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Abstract. In this paper, by applying the fountain theorems, we study the existence of infinitely many
high energy solutions for the nonlinear kirchhoff nonlocal equations under the
Ambrosetti-Rabinowitz type growth conditions or no Ambrosetti-Rabinowitz type growth conditions,
infinitely many high energy solutions are obtained.

Introduction and Main Results

Recently, many authors studied Kirchhoff type problems, some important and interesting results can be
found in [1-8]. In this paper, we study the following Kirchhoff-type problems
2
-(a+ bIQ|Vu| dX)Au+q(x)u= f(x,u), inQ,
u=0, on 0Q,

Where Q is a smooth bounded domain in R"(N=1,20r3), ab>0, and f:QxR—R is
continuous function.

)

Set F(x,Uu) :I: f (x,s)ds, Then a weak solution of problem (1) is a critical point of the following
functional :
<I>(u)=EJ‘ |Vu|2dx+E(J‘ |Vu|2dx)2+lj‘ q(x)uzdx—J' F (x, u)dx
2Ja 4 e 2Ja Q ' '
In order to establish multiple solutions for problem (1), we make the following assumptions:
(L) QcR" isboundand openand, e L”(Q) and q(X) >0 ae.in Q.
2n/n-2 n>3

(L) fe C(ﬁx R,R) and for some 4< p<2 =
Foo n=12,

suchthat |f (x,u)|<C(1+

Ul
(L,) ‘Iu‘im(f(x,u)u/|u|4):+oo.
(L,) Thereexists u>4, R>0,suchthat |u|=R= 0< uF(xu)<uf(xu).
(L',) There is ¢. 20,0 2L, H(x,t) <OH(X,S)+C..for al O<t<s, V xe Q, where H(X,u) =
uf (x,u) —4F (x,u)
(Ly) f(x,—u)=—f(xu).
Before stating our main results, we first introduce some preliminary nations. Let E be aBanach space with

the norm

- k o
and E=® X, with diij<oo for any jen .Set Y, =@ X;; Zk:@ka and
j=

jeN je0
B ={ueY, :|u/|<p} N, ={ue Y, :|u| <} for p, >y >0.

e theoreml ([1] Fountain theorem). Let¢e C'(E,R) be a even functional. If for everyke N, there exist
P > 7 >0. suchthat
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(A) a = max (p(u)<0 (A) bK— inf @(u) 5> oo,k —>00; (A) ¢ satisfies the (C),

ue Y ul=p Zk Jul=7c

condition for every c > 0 ,then ¢ has an unbounded sequence of critical values.
Definition 1 Let ® e C'(E,R) ,we say that ® satisfies the cerami condition at the level ce R,if any
sequence {u,} X .along with

®(u,) - ¢ and (1+]|u,[)®'(u,) -0, as n— .
possesses a convergent subsequence; @ satisfiesthe (C) condition if @ satisfies (C), forall ce R.

1
In this paper, we consider E = H (€2) endowed with the norm ||u|_ = (J-Q|Vu|2dx+ IQ q(x)u?dx)2.

1
L" (L) denotes the usual Lebesgue space with the norm |u|p = (IQ|u|pdx) P.Since Q is a bounded

domain, it is well known that E = L(Q) continuously for pe[1,2],and compactly for pe[12].
Hencefor pe[1,2], thereexists y, such that |u|p < 7/p||u||E Yue E.

The main results of this paper are the following:
Theorem 2 Suppose that (L,)(L,)(L,)(Ls) hold, Then problem (1) has a sequence of solutions {u, } such

that ®(U ) — oo, as N — oo,
Theorem 3 Suppose that (L) —(L;)(L",)(Ls) hold, Then problem (1) has a sequence of solutions {u, }
such that ®(U,) — oo, as N — oo,

Proofs of Theorems

Proof of Theorem 2 (i) Let {u,} < E bea (C), sequenceof ®(u). Thenfor n large enough, we have

C(1+||un||)Zd)(un)—i@'(un)un —a(———)j [Vu, [ dx b(———)(f [Vu, | dx)?
+(%_%)J-Q q(x)unzdx—J'Q F (X un)dx+ifQ f(x,u,)u,dx.

