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Abstract. Equity risk premium is a popular area of research in the past twenty years. Economists
strive to find a model that can both explain the equity risk premium and achieve asset pricing. Long
run risk model and risk model with disaster are two mainstream model for equity risk premium. In
this paper the two model will be combined, with the assumption that the expected return rate is
correlated with consumption growth rate. In this paper the explicit solution for equity risk premium is
devised theoretically, and is then compared with existing combined model. The proposed model can
explain equity risk premium, better than the traditional long run risk model, as well as be used for
asset pricing, matching actual data.
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1. Introduction

The phenomenon of equity risk premium is first discovered by Mehra and Prescott (1985). Based
on their analysis of data in the United States from 1889 to 1978, the expected return on stock is 7.9%,
while the risk-free return on bond is merely 0.8%, with a equity risk premium of 6.98%. The puzzle
of equity risk premium is one of the most important in the field of economics and finance, and
attempting to solve the puzzle has been a critial area of study. Equity risk premium is an important
factor affecting investment portfolio as well as a determining factor of stock prices. Finding an asset
pricing model that can explain the equity risk premium with economic relationships that does not
contradict the reality becomes the focus of research of many economists.

Many research papers construct asset pricing model, to explain the equity premium puzzle, through
introducing factors such as wealth preference, habit forming, loss aversion, and supervision. Kurz
(Kurz, 1968) introduced utility function for the first time, defining it as utility gained by investors by
owning wealth in addition to consumption. It considers risks in consumption and wealth, which helps
explaining the puzzle and also significantly reduces return on long term risk-free assets. Based on
wealth preference, Bakshi and Chen (1996) constructed consumption-investment model and the
capital asset pricing model (CAPM). Constantinides (Constantinides, 1990) introduced habit forming
into the investment-consumption model and explained the risk premium puzzle through optimization
theory. Carroll (Carroll, 2000) studied the effect of habit forming on asset pricing. Adding the factor
of habit forming primarily changed the construction of the utility function. The two main models are
long run risk model (Bansal and Yaron, 2004) and rare disaster risk model (Barros, 2006). Long run
risk model assumes that investors care about expected long term growth and uncertainty of economy,
and the interaction of the two drives the risk purturbation in asset pricing. Therefore Bansal and Yaron
believe that there exists a small long term factor in consumption and return rate, and a hit in expected
growth rate will not only affect expected economy growth in short term, but also in long term. Bansal
and Yaron further stated that the time variance in expected risk premium is cansed by change in
economic uncertainty. By adding time variant volatility in consumption to simulate the uncertainty,
they proved that increasing time variance can explain not only the equity risk premium, but also the
volatility in the return on stock market and price to earnings (P/E) ratio. Barro held a different opinion
from others. He introduced disaster into the Markov process of economic growth to explain the puzzle
of high equity risk premium. Based on many major economic crises in many countries, Barros found
proof for the existence of disaster and demonstrated that disaster status can explain high equity risk
premium through theoretic model. After the long run risk model and rare disaster risk model were
proposed, many scholars studied improved and extended models. Bansal, Dittmar, and Lundblad
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(2005) considered cross-section risk using cointegration to simulate the relation between
consumption and stock return. They added rare disaster to the long run risk model in 2010, reducing
small discrete change and increasing small discrete total volatility, and normalized small discrete
change in macroscopic level, causing large change of asset prices and subsequently economic crisis
in the long run risk model. Different from Bansal, Kiku, and Yaron (2010), the jump distribution they
used were gamma distribution rathen than exponential distribution.

But would it be more effective, in terms of explaining the equity risk premium, to introduce
disaster risk into the long run risk model, and what is the mechanism? In this paper, based on the
factor of disaster risk, a more effective long run risky capital asset pricing model is proposed. The
second part of this paper is related works. The third part explains the models used in detail. The fourth
part is dataset and the sources. The fifth part is result and conclusion, and the last part is future work.

