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Abstract. The multi-dimensional Esscher transform was used to find a locally equivalent martingale 
measure to price the options based on multi-asset. An integro-differential equation was driven for the 
prices of multi-asset options. The numerical method based on the Fourier transform was used to 
calculate some special multi-asset options in exponential Lévy models. As an example we give the 
calculation of extreme options. 

Introduction 

Lévy processes have been long used in mathematical finance to characterize stock-price model, 
the most famous model is Brownian motion. Black and Scholes derive an analytical expression of the 
European options based on the geometric Brownian motion, this model is well-known as 
Black-Scholes model. Recent years more generalized Lévy processes with jumps which can better fit 
the stock-price model have been introduced in financial models[1]. However, Lévy processes are 
jump processes which make the market incomplete, and there are many choices of equivalent 
martingale measure for risk-neutral derivative securities in exponential Lévy model[2]. One 
mathematically tractable choice is the so-called Esscher transform which was introduced to 
mathematical finance by Shiu[3] and Madan[4]. Raible[5] use this approach to price options in 
Generalized Hyperbolic Lévy model in one-dimensional situation. In the delight of the Esscher 
transform of one dimensional Lévy processes used by Raible to price options in Lévy model, we 
introduce Esscher transform of multi-dimensional Lévy processes to find the equivalent martingale 
measure. Under the equivalent martingale measure, we derive an integro-differential equation for the 
prices of multi-asset options. Moreover, we use the Fourier transform to get a numerical method to 
calculation some special multi-asset options in exponential Lévy models, as an example we give the 
calculation of extreme options.  

Market Model 

We consider a financial market model introduced in [6] consisting of a risk-less bond and several 
risky stocks which follow exponential Lévy processes. Assume that the market is no-arbitrage and 
has no transaction costs, and the stocks prices denoted by 0( ( ))i tS t ≥  satisfy the following equations: 

1

( ) (0)exp( ( )), 1, 2,
n

i i ij j
j

S t S rt L t i nσ
=

= + =                                                                                   (1) 

Where r is the risk-less interest rate, and 0 1 0( ( )) ( ( ), , ( ))T
t n tL t L t L t≥ ≥=  is an n-dimensional Lévy 

process. We assume 1, , nL L to be mutually independent, i.e.  1, , nL L  are all one-dimensional 

Lévy process and the probability that two component have one jump at the same time is zero[7]. 
( )ijσ σ=  is an invertible matrix. Since the assets are on the same market, we use the linear 

combination of the same Lévy processes to show the dependence relation. This model is the 
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generalization of the classical multi-asset Black-scholes model[8]. We denote the moment generating 
function of (1)L  by ( ) (exp , ( ) )mgf u E u L t= , 1( , , )T n

nu u u R= ∈ , where naturally by the property 

of independent stationary increments of L we get ( ) (exp , ( ) )tmgf u E u L t=   . 

Esscher Transform 

Risk-less martingale measure is the basis of pricing derivatives under the condition that the market 
is no-arbitrage. In the classical Black-scholes model the martingale conditions can uniquely 
determine the equivalent martingale measure to price options. However, if we introduces the general 
Lévy processes with jumps into the model, the martingale measure is not uniquely determined by 
only one condition measure[1]. There are many methods to find equivalent martingale measure. We 
introduce Esscher transform of multi-dimensional Lévy processes to find the equivalent martingale 
measure to price multi-assets options. First we give the definition of Esscher transform of 
multi-dimensional Lévy process. 

Definition. Let L be a Lévy process on nR defined on the filtered probability space 

0( , ( ) , , )n
t tF P R≥Ω , we call Esscher transform any change P to a locally equivalent measure Q with a 

density process 
tt F

dQ
Z

dP
= of the expression: 

exp , ( )

( )t t

L t
Z

mgf

θ
θ

 =                                                                                                                             (2) 

where 1( , , )T n
n Rθ θ θ= ∈ with ( ) (exp , (1) )mgf E Lθ θ=   < ∞ . 