zmin{a,]}(l—l)||u||§+i[j —,uF(x,un)dx+J‘ f (x,u,)u,0x].
2 Iu Iu Q Q
we obtain from (L,) that
j [—uF (x,u )+ f(x,u, )u, ]dx>J' [=4F (x,u,)+ £ (x.u,)u,dx > ~C,.

wehave C(L+|u,[) = min{a,1} (E__) ||un||E -C,.
u
which is course implies that {u,} is bounded. We have u, — u in Hy(Q),u, —u in L"(Q). Then

Theorem A.2" (willem 1996) implies that f (x,u,) — f(x,u)in L°(Q),q= p/ p—1.we next prove that
{u,} hasaconvergent subsequence obverse that

(®'(u,)—@'(u),u, —uy= aIQ|V(un - u)|2dx+ ij|Vun|2dijVunV(un —u)dx+ ij|Vu|2de2VuV(un —u)dx
+b_|‘Q|Vu|2dijVuV(u—un)dx+jQ q(x)|u, —u|2dx—jg(f (x,u)— f(x,u))(u, —u)dx
>mir{a, 1} |u, - u||i + bJ'Q (|Vun|2 —|Vu|2)dx.|‘QVuV(un —u)dx
- Ig(f (x,u,)— f (x,u))(u, —u)dx

using the boundedness of {u .} and u, — u in H (), one has
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b jg (Vu,[ —|Vu|2)dijVuV(un —Uu)dx — 0, as N — o.
It follows from the HOld inequality that
Ig(f (x,u,) = f (xu))(u, —wdx<| f(x,u,) - f (x,u)|q |u, —u|p .as N—> oo,

Thus we deduce that |u, —u]_ — 0 as n— e .Hence ® stisfiesthe (C), condition for every ¢> 0.
(ii) By (L,) we have F(x,u) = C(u" -1).

a 2 b 2 1
oU)=- jQ|Vu| dx+ jQ|Vu| dx)? +3 jQ q(x)udx— jQ F (x,u)dx
b 1
< %IQ|VU|2dx+Z(jQ|Vu|2dx)2 +§-[9 q(x)uzdx—CIQ|u|”dx+.|‘Q Cdx

2 b 2 u
< max{a,1} |ul_ +Z”u”E —Cj9|u| dx+CQ.
Since on the finite-dimensional space Y, al norms are equivalent, there for (A) is satisfied for every
P, > 0 large enough.
(iii) We next verify condition (A)) ,To this end,from(L,) ,we have |F (x,u)| < C,(1+]u]").

Define B, = max |u|°. sothaton Z,, we have

ueZ Jul=1

b 1
d(u) = %jQ|Vu|2dx+Z (.|‘Q|Vu|2dx)2 + E-[Q q(x)u’dx— _[Q F (x, u)dx

1 . 1 .
> Lnin(a g -G, ~C, > Sminta 3 Juf: -G8 Jlf C.

1
Take %, = (C,pB7 /min{a,3 /2)>®, since f, — 0,k — o. weobtain forue Z, , with |u]_ =r,.

2

d(u) 2%min{a,]}(Clp,ka/«/min{a,]} / 2)pr —C, >0, ask—oo.

So condition (A,) isproved. Now all conditions of Theorem 1 hold. Therefore, problem(1) has a sequence
of solutions {u,} , ®(U,) — o, as N — oo,

Proof of Theorem 3 (i) We verify ® satisfies (C), for al ce R, such that

®(u,) - ¢ and (1+]|u,[)®'(u,) >0, as n— . 2

we first show that {u,} isbound, which is our main propose. Indeed, suppose that||u, [|_ — o=,

setting v, = U, /|u, | .then ||v,,||. =1, so we can suppose that

V,—Vin HJ(Q),v. > Vin L’(Q), v, >V ae xe Q.

Next we consider the two possible cases:(1) v 0, (2)v=0.