2. Related Work

For the investment preference function in the long run risk model, the risk aversion coefficient and
the separable utility function of intertemporal elasticity of substitution, proposed by Epstein and Zin
(1989), are used to obtain the intertemoral marginal rate of substitution m;,;:

0
M.y = 0logd — ;gt+1 + (6 — 1)ra,t+1 (1)

Je+1 18 the continuous consumption growth rate, 7, .44 1s the continuous asset growth rate based
on total consumption. Bansal and Yaron indicated the dynamic model of consumption and stock
growth rate, and simulated the fluctuating economic uncertainty through the time variace of
consumption growth:

Xt+1 = PXt + PeOteriq (2)

Jer1 = W+ X + 0i4q 3)
0t = 0% +v1(0f — 0%) + 0, Wpeq 4)
Jarr1 = Ha + dxXe + Qq0elriq (%)
et+1 M+t Wt Herr € N(0,1) (0)

Jac+1 1s the stock growth rate,02,; is the variance of consumption growth rate, x; is a sustained
measureable part contained in consumption and stock growth rates. Thus the equity risk premium
from economy can be obtained:

Et (rm,t+1 - rf,t) = IBm,n/lm,no-t2 + ﬁm,e’1m,eo-(32 + Bm,a)lm,wo-az) - O-Svart(rm,t+1) (7)

Pmn 1s short term risk exposure, f,,. is long term risk exposure, B, 1is asset volatility risk
exposure. Therefore, long run risk model is composed of short run risk premium, long run risk
premium, and volatility of economy risk premium. The disaster risk factor, introduced into long run
risk model, contains three types: dissipating impact (i.i.d. normal distributions), V type jump impact
(drastic contraction in output without default), W-type jump impact (drastic contraction in output
with default). In this paper mostly focuses on V-type jump impact, v;,,, which depicts downward
jump of GDP with low probability, satisfying:

_ 0, with probablity e P
th1 ™ {log(l — b), with probablity 1 — e~ (8)
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b is ani.i.d. variable with probability density funciton having the same occurrence and magnitude
as economic contractions.

3. The Model

The first method, proposed by Bansal, Kiku and Yaron (2010), is adding disaster impact to the
periodical part of normalized long run risk model. However, even 10% economic contraction in every
five years has little impact on the equity premium. Therefore, in this paper the long term expected
growth rate is reduced mainly in small discrete fluctuations; they also increase total volatility. More
precisely, negative jumps are added to the expected return rate, and small positive jumps are added
to consumption volatility rate. Traditionally, it is assumed that expected growth rate and consumption
volatility rate are mutually independent. However, in actual risk premium, they are not mutually
independent. To better simulate the reality in this paper, it is assumed that consumption volatility rate
is a jump function of expected growth rate. Therefore, long run risk model with disaster can be
expressed as the following:

Gt+1 = W+ Xt + ONerq 9)

Xt41 = PXt T QPeOtlrin + Vs (10)

0t = 02 +v,1(0f — 0%) + 04,wes1 + f (Vey1) (11)
Jatr1 = Ha + @Xe + QaOtle1 + TaOelesq (12)

Ji+1 1s consumption growth rate. x; is the continuously changing part of consumption and stock
growth rate. o2 is the conditional expectation of the variance of consumption, and the unconditional
expectation is 2. Stock return and consumption is not completely correlated, but sharing the same
continuously measurable part x,, satisfying the function f(v;,,). The five impact terms
W1, €41 Ke+1, Ne+1, Ves1 are mutually independent. v, 4 has the following distribution:

_ { 0, with probablity 1 — b 13
Ver1 = —@plog(1 — b), with probablity b (13)

The random variable represent the magnitude of disaster risk, ¢;, is the coefficient of the
magnitude of disaster risk. Assume the logarithm of price-consumption ratio z; = log (%) is a linear
t

function of the mean and variance of consumption growth rate:

