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Abstract – Numerical mathematical simulation of the 
strengthening combined local loading of the deformation zone in 
the process of penetration of indenters of different shapes into the 
piece body was considered. The simulation results were presented 
in the form of the pattern corresponding to the Odkvist 
parameter change depending on the type of the tool and the 
depth (force) of its penetration into the piece body. Based on the 
analysis of numerical mathematical simulation data, practical 
recommendations have been formulated pertinent to the selection 
of the indenter shape for the processes of gradient strengthening 
of machine parts in the conditions of combined local loading of 
the deformation zone. 

Keywords–numerical mathematical simulation, gradient 
strengthening of machine parts, combined local loading of the 
deformation zone, Odkvist parameter, strengthening depth. 

I. INTRODUCTION 
The modern development of the strengthening process via 

plastic metalworking of different machine parts requires 
finding a balance between the operational parameters (wear 
resistance, strength, durability) of the finished product and the 
cost of its manufacturing. Among the advanced methods of 
such treatment of axisymmetric products, there are those in 
which roller tools are used. Essentially, such tools act as 
indenters, which penetrate into the piece material and 
strengthen the piece body while the tool moves relative to it. A 
common example of such method is the roller or ball 
burnishing process; more complex and efficient schemes of 
such treatment are represented by the processes that are based 
on the combined local loading of the deformation zone (CLL 
deformation). CLL deformation processes are defined as the 
processes, in which the plastic deformation zone is 
intentionally created via applying two or more loads, one of 
which exerts an effect on the substantial piece volume (global 
loading), while another load bears a local character and creates 
a mobile deformation zone, which is characterized by a 

complex stress state [1-11]. In practice, this method may be 
realized in the form of the scheme shown in Fig. 1 [12-13]. 

 

Fig. 1. Scheme illustrating the method for strengthening the internal surface 
of such parts as collars via roller burnishing: 1 – piece; 2 – container; 3 – rest; 
4 – presser; 5 – roller; 6 – deforming protrusion on the roller; Pr – radial force; 
Mrot – rotational moment; Ppr – axial pressing force; Vav- axial moving velocity 
of the burnishing tool. 

The method is realized as follows. Piece 1 is placed into 
container 2, where it is fixed. The rest 3 and presser 4 act as 
axial arresting devices. Then the process tool equipped with 
rollers 5 is inserted into the hole in the piece; some of these 
rollers are smooth; however, one or more rollers are designed 
with ring-shaped deforming protrusion 6. The rollers are 
pressed to treated piece 1 under radial force Pr. The device 
rotates under rotational moment Mrot and moves in the axial 
direction with velocity Vav. 

II. STATEMENT OF THE PROBLEM 
It is obvious that the process of mathematical simulation of 

the considered problem may be divided into two stages (see 
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Fig. 2). In Fig. 2, the elementary penetration acts of the 
forming and smoothing tools during strengthening CLL 
deformation are illustrated; in this case, the act is repeated 
relative to the generating line with shifting by feed pitch s. The 
left Fig. 2a corresponds to the penetration moment of the tool 
with the creation of the rear and front waves (in consequence 
of the longitudinal feed, these waves are generally different), 
which is the equivalent of the roller and/or ball burnishing 
process. Then deformation in the cross section is realized by 
rollers, which "smooth" the contact patch (Fig. 2b). Thus, the 
shape of the part at a first approximation is restored. 

 
a)   b) 

Fig. 2. Elementary deformation act of the part surface during the 
strengthening CLL deformation: 1 – forming tool (indenter), 2 – smoothing 
tool, 2 – treated part. 

The process scheme shown in Fig. 2a is the subject of 
mathematical simulation considered in this paper; the 
analytical (computational) model is presented in Fig. 3. 

The boundary conditions for analysis were formulated as 
follows: 

for the parts, which touch the deforming roller (indenter) 
(Fig. 3, ref. number 1), shifting into the tool is prohibited; 

for the parts, which touch the shaded area (Fig. 3), any 
shifts are prohibited. 

The indenters, the shape of which is shown in Fig. 4, will 
be used as the penetrating tools. 

