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Abstract: Based on the linear model of guidance instrument error separation, study on the
separation accuracy affected by data sampling rate of inertial navigation equipment. First,
theoretically proved that the higher data sampling rate is, the higher separation accuracy we can get.
Second, a method for determining the optimal sampling rate is presented, whose idea is from the
model itself. At last, the ssmulation results can verify the above two conclusions.

I ntroduction

Guidance instrument error separation is an important method for evaluating inertial navigation
equipment performance and verifying the conformity between land tests and air tests. By evaluating
the coefficient of guidance instrument error term, we can amend the inertial trajectory with the help
of environmental function Y. Zhang Z.L. gave the general idea of guidance instrument error
separation first in china [, and he pointed out that the most basic methods of analysis is the
standard integral method or the environment function method. Sha Y. et a transformed the problem
of guidance instrument error separation into a linear regression problem . Towards the linear
regr([)4r]1 problem, Luo & Wu evaluated the estimation accuracy based on hypothesis testing
method **.

According to the basic theory of point-estimation, it is right that “ more sample, higher accuracy”
51 But in problem of guidance instrument error separation, the target to be estimated is a vector. It
seems that more samples will make better estimation accuracy . But this conclusion is lack of
rigorous theoretical proof. In another hand, it can not aways be better when the sampling rate goes
higher. There are two reasons. 1) it is high cost in hardware when the sampling rate goes higher; 2)
usually it doesn't need very high sampling rate to meet the accuracy requirements. In summary,
there must be an optimal sampling rate, and we can increase sampling rate until the estimation
accuracy is enough towards the linear model and measured data.

Till now, the research on the relationship between data sampling rate and separation accuracy has
not been reported in publications, which the paper talks about. In part 2, we theoretically proved
that the relationship between the vector estimation accuracy and data sampling rate. In part 3, a
method for determining the best optimal sampling rate is presented based on the linear model. In
part 4, the theoretical results are verified by computing measured data.

Linear separation model and separ ation accuracy analysis

Linear separation model
Consider the linear model guidance instrument error separation in the velocity field "

W.

V(1) = W(t) = S(W(t), W(1))C + e(t) (1)

Where W, (t) e R stands for velocity vector data measured by inertial navigation equipment;
W(t) e R™ stands for the real velocity vector datain inertia reference frame; S(W(t), W(t)) € R™™
stands for the environmental function matrix made of velocity vectors, C < R™ stands for the
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guidance instrument error coefficient vector to be estimated; e(t) c R™' stands for model error
Vector.

Usually, we don’t know the real velocity vector data in inertial reference frame, as an alternative
we can use W (t) which stands for data translated from data measured in emission reference

w2y

frame. So equation (1) can be rewritten as:

W, (1) = Wi,y (8) = S(Wiyy (8), Wy, ())C + €/(0) (2)
For ssimple:
AW =SC + ¢ (3)

Where, ¢’ ¢ R™ stands for the error vector, which contains the model error e(t) and translate
error brought by w, (1), and e approximately obey the Gaussian distribution, that is
e/(t) ~ N(0,0T).

Accuracy of the least squares solution

The least squares solution of problem (3) is:

o [sTs]’1 STAW (4)

C is the estimation of guidance instrument error coefficient vector by least square, and its
variance can also represent the estimation accuracy or separation accuracy. That is

cov(C)

E(C*)— E(C)?

E {[STS}1 8" (SC +¢)(SC+e') S[STS]l} _ E(C)

{{STS]1 STSCCTsTs{sTs]l} + E{{STS}l sTe’(e/)Ts[sTs]l} (5)

E
E{CC"} +0%[s"S| — E(CY
2 [STS]’1

I
Q

So thevarianceof C is:
Var(éﬁ) =0’ {[STS}l} (6)

Where subscript ii stands for the i th diagonal element of matrix. When we talk about the
whole estimation accuracy, usually we refer to the trace of [STs]f1 .That is:

n

Tr[[STS]l] =3 var(C,) (7)

i=1

The trace of [sTs]f1 is an important indicator of the estimation accuracy of guidance instrument

error coefficient vector, and also is the object this paper focus on.