Zt = AO + Alxt + Azo-tz (14)
Similarly, the logarithm of price-divident ratio z,,, = log <%) is a inear function of the mean
m,t
and variance of stock return rate:
Zmt = Ao,m + Al,mxt + Az,mvar(f(vt+1)) (15)

Var( f (vt+1)) repersents the variance of stock return rate, which is a funcition of consumption
growth rate: f(v.,,). Based on the standard estimation method, proposed by Campbell and Shiller
(1988), regarding the logarithm relation of the return on consumer ownership, consumption growth
rate, and price-consumption ratio, it can be obtained that:

Tat+1 = Ko T K1Z¢41 — Z¢ + Je41 (16)
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Tme+1 = Kom T KimZmit+1 — Zme T Gd,t+1 (17)

Ko and k; rely on the mean price-cosumption ratio. The Endogenous solution of Z; and z;;
can be obtained through the following equations:

Z = AO(E/L') + Az(f/t)gz (18)

Zmt = AO,m(Z\rrT,t) + Az,m(z?n/,t)var(f(vt+1)) (19)

In application, f(v;y1) can be expressed as a high degree polynomial of v;,4.
Then the disturbance term of market return rate can be obtained:

Tmt+1 — Et(rm,t+1) = TqO0the1 T PaOtles1 + Pmetlirr + Bmw0w®es1
(20)
+Bm,hht+1 + ﬁm,kkt+1

ﬁm,e = Kl,mAl,m VaT(f(Ut+1)), and ﬁm,w = ﬁm,k = Kl,mAZ,m' ﬁm,h = Kl,mAl,m- Assuming that
stock return and consumption growth rate are related in the following way: f(v¢41) = V¢412, then
the equity premium is:

Et(rm,t+1 - 7"f,t) = Anndo-tz + Bm,e)leo-(ez + Bm,wﬂ'mo-c% + .Bm,h/’lhvar(vt+1) + (/’lh.Bm,k +
AcBmn) = (Ec(esr®) = Ec(0es ) Ec(0e412)) + AeBrmnVar Wepq?) + 0.5Var (ry, r41) (21)

Therefore, the disaster risk affects the equity premium through mean, variance, skewness, and
kurtoisis. Moreover, the larger the volatility of disaster is the higher the equity risk preium is, so the
effect of disaster risk on equity premium is proven in theory.

4. Data Set

All data of domestic production and consumption is from the US Bureau of Economic Analysis,
from 1930 to 2008. Only risky assets and riskless assets are included. The return rate on risky assets
is from bond prices research center, and the return rate on riskless assets is based on regression result
using nominal interest rate and annual inflation rate. In this paper the result is mainly compared with
the result obtained by Bansal, Kiku, and Yaron (2012). The parameters of preference, consumption,
and stock return are the same. The effect of different function relation between stock return rate and
consumption rate on the equity risk premium is shown. In the paper by Bansal, Kiku, and Yaron
(2012), both consumption growth rate and stock return rate are 0.0015, and the actual annual growth
rate is 1.8%. After introducing the disastr impact with nonzero mean, the consumption growth rate is
adjusted to 0.0018. Stock return rate is a function of consumption growth rate. In this paper two
functions are chosen. One is mutually independent, referring to Bansal, Kiku, and Yaron (2012),
where both consumption growth rate and stock return rate are 0.0015. Another one is f(v;41) =
0.5v;,1°. When the consumption growth rate is adjusted to 0.0018, to match the actual data the stock
retur rate can be hanged to 0.0024. Since the disaster risk in the U.S. stock market is low, so ¢}, is
0.1789, matching the actual magnitude of disaster. The probability of disaster p can be determined
using total occurrences divided by number of months. Based on Barro and Jin (2011), the probability
of disaster in the previous year is 0.38, and the monthly probability is 0.0032.
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Table 1. Parameters of the Proposed Model