Proposition. Eq.2 define a density proces for all 1( , , )T n
n Rθ θ θ= ∈ with 

( ) (exp , (1) )mgf E Lθ θ=   < ∞ . L is a n-dimensional Lévy process under the new measure Q  . 
Particularly, an n-dimensional Lévy process with independent component is again a Lévy process 
with independent components under the new measure Q . 

Next we give the following assumption:  
Assumption (1). The process L is non-degenerate Lévy process and possesses moment generating 

function : (exp , (1) )mgf u E u L→   on interval 
1

( , )
n

i i
i

a b
=

∏ ,with 
1
max ,i i ij

i n
b a σ

≤ ≤
− ≥  for 1,2, ,i n=  . 

Assumption (2). There exists a real vector 1( , , )T
nθ θ θ=  with ( , )i i ia bθ ∈ , 1, 2, ,i n=  described 

in assumption (1) such that: ( ) ( )imgf mgfθ θ σ= + , where 1( , , )T
i i inσ σ σ=  , 1, 2, ,i n=  . 

Theorem 1. Assume the stock prices processes are given by Eq.1 and assumption (1) (2) satisfied. 
The basic probability P is locally equivalent to a measure Q such that the discounted prices of any 

stock 
1

exp( ) ( ) (0)exp( ( ))
n

i i ij j
j

rt S t S L tσ
=

− =   is a Q martingale for 1, 2, ,i n=  . A density process 

leading to such a martingale measure Q  is given by the Esscher transform density: 

exp , ( )

( )t t

L t
Z

mgf

θ
θ

 =                                                                                                                             (3) 

Where, θ  satisfies: ( ) ( ), 1, 2, ,imgf mgf i nθ θ σ= + =                                                                                         

Multi-assets Option Pricing by Esscher Transform 

The locally absolutely continuous measure transformation is important in mathematical finance 
which changes the underlying probability to risk-neutral measure. Under the risk-neutral measure all 
enterable discounted price processes are assumed to be martingales. Therefore such a measure is 
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called martingale measure. By virtue of this assumption, prices of certain claims whose payoff at the 
strike date T  are known as functions of the underlying assets can be calculated for all the time t T≤  
by just taking the conditional expectation. For example, a European multi-asset option whose payoff 
at the strike date T  is a function of the underlying assets 1 2, , , nS S S , that 

is 1 2( ( ), ( ), , ( ))T nV S T S T S Tω=  , by the martingale assumption, is a martingale, that is 

( )rt rT
t Q T te V E e V F− −=  for all t T≤ , then we can get the price of this option at time 0 t T≤ ≤ : 

( ) ( )
1 2( ) ( ( ( ), ( ), , ( )) )Q Qr T t r T t

t T t n tV E e V F e E S T S T S T Fω− − − −= =                                                     (4) 

Especially, the price of this option at the initial time is: 

1 2( ) ( ( ( ), ( ), , ( )))Q rT rT Q
T nV E e V e E S T S T S Tω− −= =                                                                       (5) 

From the property of independent and stationary increments of the Lévy process, we get: 

1

1 1

( ) ( ) )( )
1 ( ) ( ), , ( ) ( )( ( , , ( ) )T t n T t

n n

r T t L r T t Lr T t Q
t n y t S t y t S tV e E y e y t eσ σω − −− + − +− −

= ==                                                   (6) 

So the price of the option is a function of the present prices of underlying assets, that is, it is only 
dependent on the time t and the present prices of underlying assets. Then we can 
denote 1 2( ( ), ( ), , ( ), )t nV g S t S t S t t=  , with 

1( ) ( ) )( )
1 1( , , , ) ( ( , , ( ) )T t n T tr T t L r T t Lr T t Q

n ng y y t e E y e y t eσ σω − −− + − +− −=                                                   (7) 

Let ( )( ) log ( ),r T t
i iX t e S t−= 1,2, ,i n=  , then we get:  