Impact analysis of data sampling rate

Consider the linear model of guidance instrument error separation: AW =SC +e’, withn by m
environmental function matrix S, and usualy n»>m. Denote the matrix composed by added

sample databy S, , so the augmented environment function matrix can be denoted as G £ [s,sbr .
So the linear model can be rewritten as:
AW’ =GC + ¢’ (8)

So that the accuracy index is changed into 7r [GTGF from Tr [sTs]f1 . Further,
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G'G=[s" 8] SS —§'S+8,'S, (9)
Therefore
c'a| =[s's+s7"s,| (10)

According to the matrix seeking the inverse theorem %

-1

6'a| =[s"s+8,"s)]

—1 -1 -1 -1 ( 11 )
=[s's| —[s's| 8/ (1+8,[s"S] 8])s,[s"S]
Next, what we should do isto prove the following formula :
Trla’e| < Tr[s's| (12)

First, without proof give five theorems about trace of matrix [

Theorem 1: If matrix A ispositive and reversible, thenitsinverse matrix A™' isalso positive.

Theorem 2: tr(A + B) = tr(A) + tr(B) .

Theorem 3: #(AB) = tr(BA).

Theorem 4. If matrix M and matrix N are positive, then matrix MNM is positive too; if matrix
N is positive semidefinite, then matrix MNM is positive semidefinite.

Theorem 5: If x isa 1xm vector, then x"x is positive semidefinite matrix, and it has only
oneeigenvalue A sSt. A =xx".

Proposition 1:

If matrix s satisfy Rank(s)=m,ands, =0, then TrlG’c| >Tr[s's| .

Proof:

(1) Because of Rank(S)=m, SO matrix S is column full rank. And we can get the equation
Rank(8"S) = m . Do SVD (SVD: Singular Value Decomposition) on s, that is S=Ux V", where

dia’g(’ysi )mxm

U and Vv areunitary matrix; and x satisfy the equation ¥ = , i=12..m.Then

(n—m)xm nxm

S'S = Vdiag(»*)V", i=12..m,thatistosay 4’ >0 isthei th eigenvalue of matrix s’s, so we
can make the conclusion: matrix S's is positive definite, and so does [STSF according to

Theorem 1.
(2) Consider a special situation when S is a 1xm matrix (vector), that is increasing one

sample into environmental function matrix. Notice that [”s| " is positive definite, o v s, =0, the

formula s, [STSF s” >0 isawaysright according to Theorem 4.

Let c£5 [s's| s 7beaconstant, and (1+8,[s"s| 87)" = Jlrl . According to Theorem 2, we
Cc
can get this equation:
wloya] = uls's] - erls's] ss [s's] ) (13)
Cc

Where ¢, £[s.s | .
(3) According to Theorem 3,
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s
:tr{S B 2ST} (14)
|

Again according to Theorem 4, [STs]f2 is positive definite too. So s, [STSTZ S”>0
Then we can get:

nloye] = ulss] {88 s8] ) (15)

c+1

s, [STS]’2 s
c+1
(4) Now, we will prove Propositionl by mathematical induction method.
Suppose S, is @ bxm matrix, G, é[s,sbr, 0 G, é[Sl,Gbr, according to (2) and (3),

>0, &owlefe | <urls's|

tr|G,,,"G r > tr[GbTGb]il isright. So we can get this equation:

b+1 b+1

-1

wle, 'q, | >wlere| > . >ulaq] >uls's (16)

b+1 b+1]

According to mathematical induction method, when S is a kxm matrix, k>1, and S, =0,
we can get tr [GTG]f1 < w[STsT1

Proposition 2:
Especially, when s =S, which means when the sampling time interval of original

environmental function matrix S is short enough, and S, is generated by the mid-point
interpolation method, then we can consider that S, approximately equalsto S, then the equation

wlea| = %tr[STsr is approximately right.
Pr oof:
Because of §7S = Vdiag(y2)V", S0 [8'S| = Vdiag(y,*)V".
DoSvDon s ,weget S, =U,x V", where U, and Vv, areunitary matrix; and %, satisfy the

H dmg(v a',)mxm
equation x, = ’

‘ i=12..,m.