8 Y Y
Preference
0.9989 10 1.5
. H 8p Pe o 41 Ow
Consumption
0.0018 0.975 0.038 0.0072 0.999 0.0000028
[z ¢ ¢ n
Stock growth rate ¢ ¢ ¢
0.0024 2.5 5.96 2.6
Pp p

Disaster risk

0.1789 0.0032

5. Result

Table 2 shows that the model implies the moments of consumption growth rate and stock return
rate. From the comparison data it is apparent that after introducing risk factors the long run risk model
matches the Bansal, Kiku, and Yaron model well in terms of mean, vairance, 1st, 3rd, 4th, and 5th
moments. However, the autocorrelation coefficient of 2nd moment is not in the implied range of the
model, but is in that of the Bansal, Kiku, and Yaron (2012) model. Therefore, from the dynamics of
consumptio growth rate and stock return rate, the two models mostly coincides with actual data, and
there are no significant differences.

Table 2 shows the unconditional moment stock return rate, price-divident ratio, and risk-free rate.
From the data it is apparent that the volatility of risk-free rate is not in the implied confidence interval
of the model. On the other hand, in the Bansa, Kiku, and Yaron (2012) model, the mean price-divident
ratio, variance, and first order coefficients cannot match with actual data, either. In actual data, the
price-divident ratio is 3.36, larger than 3.29 (95%) and 3.32 (97.5%); the variane is 0.45, larger than
0.28 (95%) and 0.3(97.5%). The first order autocorrelation coefficient of price-divident ratio is 0.87,
larger than 0.82 (97.5%). In terms of volatility of risk-free rate, the upper bound of interval 2.12 is
closer than 1.59 of Bansal, Kiku, Yaron model (2012) to the actual value 2.86, so this paper better
reflects the actual historical risk-free rate.

Although the model proposed in this paper, long run ris model with risk factors introduced, can
explain the equity risk premium puzzle, it must be evaluated in terms of predictability of consumption
and stock return. To compare with Bansal, Kiku, and Yaron (2012), the data set and time period used
are the same, so the number of statistics are also the same. On the aspect of predictability, the method
used is similar to Bansal, Kiku, and Yaron (2012): using vector autoregression (VAR) to match
estimates and evaluate the predictability of growth rate. Table 3 lists consumption growth rate and
predictability based on VAR. It is evident that the first-order VAR model of consumption growth rate,
price-divident ratio, and risk-free rate implies that consumption growth rate is predictable. Comparing
to the multivariate regression model of Bansal, Kiku, and Yaron (2012), the predictability in this
paper reduces from 21% of 1 year to 12% of 5 years, while that in the Bansal, Kiku, and Yaron model
increases from 27% to 31%. Therefore, in terms of predictability, the model in this paper matches the
acutal data better.
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Table 2. Comparision with BKY(2012)