 

Fig. 3. The analytical model of the elementary penetration act of the forming 
tool during strengthening CLL deformation: 1 – deforming roller (indenter), 2 
– single penetration contour of the deforming roller by the pitch ∆, 3 – the 
piece. 

 

Fig. 4. The shapes of the rollers (indenters), which have been used in the 
mathematical simulation of the process of the single penetration act of the 
forming tool, α=60°; 90°; 120°; 150°. 

During the treatment process, the greatest stresses and 
strains arise at the piece surface, which contacts with the 
indenter (Fig. 3, ref. number 1; Fig. 4). That is why, in order to 
obtain the most valid pattern of the stress-strain state of the 
material, the finite elements triangulation network was 
applied, which was denser in the area of contact with the tool 
(Fig. 5). In other areas of the piece, its density was lower, and 
this simplification permited to reduce the time required for the 
fulfillment of the necessary calculations without loss of quality 
of the results. 

 

Fig. 5. Finite elements triangulation network section (OO' is the line of 
symmetry for the finite elements triangulation network). 

During numerical simulation, the depths of indenters 
penetration associated with the piece thickness were 
prescribed (see the analytical model in Fig. 3): 

0.002; 0.004; 0.008; 0.012; 0.016; 0.020r  , as well as the 
shape of the indenter's body varied (see Fig. 4). The numerical 
simulation was performed using the application software 
package SHTAMP 2.0 [14-18]. 

III. RESULTS 
Based on the results of the numerical simulation, the 

software package SHTAMP 2.0 allows plotting the relative 
isolines of hydrostatic pressure (average normal stress) (see 
Figs. 6, 7): 
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,   (1) 

where σxx, σyy, σzz – primary normal stresses. 

Besides, the software package SHTAMP 2.0 allows 
determining the maximum value pr, which corresponds to the 
penetration force P and acts on the piece contact surface under 
the indenter, as well as plotting the Odkvist parameter isolines 
(Figs. 6, 7), which, in turn, helps to determine the 
strengthening depth and its gradient. 

In order to select one or another shape of the tool, one can 
compare the maximum value of Odkvist parameter q and 
relative strengthening depth hµ (the ratio of hµ to the piece 
thickness) at different penetration depths (see Figs. 8, 9). The 
data on the values of relative hydrostatic pressure are 
presented in Table 1.  
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TABLE 1.  THE VALUES OF RELATIVE HYDROSTATIC 
PRESSURE 

 

Fig. 6. Isolines of relative hydrostatic pressure pr and Odkvist parameter q at 
the relative penetration depth of ∆r = 0.02, indenter – roller with toroidal 
protrusion, see Fig. 4. 

 

Fig. 7. Isolines of relative hydrostatic pressure pr and Odkvist parameter q at 
the relative penetration depth of ∆r = 0.02, indenter – roller with cylindrical 
protrusion, see Fig. 4. 

 

Fig. 8. Maximum values of the Odkvist parameter with different penetration 
depths values and indenter shapes. 

 

 

Fig. 9. The values of relative strengthening depth at different penetration 
depths values and indenter shapes. 

IV. DISCUSSION 
From the data presented in Figs. 8 and 9, it follows that the 

rollers with the protrusion angles of 60° and 90° provide the 
greatest maximum values of the Odkvist parameter, while the 
values of strengthening depth in these cases are less than in 
case of other indenters. High q values are concentrated in the 
surface layers, which is undesirable, since if strengthening will 
be finally realized following the CLL deformation scheme, it 
will result in the early damage of the piece surface. The data 
presented in Table 1 also testify to high pr values for this type 
of tools, which correspond to higher forces exerted by the 
deforming tool and, respectively, higher energy consumption 
than in case of the other roller types. Therefore, deformation 
using such type of rollers is inexpedient and, which is more 
important, will bring to substantial damage of the surface 
during the longitudinal feed, which is used in the processes of 
the strengthening CLL deformation. While comparing the 
other considered types of the indenter shapes (see Figs. 8, 9 
and Table 1), the conclusion may be drawn that the maximum 
values of the Odkvist parameter for the rollers with cylindrical 