(n—m)xm
vs =S8, .U, =U, V=V, ¥ =%, what is morewe can get

5,[s°S| 87 = UL VVE VIV U =1, (17)
Then

tr {[STS}1 S, (I +8,[s's| 's7)'s, {sTs]l}

— tr {sb [STS

[sTs

ST 4 I) }
{ s;} (18)

zétr{ 5,"s, [s"S| sf]l}

iétr{[S’S] }

Proposition 3:

::-ltr
2
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When the sampling time interval of original environmental function matrix S is short enough,
and do | times of mid-point interpolation on S, so that the sample number of G is 2' timesof S,

then tr[GTG]’l = 211757« {[sfs]l} .

Proof:
According to the result of Proposition 2, Proposition 3 is obviously right.

Constraints on sampling data from trajectory accur acy

In fact, there should be a reasonable sup of data sampling rate. That is to say, it doesn’'t need a
very high data sampling rate to achieve the accuracy requirement in trgjectory calculation. Consider
linear model AW =SC +e’, we consider SC as the system component of AW, and e’ as the
random component. So, when we get the estimation C, the estimation of system component of
AW is SC.

Since C is estimation value, so it has estimation error. We can believe that ¢ obeys the
normal distribution, as the follow equation shows:

(Aji ~ N(C,,0,)
O'Z e var(én) =0 {[STS]l} ’ i = 1727~~'am ’ (19)
SC ~ N(SC,SA), A £ (01’0—2""’0"1)T

In order to guarantee that the system component of AW is fully extracted, the magnitude of

SA should be much more less than magnitude of random component, that is:
max(SA) < max(A ) (20)

’
e

Since the variance of random component o is regarded as a constant, so (19) can be rewritten

max(SA) < o (21)
Wecal max(SA) separation accuracy characteristic value. Take (18) into (21), that is:

maX(Savec{ [STSFz ]) Lo (22)

i

Where, WCN[STS“]A MSTS}111’\/[STS]122""’\/[STS]lmm}

max(Svec{ [STS]_IM }) <1 (23)

i1

T

, then delete » together:

i

As the increase of sampling rate, [[ss| and max(svec{ s7s| " ]) both will be diminished.

-1

When maX(Svec{ {STS] }) is lower than 0.01, we consider the sampling rate as the optimal data

sampling rate.

Simulation

Verification of direct proportion between sampling rate and estimation accur acy
This section verifies the conclusions of part 2. Base on the measurement of position and speed in
the whole trgjectory, we can get data in various sampling rate, such as 10Hz, 20Hz, 40Hz and 80Hz.

Compute the value of ¢r {STST1 , record the result in table 1:
Tablel valueof tr[STSrin different sampling rates
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Data sampling rate 10Hz 20Hz 40Hz 80Hz

tr{STSF 342e10 | 1.72¢10 | 8.63¢9 | 4.32e9

Form the computing result, we can see that, as the data sampling rate has been double heightened,
the value of tr[STS]_l reduced in the same proportion, which can verify the conclusion of

Proposition 3. So we can believe the general conclusion: “ The higher data sampling rate, the higher
the estimation accuracy of guidance instrument error separation.”

Verification of separation accuracy characteristic value

Use the same method as section 4.1, we can get data of 10Hz, 20Hz, 40Hz and 80Hz. Compute

-1

thevaluesofmax(svec{ s's| }),and draw the result in fig.1.

i

max([S*vec(inv(S'S))]
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Figurel values of maX(Svec{ [STS]IH]) in different sampling rates

From fig.1, we can see when the sampling rate reaches 60Hz, the separation accuracy
characteristic value is close to 0.01, which nearly meet the conditions of equation (23). So, for this
measured data, the proper data sampling rate should be 60Hz.

Conclusion

First, theoretically deduced the relationship between data sampling rate and separation accuracy.
Then, amethod for determining an optimal sampling rate based on the linear model is given. At last,
we verified our conclusions by measured data computing.

Generally speaking, enhancing data sampling rate will get higher estimation accuracy in
guidance instrument error separation. But, when the sampling rate is above a certain value, it is not
meaningful to continue improvement. According the method presented in this article, we can
determine a proper or an optimal data sampling rate for any measured data. Further, by lots of data
computing of the same inertial navigation equipment, we can get the best sampling rate of the
equipment. In summary, the method presented can be use in experiment design and equipment
hardware design.
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