In case (1), we have o(1) =(®'(u,),u,) ,
J.Q (f(x un)un/||un||;)dx < max{ a,]}/||un||z +b-0(1) £ C < +oo. ©)

Ontheother hand,ontheset > ={xe Q|v(x) #0}. f(x, un)un/||un||; = (f(%U,)u, /u“WV,* — +oo, &s
n— oo,

by (L,) foranyM >0, thereexistC, >0, suchthat f(x,u )>M |u|3—Cl, for ae xe Q ,and ne N.

lim [ £ Oouu,/Jlule dx=lim [ (f (oup)u, /u,fv, oz im(M [ v, fdx=(C/Ju, R |, vodk=M [ vialx

Since mY. >0, weinfer that IimJ.Q (f(x Un)Un/”Un”:; dX) — co, as N — co.which contradictsto (3).
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In case (2,we can define @(tnun):[r[loaﬁd)(tun), For any give R>0, define
Vo =R(U, /|u,].) =Rv,, from(L,) we have
IQF(X,Vn)SCIQ

D(tu,) zg [ [V

- - P
Vn va| dx— 0. as n — oo,

dx+CIQ

2dx+g( [ [vv dx)? +% [| aG9vaax— | F(xvn)ax

Z%mi n{a,3} [Va “dx)? —IQ F(x,Va)dx 2 CR.

b —
Z+Z(UVW

which means that [im ®(t,u, ) = e. By the definition of t, we see that o(1) =(®'(u,),u, ) consequently,

By(L",) .wehave
0o ¢ 4D(t,u,) — (D@ (t,u,),t,u,) = an|V(tnun)|2dx+ [ 09, dx+ [ [ (6 tu,)tu, —4F (xt,u,)]dx

2
< a'[Q|Vun| dx+J'Q q(xX)u, *dx + HIQ[ f(x,u,)u, —4F(x,u, )jdx+C,
< 6[4®(u,)— (P '(u,),u,)]+C. <C.
as N — oo, which isa contradiction. This provesthat {u,} isbounded.
u, —uin Hy(Q),u, —»u in L’(Q),u, - u ae xe Q.
By Theorem 1 (i) We have |u, —u|_ — 0, as n — co.Thus u, — u strongly in Hg(), which means
that @ satisfies (C). .
(ii) By (L;) wehave F(x,u)=M |u|4—C1|u|,

b 1
d(u) < %L2|Vu|2dx+zr (J'Q|Vu|2dx)2 +§L q(x)u’dx—M _[Q|u|4dx+ Cl_[g|u|dx

< max{a,3} |ul: + (o/4)|u]} -MC|u[} +C, jg|u|dx.
Since on the finite-dimensional space Y, al norms are equivalent,we take M large enough, such that
b/4—MC <0, therefor (A) issatisfied for every p, >0 large enough.
By Theorem 1 (iii), condition (A,) isproved. Now all conditions of Theorem 1 hold, therefore, problem (1)
has a sequence of solutions {u,}, such that ®(u,) — oo, as N — co.

References

[1] M. Willem, Minimax Theorems, Birkhduser, Boston, 1996.

[2] X. He, W. Zou, Infinitely many positive solutions for Kirchhoff-type problems, Nonlinear Anal,70,
1407-1414 (2009).

[3]X. He, W. Zou, Multiplicity of solutionsfor aclass of Kirchhoff type problems, Sin.ActaMath. Appl,
26 (2010), 387-394.

[4]A. Mao, Z. Zhang. Sign-changing and multiple solutions of Kirchhoff type problems without the P.S.
condition, Nonlinear Anal, 70(3), 1275-1287 (2009).

[5] K. Perera, Z. Zhang, Nontrivial solutions of Kirchhoff-type problems viathe Yang index, J. Differ. Equ,
221(1), 246-255 (2006).

[6] Z. Zhang, K. Perera. Sign changing solutions of Kirchhoff type problemsviainvariant sets of descent flow,
J. Math. Anal.Appl. 317 (2) , 456-463 (2006).

[7] Nguyen Lam, G. Lu, Elliptic equations and systems with subcritical and critical exponential growth with-

Published by Atlantis Press, Paris, France.
© the authors, 2013
0786



Proceedings of the 2nd International Conference On Systems Engineering and Modeling (ICSEM-13)

out the ambrosetti-rabinowitz condition, J. Geom. Ana. (2012).

[8] Cheng, B, Wu, X, Existence results of positive solutions of Kirchhoff type problems, Nonlinear Anal. 71,
4883 —4892 (2009).

[9] Alves, C.O, Corréa, F.J.S.A, Ma, T.F, Positive solutionsfor aquasilinear elliptic equation of Kirchhoff type,
Comput. Math.Appl. 49,85-93 (2005).

[10] W .Zou, M. Schechter, Critical point theory and its applications,Springer, New Y ork. (2006).

Published by Atlantis Press, Paris, France.
© the authors, 2013
0787