1 1

1 1

1

( ) )( )
( ) ( ), , ( ) ( )

( ( ), , ( ), )

( ( , , )T t n n T t

n n

t n

x L x t Lr T t
Q x t X t x t X t

V f X t X t t

e E e eσ σω − −+ +− −
= =

=

= 




                                                             (8) 

Then we can derive an integro-differential equation of the multi-asset option prices: 
Theorem 2. Assume that the function defined by Eq.8 is twice continuously differentiable with 

respect to ix  and is once continuously differentiable with respect to t, the support of iL  is R, 

then 1( , , , )nf x x t  satisfies the following equation: 

1 1 1
, 1

1 1 1
, , 1 1 1

1 1 1
, 1

( , , , ) ( , , , ) ( , , , )

1
( , , , ) { ( , , , )

2

( , , , ) ( , , , )} ( , , ) 0

n

n

n t n ij j i n
i j

n n n

ik jk k i j n j j n nj j
i j k j jR

n
L

n ij j i n n
i j

rf x x t f x x t b f x x t

c f x x t f x y x y t

f x x t y f x x t dy dy

σ

σ σ σ σ

σ ν

=

= = =

=

− + ∂ + ∂ +

∂ ∂ + + +

− − ∂ =



  



  

 

  

                                  (9) 

where 1( , , )T n
nb b b R= ∈ , 1( , , )nc diag c c=   with 0ic ≥  , Lν is the Lévy measure of L under the 

measure Q  , ( , , )b c ν is the Lévy-Khintchine generating triplet of L under the measureQ . 
From Theorem 2 we can derive an integro-differential equation of the multi-asset option prices, 

now we give a convenient numerical method to calculate some special multi-asset option. Use 
Laplace transform of multi-variable functions we have the following theorem and give a convenient 
method to calculate some special multi-asset option:  

Let ln( (0) ),rT
i iS eζ = − T

i iX Lσ= − , 1, 2, ,i n=  , then terminal payoff of a given multi-asset 

option is: 

1 1 ( )( )
1 2( ( ), ( ), , ( )) ( , , ) ( ( ))n nX TX T

T nV S T S T S T e e v X Tζζω ω ζ−−= = −                                        (10) 
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Theorem 3. Given a multi-asset option with terminal payoff 1 2( ( ), ( ), , ( ))nS T S T S Tω  , let 

1( ) ( , , )nxxv x e eω −−=  , 1( , , )T n
nx x x R= ∈ , ( )

TR xx e v x−→  is bounded and integral for 

some 1( , , )T n
nR R R R= ∈ such that the moment generating function of TX  exist . 

Then the price of this option at time 0 is:  

, ,1
( ) [ ]( ) [ ]( )

(2 )
R rT i u

n
V e e L v R iu L R iu duξ ξξ ρ

π
−∞ +∞ −  

−∞ −∞
= + +                                                     (11) 

where [ ]( )L R iuρ + = ( )iR uκ − , ( ) ( ) / ( )Tz mgf z mgfκ σ θ θ= + ,and the integral exists as the 

limit
1 1

1 11

,
1lim lim [ ]( ) [ ]( )

n

M M i u
nM MM M

e L v R iu L R iu du duξ ρ 

− −→∞ →∞
+ +    . 

Summary 

With the model and method introduced in this paper, we can calculate the price of multi-asset 
options which follow exponential Lévy processes.Use theorem 3, we can calculate some special 
multi-asset option numerically. For example, we consider the pricing of options on the extreme of 
several risky assets. The European put and call options on the extreme of several risky assets are 
applicable in a wide variety of contingent claims in corporate finance and bond pricing model. The 
terminal payoff of the European put and call options on the minimum and maximum of several risky 
assets 1, nS S  are respectively: max 1(max( , ) )nC S S K += − , min 1(min( , ) )nC S S K += − , where 

( ) max( ,0)x x+ = . 
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