Indicator Data 
Relative penetration 
depth 

0.00
2 

0.00
4 

0.00
8 

0.01
2 

0.01
6 

0.02
0 

Roller with the 
protrusion angle of 60° 6.59 8.05 9.53 

10.6
5 

11.4
5 

11.8
0 

Roller with the 
protrusion angle of 90° 6.46 7.93 8.89 9.89 

10.7
4 

11.0
9 

Roller with the 
protrusion angle of 
120° 6.28 6.85 7.52 7.70 7.77 7.79 
Roller with the 
protrusion angle of 
150° 4.48 4.64 4.52 4.45 4.47 4.49 
Roller with the 
cylindrical protrusion 3.27 4.39 4.97 5.79 6.68 7.54 
Roller with the toroidal 
protrusion 4.63 4.83 5.16 5.90 6.57 7.16 
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and toroidal protrusions, as well as for the roller with the 
protrusion angle of 120°, are quite near to each other (these 
values are almost the same at ∆r = 0.016). The values of the 
relative strengthening depth for the roller with the cylindrical 
protrusion and for the roller with the protrusion angle of 150° 
are near to each other. The values of hydrostatic pressure for 
the rollers with the cylindrical and toroidal protrusions are 
near to each other, while the values of hydrostatic pressure for 
the roller with the protrusion angle of 120° are relatively large. 
The values of the relative strengthening depth at different 
penetration depths for the roller with the protrusion angle of 
120° are less than for the other considered types of indenters. 
Therefore, this shape of the deforming tool should be also 
excluded from further consideration. 

Eventually, it seems appropriate to study in more detail the 
"traditional" tools, which are rollers with cylindrical and 
toroidal protrusions, and additionally the roller with the 
protrusion angle of 150°. It should be emphasized that for the 
latter tool, the growth of the maximum value of the Odkvist 
parameter and of relative hydrostatic pressure is not observed 
with an increase in the penetration depth, while the 
strengthening depth increases almost linearly. 

Let us consider in more detail the distribution of the 
relative stresses along three axes for the selected types of 
tools: 

0 0 0

; ;yyxx zz
xr yr zr

 
  

  
  

, 

as a function of the relative penetration depth of the 
indenters. The results obtained from the mathematical 
simulation of the process, which has been realized using the 
SHTAMP 2.0 software, are presented in Table 2. From these 
results, it follows that values σxr, σyr and σzr for the toroidal 
and flat rollers grow with an increase in the penetration depth.  

For the roller with the protrusion angle of 150°, the σxr 
value is almost constant; σyr gradually increases, while σzr 
decreases. This fact explains the approximate constancy of 
hydrostatic pressure in case of roller penetration characterized 
by the protrusion angle of 150°. Thus, this shape of the 
considered tool provides hindering of the plastic yield of the 
material in a transverse direction (σzr value decreases) in case 
of an increase in the penetration depth. This is the reason why 
an increase in the strengthening depth has been observed in the 
mathematical model. 

The mentioned specific feature of the rollers with the 
protrusion angle of 150° was proved out in the study [19], in 
which the following equation was presented: 

2 11 ln
3 3

p E
tg

Y Y


  
     

   ,  (2) 

where Y – average contact pressure, 
p  – hydrostatic pressure, 

E – Young's modulus of the material, 

β – angle between the tool and the flat surface. 

TABLE 2.  DISTRIBUTION OF THE RELATIVE STRESSES ALONG 
THREE AXES AS A FUNCTION OF THE RELATIVE DEPTH OF THE 

ROLLERS PENETRATION 

r  xr  yr  zr  
roller with the protrusion angle of 150° 
0.002 5.55 3.57 4.31 
0.004 5.77 3.85 4.30 
0.008 5.71 4.05 3.81 
0.012 5.61 4.19 3.55 
0.016 5.62 4.27 3.53 
0.020 5.63 4.32 3.51 
roller with the cylindrical protrusion 

0.002 3.91 2.71 3.20 
0.004 5.24 3.58 4.36 
0.008 6.15 4.30 4.50 
0.012 7.10 4.89 5.42 
0.016 7.98 5.41 6.64 
0.020 8.62 6.48 7.51 

roller with the toroidal protrusion 
0.002 5.65 3.82 4.41 
0.004 5.88 4.12 4.50 
0.008 6.28 4.57 4.62 
0.012 6.97 5.20 5.52 
0.016 7.62 5.90 6.20 
0.020 8.19 6.52 6.77 

 

The equation (2) can be transposed as follows: 

 
2 1ln ln
3 3

E
p Y Y Y tg

Y


  
       

   . 

