;k<n), wecan obtain
Quuu(Xx)=0 (i=01--,kk<n) a7
namely x (i =0,1,---,k; k < n) arethe double roots of Q .., (X) , SO

Qe (X) = (X=%0)*(X=%)* -+ (X = %) * B, 4 (X) (18)

where the number of Q.. .,(X)isn—-k-1, bringing (x,y;) (i=k+1:--,n) into (11), by
Hoa(X)=y, (i=k+1---,n),wecanobtain

Qniksa (%) =0 (i=k+1:---n) (19)

namely (x,y,) (i=k+1,---,n)isthezeropointsof Q.,.,(X),and Q,,.,(X) can be expressed
as

Qi (¥) = (X= %)% (X = %)%+ (X = %) * (X = X1 -+ (X = %, ) B(X) (20)

Owning to the number of Q ., .(X)isn+k+1, and the number of polynomial

n+k+1
(X= %) 2 (X= %)% -+ (X = %) * (X = X y) - (X = X,)
isn+k+ 2, so the number of B(x)is—1, namely
B(x)=x"

Basic function

Changing H (x) into the form of interpolation base function, then by the known condition,

n+k+1
using the method of undetermined coefficient determing its representation.
n [
Suppose Hn+k+1(x) = Z aj (X) yj +Z IBJ‘ (X)mj (21)
j=0 j=0
0, j=i, . .
where |a (x)=9; = {1 P=i a (x)=0 (i,j=0,1,---n) (22)
B,(x)=0, B (x)=6,. (i,j=01,--kk<n)
n Kk
by (21) H 'n+k+1(X) = Z alj (X)yj +Zﬁ‘j (X)mj (23)
j=0 j=0
bring (X,,Y,)into (21), we can obtain
ao(xo)zlaai(xo)zo (I :1121'”1n) (24)
Bi(x,)=0 (i=0,1,---kik<n)

bring (X,,Y,) into (23), we can obtain

{a'i(x0)=0 (i=0,1,---,n) (25)
Bo(x)=18,(x)=0 (i=12,---k;k<n)
By (24) and (25), we can obtain
%o (X) = (X= %)% (X= %)% -+ (X = % )* (X = Xg) -+ (X = X, ) (A X+ By) (26)
and
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Bo(X) = (X=X ) (X = %)% (X=%;)* -+ (X = %) (X = X.1) -+ (X = %,)C g (27)
In (43), by{ao(xo) =1 , we can obtain the following equations:

[21 ‘U(XO) =0
(% =X) (% = %)%+ (% = %) 7 % = %) - (% = %) (A + By) =1
2(><o—x1)(><o—><m)-~(><o—>9)(A)Xo+Bo)lf[(xo—>§)2+-~-+(><0—x1)2(x0—xz)2---(&—xK)Z(Xo—Xm)m(Xo—&)Ab=0

Solving these equations, we can obtain A,,B,. Bring X, into (44), by 5,(x,)=0, we can

obtainC,.
Similarly, bring(x,,y,) (j =1,2,---k; k < n) into (21) and (23), we can obtain:
a;(x;)=1 (i=12,--,n;j=12,--kik<n;j=i) (28)

ai(xj)zo (i=212,--.n;j=212,---k;k<n;j=i)

Bi(x;)=0 (i,j=12,-k;k<n)

and

@ (x)=0 (i=12,---,n;j=1,2,-k;k<n) (29)
Bi(x)=1 (i,i=12,-kik<n;j=1i)

Bi(x)=0 (i,j=12,kik<n;j=i)

By (28) and (29), we can obtain

2, (%) = (X=%)7 (X= %)% -+ (X=X 4)? (X= X,1) 7+ (X= X)? (X= X) -+ (X=X, )(AX+ B)

(i=12-kk+1---,n) (30)
and

Bi(X) = (X= %) (X = %)% (X=X 1) (X = X;,1) % (X= %) *(X= %g) -~ (X = X,))C,
(i=12-kk<n) (3D

To sum up, we can determinedH ., .,(x) through (21).

Multiple difference quotients (Univer sal formula)

We can obtain the representation of H,,,.,(X) according to the given known conditions
H(x)=y, (i=01-kk<n) and H'(x)=m, (j=01--kk<n) by difference quotient.

The formula of Lagrange interpolation can be seen as the promotion of linear equation of two
points, if we started from the following equation

P, (x) = f0+g(x—x0) (32)

1 0

and extended it to the situation of the n+1linterpolation points(x,, f,),(x, f,),--~(x,, f,), the
interpolation polynomial can be expressed as:
Po(X) = 8 +8,(X= %) + 8, (X=X )(X= X)) + -+ 8, (X=X )(X=%) -+ (X=%,,) (33
where a,,a,,--,a, are the undetermined coefficients, which can be determined by the
interpolation conditionsp, (x,) = f,(j =0,1,---,n).
Whenx = x,,P,(%,) = a, = f,; whenx = x,P,(x) =a, +a,(x — x,) = f,, we can concluded
f, - f, (34)
X=X,
Whenx = x,, B, (x,) = 8 + 8,(X, = %) + 8, (%, = %,)(X, = %) = f,, We can concluded
fz - f0 _ fl_ fo
X,— Xy X;—Xg (35
Xy =%
So on, we can concludea,, a,,---,a, . In order to write the general expression of coefficienta, , we
introduced the definition of difference quotient.
Usualy, we called F [xgs %, | = f(x,) - f(x,) is the first order difference quotient of f(X)

X = X

1

a, =
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appoint tox,, X, , correspondingly, we Called f [xo. x 1= f [%,. X ] isthe second order

Xp = %y

f[XorX1vXk]:

difference quotient of f(x) appoint tox,, X, X, . Generaly, we called
f[XO’Xl"“'kaz’xk]_ f[X07X11"'7Xk71] (36)

X = Xy

f [Xovxlv"'vxk]:

isthe k-order difference quotient of f(Xx) appoint tox,, X, X, -

The process of using multiple difference quotients solving the irregular Hermite interpolation
polynomial can be displayed by the table of difference quotient, the detail is shown in table 1.
Table 1. Table of difference quotient

X, Yy X— X, X=X, X— X X— X,

X Yo

X Yo T[%%]

x oy, f [%0, %]
]
]

Xl yl f [Xl,Xl f [XO,XO,Xl]
X2 y2 f [Xl’XZ f [XO,Xl'Xl] f [XO'XO’Xl’Xl]
D4 X %]

o] g [ 0%,

By the property of difference quotient: If ¢ (x) exists n-order derivative in[a,b], and the
nodesx,, x,,---, x, € [a,b], the relationship between n-order difference quotient and derivative is as
follows:

lxoxx]= T8 ee fap) (37)
Do ]= SO = 00m) (38)
fx.x,] = f(x))—- f(x),(0<i<j<n) (39)

X, =X
By the given conditions, we can calculate
f(x)=y.(i=01-nandf (x)=m, (=01 kk<n)
Thus, the required irregular Hermite interpolation polynomial is
Hoa () = T 00)+ X0, % J(X= %)+ T [Xg, X5, X ] (X = %)+ F [ X, X, X0, X (X = %) * (X =) +++++
f[XO7X1"“7XH](X_XO)Z'”(X_Xn—l) (40)
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