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Abstract— The yield of sugar beet depends not only on soil and 
climatic conditions, but also on the quality of the distribution of 
plants along the sowing series of these plants. The maximum yield 
is obtained with the optimal value of the average interval between 
plants, and all intervals should be the same with a coefficient of 
variation close to zero. A computer program has been computed 
for the relative yields, depending on the precision of the sowing 
and the germination of the seeds. The harvest is calculated in 
relative terms to exclude the influence of soil and weather 
conditions. For a maximum, the harvest is taken with the exact 
location of the optimal number of plants under the same 
germination conditions. The article contains a calculation 
program and a graphical representation of the results for sugar 
beet. This will help determine the rational limits of the number of 
plants per hectare and the accuracy of their distribution. The 
accuracy of the distribution of plants is estimated by the coefficient 
of variation of the intervals between them, which can take values 
from 0.2 to 1.0. The loss of yields from inaccurate distribution of 
plants along the row may reach 21%. 
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I.  INTRODUCTION 
The improvement of the technology of sowing cultivated 

crops and designs of seeders is aimed at increasing the accuracy 
of seed distribution, and consequently, of plants along the 
sowing line. All intervals between plants should be the same, 
but scientific information is needed on how the accuracy of 
intervals affects the crop yield of the crop and whether further 
improve-ment should be continued in this direction. There are 
a lot of scientific publications on the influ-ence of the number 
of plants per hectare on crop yields, but detailed information on 
the joint influence of density and accuracy of plant distribution 
is proposed for the first time. In the lit-erature, there is evidence 
of obtaining a good harvest with a plant density of 95-98 
thousand plants per hectare [1, 2]. With a row spacing of 50 cm, 
a high yield was obtained on a field with a density of planting 
10 plants per m2, that is, 100 thousand plants per hectare [3]. 
Many studies have shown that the highest yields of sugar beets 
are reached with plantations of at least 80,000 plants per hectare 
[4, 5, 6]. In all these studies, it is considered that the plants are 
located at the same or almost identical intervals from each 
other. But in fact seeders give an error in accurately laying each 

seed, not all seeds germinate, and when germinating deviate 
from the vertical. These factors accumulate inaccuracy in the 
location of plants, and the more this inaccuracy, the greater the 
loss of yield. Some authors believe that it is necessary to 
improve the accuracy of seed placement during sowing [7]. 
Therefore, the study of the influence of the accuracy of plant 
placement on crop yield remains relevant. 

The proposed method of calculation is based on the 
application of probability theory to the study of the formation 
of an interval in a number of plants and numerous 
measurements of the productivity of each plant, depending on 
both intervals separating it from neighboring plants. It is 
assumed that the random deviations δ of each seed from the 
calculated location of its placement in the sowing groove are 
subject to the law of the normal probability density of the 
distribution. The mathematical expectation m1 of the interval 
in the row of seeds and the value of δ determine the coefficient 
of variation V1. These data are sufficient to obtain the law of 
probability density of intervals between seeds, known as the 
gamma distribution. Based on this law, we calculated the 
probability of pair combinations of two random intervals that 
separate each seed from both neighbors. Each combination of 
intervals corresponds to a certain level of plant productivity in 
relation to the maximum possible productivity with the 
unlimited feeding area. We obtained this information on the 
basis of numerous measurements of the productivity of 
individual plants. The program of computer calculation of 
productivity from one hectare is made depending on accuracy 
of distribution of seeds. The program takes into account the fact 
that not all seeds will germinate, that is, a factor p is introduced 
that determines a part of the seeds capable of germinating in the 
field. To avoid the influence of soil and weather factors, the 
calculation of yields is not in kind, but in relative terms in 
relation to the maximum possible yield in these soil and weather 
conditions. 

II. METHOD AND CALCULATION MATERIALS 
The calculation is carried out in the operating environment 

of Mathcad: 
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1. Input of initial data characterizing the quality of sowing 
m1 :=A, σ1 := B, V1 := 1

11
 m , р := С, 

where m1 is the mathematical expectation of the interval 
between seeds in furrow, cm; 

σ1 – the mean square deviation of the interval, cm; 

V1 – the variation coefficient of the interval between seeds; 

p – field germination of seeds; 

A, B – numerical values obtained as a result of statistical data 
processing in quality control of sowing; 

C – the expected field germination of seeds, expressed in 
fractions units. 

2. Assignment of boundary values 
x:= 2,4…150,  y:= 2,4…150,  п:= 1,2…4, 

where x and y are the intervals between the seeds in the sowing 
furrow on either side of each seed; for sugar beet, they can be 
limited to a size of 150 cm; 

n – the number of intervals folded into one, if n – 1 seeds, 
arranged consecutively, did not sprout. The number n can be 
chosen 3 for a parameter p close to unity, and 6 for p = 0.6 ... 
0.7. 

3. Determination of the law of probability density of the 
interval between plants on the basis of the gamma 
distribution of a random variable with its p-transformation 

т2 := 1
1

 pm , q:= 1 – р, V2 := qpV 2
1 , α := 2

1
V ,  

β := 2
11
m ,  f(x):= 11

)(
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n

n
qpexn

, 

where m2 is the mathematical expectation of the interval 
between plants, cm; 

q – probability that the seed does not germinate; 

V2 – coefficient of variation of the interval between plants; 

α , β –  parameters of the gamma distribution; 

x – the random value of the interval, cm. 