M t Data Bansal, Kiku, and Yaron (2012) The Proposed Model
omen Estimate | Median | 2.5% | 5.0% | 95% | 97.5% | Pop | Median | 2.5% | 5.0% | 95% | 97.5% | Pop
E[Ag] 1.93 1.80 072 | 092 | 273 | 2.93 1.79 1.82 0.13 | 042 | 291 3.15 1.76
a(Ag) 2.16 2.47 152 | 1.64 | 360 | 384 | 283 3.04 165 | 183 | 481 | 520 | 3.87
AC1(Ag) 0.45 0.39 0.15 | 019 | 057 | 060 | 045 0.42 0.18 | 021 | 061 | 062 | 045
AC2(Ag) 0.16 0.15 -0.13 | -0.10 | 037 | 041 0.19 0.22 -0.06 | -0.03 | 038 | 042 | 021
AC3(Ag) -0.10 0.09 -0.17 | -0.13 | 031 | 035 | 0.15 0.11 -0.12 | -0.09 | 032 | 038 | 0.16
AC4(Ag) -0.24 0.05 021 | -0.17 | 028 | 032 | 0.10 0.09 023 | -0.18 | 032 | 031 | 0.15
AC5(Ag) -0.02 0.03 2023 | -0.19 | 024 | 028 | 0.08 0.05 -0.17 | -0.18 | 024 | 035 | 0.08
E[Ag4] 1.15 184 | 279 | -1.96 | 5.64 | 652 145 1.82 439 | -323 | 640 | 7.01 1.54
a(Agq) 11.05 14.11 853 | 9.19 | 20.02 | 21.15 | 1583 | 1588 | 874 | 9.57 | 2324 | 2453 | 189
AC1(Agy) 0.21 0.27 0.03 | 007 | 045 | 048 | 027 0.26 0.05 | 0.06 | 045 | 048 | 029
Corr(Agq, Ag) 0.55 0.46 022 | 026 | 062 | 065 | 046 0.48 023 | 027 | 063 | 066 | 047
E[R] 7.66 8.12 359 | 438 | 13.62 | 14.96 | 8.75 7.21 1.89 | 268 | 11.31 | 1341 | 7.68
a(R) 20.28 2044 | 1245 | 13.62 | 30.15 | 31.90 | 23.37 | 2145 | 12.89 | 13.99 | 33.87 | 36.21 | 25.69
Elp — g4] 3.36 3.14 279 | 2.85 | 329 | 332 | 3.07 3.13 262 | 279 | 339 | 3.62 | 3.01
a(P—gq) 0.45 0.18 0.11 | 011 | 028 | 030 | 026 0.23 0.13 | 0.14 | 038 | 041 0.37
AC1(p — gq) 0.87 0.62 033 | 038 | 079 | 082 | 0.79 0.66 036 | 042 | 083 | 084 | 081
E[R] 0.57 1.24 0.10 | 031 | 1.78 1.86 | 1.05 1.03 -0.85 | -041 | 1.80 | 191 | 087
a(R") 2.86 0.94 054 | 059 | 146 | 1.59 1.22 121 063 | 065 | 192 | 223 | 212
Table 3. VAR-implied predictability of consumption growth
Data Bansal, Kiku, and Yaron (2012) The Proposed Model
Estimate | Median | 2.5% | 5.0% | 95% | 97.5% | Pop | Median | 2.5% | 5.0% | 95% | 97.5% | Pop
1
0.23 0.32 0.10 | 0.13 | 0.50 | 0.54 | 0.27 0.27 0.12 | 0.15 | 0.49 | 0.60 | 0.21
year
2
0.17 0.34 0.10 | 0.13 | 0.57 | 0.61 | 0.30 | 0.30 0.11 | 0.15 | 0.61 | 0.64 | 0.15
years
5
0.15 0.31 0.08 | 0.12 | 0.55 | 0.60 | 0.31 0.35 0.13 | 0.17 | 0.51 | 048 | 0.12
years
10
0.13 0.21 0.05 | 0.07 | 045 | 0.50 | 0.27 0.19 0.11 | 0.10 | 0.59 | 049 | 0.11
years
15
0.11 0.15 0.03 | 0.05 | 035 | 041 |0.22 0.18 0.08 | 0.10 | 043 | 0.39 | 0.14
years
20
0.09 0.11 0.02 | 0.04 | 0.28 | 0.33 | 0.17 0.15 0.08 | 0.05 | 0.22 | 0.34 | 0.13
years

6. Future Work

In this paper, the Long run risk model and risk model with disaster are combined, and the explicit
solution for equity risk premium is devised theoretically. The proposed model can explain equity risk
premium, better than the traditional long run risk model. But when analyzing the correlation of stock
return and consumption, we assumed that they follow the relationship of second order function, which
is not in line with the actual situation. Thus, we need further analysis of the correlation between stock
return and consumption through real-world data to obtain a more accurate assessment model. And we
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will continue to study the fusion structure of the long-term risk model, the catastrophic risk model
and the habit formation model to build an integrated analysis model.
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