Let us consider the problem pertinent to the relation 
between the minimum value of average contact pressure and 
the hydrostatic pressure value. It is evident that it may be 
solved in case when the value in square brackets will 
maximally not be related to the Y value, i.e.: 

 lnY Y tg    
or 

 ln 1tg   . 

As the result of the solution of this equation, one can 
obtain β ≈ 20°. Then the apex angle of the tool will be equal to 
α ≈ 140°, which is near to the considered value of 150°. 

It should be noted that the absence of growth of the 
maximum value of the Odkvist parameter (which corresponds 
to the surface layers) for the roller with the protrusion value of 
150° and its small value in general, as compared with other 
indenters, evidences the small final strengthening gradient, 
since the hardness grows with the increase in the q parameter. 

To make the picture complete, let us consider the stresses 
distribution at a maximum calculated relative penetration 
depth of ∆r = 0.020 (Fig. 10). From this figure, it follows that 
the distribution patterns for the cylindrical roller and for the 
roller with the protrusion angle of 150° coincide with each 
other, and these patterns are similar as compared with the 
pattern for the toroidal roller. 

It is important to compare the boundary patterns for the 
zones with the compression and tension shear stresses (Fig. 
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11). It should be noted that in case of an elementary 
penetration act, the values of tension stresses do not exceed 
σ0; however, it may happen in the case of longitudinal feed 
and repeated passage of the tool. Therefore, from the data 
presented in Fig. 11, it follows that treatment with a toroidal 
roller is preferred since the zone characterized by τxy < 0 is 
small as compared with zones for other tools. 

Finally, the following recommendations on the selection of 
the indenter shapes may be given: 

- the roller with the cylindrical protrusion should be used 
in cases, when high values of the surface hardness and large 
strengthening depth are required; however, this is 
accompanied by large energy consumption, there also is the 
risk of the surface damage in consequence of the availability 
of a large zone of shear tension stresses; 

- the roller with the protrusion angle of 150° should be 
used in cases, when it is necessary to create a structure with 
the large strengthening depth and the assured small damage of 
the surface layers of the product (excessive cold-work 
hardening); however, the strengthening degree and gradient 
will be small; 

- the roller with the toroidal protrusion allows realizing 
high values of surface hardness at a relatively large 
strengthening gradient; however, the energy consumption will 
be less than in case of the cylindrical roller and the zone 
characterized by tension shear stresses will be small. 

 

Fig. 10. Isolines of the compression stresses, illustrating the boundary between 
the zones of plastic and elastic strains ∆r = 0.020. 

 

Fig. 11. Isolines τxy = 0 with ∆r = 0.020. 

V. CONCLUSION 
In this paper, numerical mathematical simulation of the 

strengthening combined local loading of the deformation zone 
in the process of penetration of indenters of different shapes 
into the piece body was considered. The simulation results 
were presented in the form of a pattern corresponding to 
Odkvist parameter change depending on the type of the tool 
and the depth (force) of its penetration into the piece body. 
Based on the analysis of numerical mathematical simulation 
data, practical recommendations were formulated pertinent to 
the selection of the indenter shape for the processes of gradient 
strengthening of machine parts in the conditions of the 
combined local loading of the deformation zone. These 
recommendations may be completely used for the processes of 
the roller burnishing and will be useful in searching for the 
optimal relations between the required depth of the 
strengthened layer and the value of surface hardness [20]. 

This paper was prepared under the project of "Engineering 
center of digital medium processes providing integrated safety 
and security: telecommunications, communication facilities 
and energy efficiency" within the tender on granting of the 
public support for the projects pertinent to the foundation and 
development of engineering centers based on higher education 
institutions, subject to the general jurisdiction of the Ministry 
of Education and Science of the Russian Federation. 
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