4. Definition of the indicator of intensity of use of the plant 
nutrition area and average statistical productivity of one 
plant 

λ(x,y):=  
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where λ (x, y) is the indicator of intensity of use of the plant 
nutrition area with two random intervals x and y (empirically 
dependence);  

λmax – the indicator of intensity of use of the plant nutrition 
area of the plant maximal productiveweight growing in free 
conditions (table 1); 

D, E – factors, selected empirically for sugar beet (table 1). 

TABLE I.  EMPIRICAL COEFFICIENTS FOR THE CALCULATION OF THE 
INDICATOR INTENSITY OF USE OF THE AREA OF A FEED BY ONE PLANT 

Culture Row spacing, 
cm λmax D E 

Sugar beet 45 0.110 90 135 

 

F(x,y) :=   ),()(7,0),(5,0),(5,0 1,05,01 yxyxyxyyxx eee   , 
where F (x, y) is the average productivity of a single plant in 
fractions of the unit from the maximum possible. This plant is 
located at intervals x and y to its neighbours. The weight F (x, 
y) of its root is expressed in fractions of unity with respect to 
the weight of the root crop with intervals x → ∞ and y → ∞. 

5. Determination of the average relative productivity of the 
plant throughout the field 

g:= 
  

150

4

150

4

),()()( dydxyxFyfxf , 

where g is the average productivity of a single plant in a given 
field in fractions of the unit from the maximum possible. 

6. Determination of the relative yield of sugar beet roots on 
this field 

G:=  
max2 Gm

g


 , 
where Gmax  is the maximum value of the auxiliary function 

x
xFxG )()(  , that is, the maximum yield level at the optimal 

value of all intervals x (Table 2). 

TABLE II.  THE MAXIMUM VALUE OF THE AUXILIARY FUNCTION G (x) AND 
OPTIMAL INTERVALS BETWEEN PLANTS 

Culture Row spacing, cm Gmax D 
Sugar beet 45 0,0250 20 

 

The program allows you to calculate how an average 
number of plants is formed per one meter of the row length, 
depending on the seeding rate and field germination of seeds, 
what will be the coefficient of variation of the interval between 
plants and what relative yield level should be expected at this 
quality of sowing. 

III. RESULTS OF CALCULATION 
For practical use, the plot of dependences of relative yields 

on two indices ‒ the average number of plants ( 1
2
m ) per one 

meter of the row length and the variation coefficient (V2) of the 
interval between them is of interest. The yield level is shown in 
relative units to the maximum possible. The maximum possible 
level can be achieved with the optimum number of plants per 
meter of a single seeding row and their absolutely accurate 
distribution (Figure 1). 
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Fig. 1. The graph of the dependence of the relative productivity of sugar beet 
on the plant population density and the coefficient of variation of intervals 
between plants if the distance between the rows is 0.45 m 

Curve 1 characterizes the most accurate sowing with the use 
of high-quality seeds with high field germination, as a result of 
which, at the time of harvesting, the coefficient of variation of 
inter-vals between plants was small, only V2 = 0.2. This curve 
shows that to achieve the maximum possible yield, it is 
desirable to have a density of 5 plants per meter, that is 111 
thousand plants per hectare. Then the relative yield will come 
close to unity or to 100%. But if seeding failed to properly place 
the seeds or they had low germination capacity, then by the time 
of harvesting the distribution of plants would be chaotic. 
Chaotic distribution has a coefficient of variation of in-tervals 
V2=1.0 , and then the best yield is expected at a density of 
planting 6.5 pieces per meter, that is, 144 thousand pieces per 
hectare. In this case, we should expect a relative yield of 0.79 
or 79%. The loss of productivity of root crops because of poor 
quality of sowing will be equal to 21%. 

As a confirmation of the reliability of the graph in figure 1, 
some literature data can be cited. The source [6] states that when 
the density of plantings changes from 80 to 120 thousand plants 
per hectare (from 3.6 to 5.4 plants/m), the yield does not fall 
below 97%. This is in good agreement with curve 1 of our 
graph. The same authors concluded that the optimal density of 
sugar beet does not depend on the type of soil. The source [8] 
reported that with an increase in the density of the plantation to 
80 thousand/ha (3.6 plants/m), the harvest yield significantly in-
creases, but remains almost the same with a further increase in 
the density of the plantation to 105 thousand/ha (4.7 plants/m). 
There is evidence that the maximum yield is observed at a plan-
tation density of 90-100 thousand/ha [2]. The most detailed 

information is given by Minx L [9]. According to him, the 
maximum yield was obtained at a density of 96.6 thousand / ha 
(4.4 piec-es / m). When the density of the plantation changed 
from 3.60 to 5.56 pieces/m, the yield was reduced by 1%. 

IV. CONCLUSION 
Thus, the proposed method of calculation makes it possible 

to determine the indices of plant distribution in relation to the 
precision of sowing and to calculate the expected relative yield 
of the crop. The graph of the relative yield of sugar beet root 
crops shows that the number of plants per one meter of the 
length of one row from 4.0 to 5.6 has very little effect. For 
example, sugar beet with a good accuracy of distribution of 
plants with a coefficient of variation of intervals V2 = 0.2 ... 0.4 
shows practically the same yield when the number of plants 
varies within these lim-its. This means that with a good 
precision of seeding high-quality seeds, the density of the plan-
tation can be kept within a wide range from 90 to 130 thousand 
plants per hectare. A much greater influence is exerted by the 
coefficient of variation of V2. It depends on the quality of 
sowing and germination of seeds, and with an increase in this 
indicator, the yield is very signifi-cantly reduced. If the 
coefficient of variation of the intervals approaches unity, the 
yield loss will be 21%. The worse the distribution of plants, the 
more the yield maximum shifts in the graph towards a more 
dense density of the plantation. 
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